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Preface 


This book isanelementary account of the geometry of curves and surfaces. 
It is written for students who have completed standard first courses in 
calculus and linear algebra, and its aim is to introduce some of the main 
ideas of differential geometry. 

The traditional undergraduate course in differential geometry has changed 
very little in the last few decades. By contrast, geometry has been ad- 
vancing very rapidly at the research level, and there is general agreement 
that the undergraduate course needs to be brought up to date. I have tried 
to think through the classical material, to prune and augment it, and to 
write down the results in a reasonably clean and modern mathematical style. 
However, I have used a new idea only if it really pays its way by simplify- 
ing and clarifying the exposition. 

Chapter I establishes the language of the book—a language compounded of 
familiar parts of calculus and linear algebra. Chapter II describes the 
method of “moving frames,” which is introduced, as in elementary calculus, 
to study curves in space. In Chapter III we investigate the rigid motions 
of space, in terms of which congruence of curves (or surfaces) in space is 
defined in the same fashion as congruence of triangles in the plane. 

Chapter IV requires special comment. The main weakness of classical 
differential geometry was its lack of any adequate definition of surface. 
In this chapter we decide just what a surface is, and show that each surface 
has a differential and integral calculus of its own, strictly comparable with 
the familiar calculus of the plane. This exposition provides an introduction 
to the notion of differentiable manifold, which has become indispensable to 
those branches of mathematics and its applications based on the calculus. 

The next two chapters are devoted to the geometry of surfaces in 3-space. 
Chapter V stresses intuitive and computational aspects to give geometrical 
meaning to the theory presented in Chapter VI. In the final chapter, al- 
though our methods are unchanged, there is a radical shift of viewpoint. 
Roughly speaking, we study the geometry of a surface as seen by its inhabi- 
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tants, with no assumption that the surface is to be found in ordinary three- 
dimensional space. 

No branch of mathematics makesa more direct appeal to the intuition 
than geometry. I have sought to emphasize this by a large number of illus- 
trations, which form an integral part of the text. A set of exercises appears 
at the end of each section; these range from routine tests of comprehension 
to more seriously challenging problems. 

In teaching from preliminary versions of this book, I have usually cov- 
ered the background material in Chapter I rather rapidly, and have not 
devoted any classroom time to Chapter III (hence also Section 8 of Chapter 
VI). A course in the geometry of curves and surfaces in space might consist 
of: Chapter II, Chapter IV (omit Sections 6 and 8), Chapter V, and Chapter 
VI (omit Sections 6 and 7). This is essentially the content of the tradi- 
tional undergraduate course in differential geometry, with clarification of 
the concepts of surface and mapping of surfaces. 

The omitted sections in the list above are used only in Chapter VII. This 
final chapter, an extensive account of two-dimensional Riemannian geom- 
etry, is in a sense the goal of the book. Rather than shift the discourse to 
higher dimensions, I have preferred to retain dimension 2, so that this more 
sophisticated view of geometry will develop directly from the special case 
οἱ surfaces in 3-space. Chapter VII is long, and on a first reading Theorem 
5.9 and Sections 6 and 7 may well be omitted. Serious use of differential 
equations theory has been largely avoided in the early chapters; however, 
some acquaintance with the fundamentals of the subject will be helpful 
in Chapter VII. 


Los Angeles, California B. ΟΝ. 
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Introduction 


This book presupposes a reasonable knowledge of elementary calculus and 
linear algebra. It is a working knowledge of the fundamentals that is 
actually required. The reader will, for example, frequently be called upon 
to use the chain rule for differentiation, but its proof need not concern us. 

Calculus deals mostly with real-valued functions of one or more varia- 
bles, linear algebra with functions (linear transformations) from one 
vector space to another. We shall need functions of these and other types, 
so we give here general definitions which cover all types. 

A set S is a collection of objects which are called the elements of S. A 
set A is a subset of S provided each element of A is also an element of S. 

A function f from a set D to a set R is a rule that assigns to each element 
a of D a unique element f(x) of R. The element f(x) is called the value 
of f at x. The set D is called the domain of f; the set R is often called the 
range of f. If we wish to emphasize the domain and range of a function f, 
the notation f: D — Καὶ is used. Note that the function is denoted by a single 
letter, say f, while f(z) is merely a value of f. 

Many different terms are used for functions—mappings, transformations, 
correspondences, operators, and so on. A function can be described in 
various ways, the simplest case being an explicit formula such as 


f(z) = 32° +1, 


which we may also write as x - 82° + 1. 

If both ἢ and f: are functions from D to R, then fi = fz means that 
fi(z) = f(x) for all x in D. This is not a definition, but a logical consequence 
of the definition of function. = 

Let f: ἢ — R and g: E — S be functions. In general, the image off 1s 
the subset of R consisting of all elements of the form f(x); it is usually 
denoted by f(D). Now if this image also happens to be a subset of the 
domain E of g, it is possible to combine these two functions to obtain the 
composite function g(f): D — S. By definition, g(f) is the function whose 
value on each element x of D is the element g(f(a)) of S. 


1 


\ 
Ne ie 


2 INTRODUCTION 


If f: D — R is a function and A is a subset of D, then the restriction of 
f to A is the function f | A: A — R defined by the same rule as f, but applied 
only to elements of A. This seems a rather minor change, but the function 
f | A may have properties quite different from f itself. 

Here are two vital properties which a function may possess. A function 
J: D > R is one-to-one, provided that if x and y are any elements of D such 
that x ~ y, then f(z) ¥ f(y). A function f: ἢ -- R is onto (or carries D 
onto Κ᾿) provided that for every element ψ of R there is at least one element 
x of D such that f(x) = y. In short, the image of Sis the entire set R. For 
example, consider the following functions, each of which has the real 
numbers as both domain and range: 


(1) The function z — 2° is both one-to-one and onto. 

(2) The exponential function x — 67 is one-to-one, but not onto. 
(3) The function x -- α΄ + χ is onto, but not one-to-one. 

(4) The sine function x — sin z is neither one-to-one nor onto. 


If a function f: D — R is both one-to-one and onto, then for each ele- 
ment y of R there is one and only one element x such that f(z) = y. By 


defining f'(y) = x for allz and y so related, we obtain a function Κ΄: R—> ἢ 


called the inverse of f. Note that the function ΚΓ" is also one-to-one and onto, 
and that zts inverse function is the original function f. 

Here is a short list of the main notations used throughout the book, in 
order of their appearance in Chapter I: 


Does Gees Ge τς points (Sec. 1) 
᾿ΕΝ ane ee real-valued functions (Sec. 1) 
Ve Went ἐν τὐν etn ee ae tangent vectors (Sec. 2) 
VON rahe hed arte onan ON Bhd vector fields (Sec. 2) 
SO ΗΝ curves (Sec. 4) 
OV 3c cacaaie boat os thee, differential forms (Sec. 5) 
| LM SSE Ee eno OT EER OR mappings (Sec. 7) 


In Chapter I we define these concepts for Euclidean 3-space. (Extension 
to arbitrary dimensions is virtually automatic.) In Chapter IV we show 
how these concepts can be adapted to a surface. 

A few references are given to the brief bibliography at the end of the 
book; these are indicated by numbers in square brackets. 


CHAPTER ; 


Calculus on Euclidean Space 


As mentioned in the Preface, the purpose of this initial chapter is to 
establish the mathematical language used throughout the book. Much 
of what we do is simply a review of that part of elementary calculus dealing 
with differentiation of functions of three variables, and with curves in space. 
Our definitions have been formulated so that they will apply smoothly 
to the later study of surfaces. | 


1 Euclidean Space 


Three-dimensional space is often used in mathematics without being 
formally defined. It is said to be the space of ordinary experience. Looking 
at the corner of a room, one can picture the familiar process by which 
rectangular coordinate axes are introduced and three numbers are meas- 
ured to describe the position of each point. A precise definition which 
realizes this intuitive picture may be obtained by this device: instead of 
saying that three numbers describe the position of a point, we define them 
to be a point. 


1.1 Definition Euclidean 3-space ἘΠ is the set of all ordered triples of 
real numbers. Such a triple p = (pu, p2, ps) is called a poznt of E’. 


In linear algebra, it is shown that Εὖ is, in a natural way, a vector space 
over the real numbers. In fact, if p = (p1,p2,ps) and q = (M%,q, qs) 
are points of E’, their sum is the point 


p+q= (i+ G, pe + & Ds + 4): 
The scalar product of a point p = (pi, p2, ps) by a number a is the point 


ap = (api, ape, aps). 
3 
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It is easy to check that these two operations satisfy the axioms for a vector 
space. The point 0 = (0,0,0) is called the origin of ΕΝ, 

Differential calculus deals with another aspect of Εὖ starting with the 
notion of differentiable real-valued functions on ΕΠ, We recall some funda- 
mentals. 


1.2 Definition Let x, y, and z be the real-valued functions on Εὖ such 
that for each point p = (pi, po, ps) 


x(p) = pi, y(p) = pr, z(p) = ps. 


These functions z, y, z are called the natural coordinate functions of ἘΝ, 
We shall also use index notation for these functions, writing 


Δι = 7, t= , 3. = @. 


Thus the value of the function z; on a point p is the number p,, and so 
we have the identity p = (pi, p2,p3) = (a(p), x2(p), t3(p)) for each 
point p of Εἷ. Elementary calculus does not always make a sharp distinc- 
tion between the numbers pi, po, ps and the functions 21, 2, X3. Indeed the 
analogous distinction on the real line may seem pedantic, but for higher- 
dimensional spaces such as E’, its absence leads to serious ambiguities. 
(Essentially the same distinction is being made when we denote a function 
on E’ by a single letter f, reserving f(p) for its value at the point p.) 

We assume that the reader is familiar with partial differentiation and 
its basic properties, in particular the chain rule for differentiation of a 
composite function. We shall work mostly with first-order partial deriva- 
tives df/dx, af/dy, af/dz and second-order partial derivatives δ᾽ 785", 
δ᾽ [7}728ὃχ dy, --- . In a few situations, third-, and even fourth-, order deriva- 
tives may occur, but to avoid worrying about exactly how many derivatives 
we can take in any given context, we establish the following definition. 


1.3 Definition A real-valued function f on ΕΠ is differentiable (or, in- 
finitely differentiable, or of class C*) provided all partial derivatives of 
f, of all orders, exist and are continuous. 


Differentiable real-valued functions f and g may be added and multi- 
plied in a familiar way to yield functions that are again differentiable and 
real-valued. We simply add and multiply their values at each point—the 
formulas read 


f+ 9)(p) =f(p) + g(p), (f9) (p) = f(p)¢(p). 


The phrase “differentiable real-valued function” is unpleasantly long. 
Hence we make the convention that unless the context indicates otherwise, 
“function” shall mean “real-valued function,” and (unless the issue is 
explicitly raised) the functions we deal with will be assumed to be dif- 
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ferentiable. We do not intend to overwork this convention; for the sake 
of emphasis the words “differentiable” and ‘‘real-valued” will still appear 
fairly frequently. 

Differentiation is always a local operation: To compute the value of the 
function df/dx at a point p of E’, it is sufficient to know the values of f at 
all points q of Εὖ which are sufficiently near p. Thus Definition 1.3 is 
unduely restrictive; the domain of f need not be the whole of E’, but need 
only be an open set of Ε΄. By an open set ὃ of E* we mean a ΜΝ οὗ E° 
such that if a point p is in ©, then so is every other point of E’ that is 
sufficiently near p. (A more precise definition 15 given in Chap. 11.) For 
example, the set of all points p = (p:, po, ps) in E’ such that p, > 0 is an 
open set, and the function yz log x defined on this set is certainly differ- 
entiable, even though its domain is not the whole of Εὖ. Generally speaking, 
the results in this chapter remain valid if E’ is replaced by an arbitrary 
open set ὃ of Εὖ 

We are dealing with three-dimensional Euclidean space for no better 
reason than that this is the dimension we use most often in later work. It 
would be just as easy to work with Euclidean n-space E", for which the 
points are n-tuples p = (pi, --- , pn), and which has ἢ natural coordinate 
functions 21, - “" , Zn. All the results in this chapter are valid for Euclidean 
spaces of arbitrary dimensions, although we shall rarely take advantage 
of this except in the case of the Euclidean plane Εὖ. In particular, the re- 
sults are valid for the real line E’ = R. Many of the concepts introduced 
are specifically designed to deal with higher dimensions, however, and are 
thus apt to be overelaborate when reduced to dimension 1. 


EXERCISES 
1. Let f = οἷν and g = y sin z be functions on Εὖ. Express the following 


functions in terms of 2, y, z 


aed 


2 oS g 
(a) fg. (b) 5 + 8.7 


δ' (79) a,. 
(c) ὃν δὲ᾽ (d) ay (sin f). 


2. Find the value of the function f = οἷν — y’z at each point: 
(a) ((,1,(,}. ς΄“ (b) GB, -1,2 
(6) (α,1,1 -- ἡ). (a) GF, #). 
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3. Express df/dz in terms of x, y, and z if 
(a) f = xsin (ty) + y cos (52). 
(b)f=sing, g=e, h=xvty4+2. 
4. If σι, 92, gs and h are real-valued functions on Εὖ, then 


f -- ὦ (σιν 92; 94) 


is the function such that 


f(p) = h(i (p), 92(p), 93(p)) ἴον all p.t 
Express df/dx in terms of x, y, and z, ifh = 2” — yz and 
(a)f=h@ty,y’,x +2). 
(b) f = h(eé’, e”*”, εἴ). 
(c) f = h(x, —2z, x). 


2 Tangent Vectors 


Intuitively, a vector in E’ is an oriented line segment, or ‘‘arrow.”’ Vectors 
are used widely in physics and engineering to describe forces, velocities, 
angular momenta, and many other concepts. To obtain a definition that 
is both practical and precise, we shall describe an “arrow” in Ε΄ by giving 
its starting point p and the change, or vector v, necessary to reach its end 
point p + v. Strictly speaking, v is just a point of ΕΝ. 


2.1 Definitiont A tangent vector vp to ΕΠ consists of two points of E’: 
its vector part v and its point of application p. 


We shall always picture v, as the arrow from the point p to the point 
p + v. For example, if p = (1,1,3) and v = (2,3,2), then v, runs 
from (1,1,3) to (8,4,5) as in Fig. 1.1. 

We emphasize that tangent vectors are equal, vp = wg, if and only if 
they have the same vector part, v = w, and the same point of application, 
p = q. Tangent vectors v, and v, with the same vector part, but differ- 
ent points of application, are said to be parallel (Fig. 1.2). It is essential 
to recognize that v, and v, are different tangent vectors if p ~ q. In physics 
the concept of moment of a force shows this clearly enough: The same 
force v applied at different points p and q of a rigid body can produce 
quite different rotational effects. 


ΤΑ consequence is the identity f = f(z, y, 2). 
1 The term ‘“‘tangent”’ in this definition will acquire a more direct geometric mean- 
ing in Chapter IV. 
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FIG. 1.1 


2.2 Definition Let p be a point of Εὖ The set T,(E’) consisting of all 
tangent vectors that have p as point of application is called the tangent 
space of Εἶ at p (Fig. 1.8). 


We emphasize that E’ has a different tangent space at each and every 
one of its points. 

Since all the tangent vectors in a given tangent space have the same 
point of application, we can borrow the vector addition and scalar multi- 
plication of E® to turn Τ, (ΕἾ) into a vector space. Explicitly, we define 
vp + wp, to be (v + w),, and if ὁ is a number we define c(vp) to be (cv)>,. 
This is just the usual “‘parallelogram law” for addition of vectors, and scalar 
multiplication by c merely stretches a tangent vector by factor c—reversing 
its direction if c < 0 (Fig. 1.4). 

These operations on each tangent space 7’, (ΕἾ make it a vector space 
isomorphic to ἘΠ itself. Indeed it follows immediately from the definitions 
above that, for a fixed point p, the function ν — vp is a linear isomorphism 


Up Vp 


FIG. 1.2 FIG. 1.3 
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(—34)up 


FIG. 1.4 


from Εὖ to T,(E*)—that is, a linear transformation which is one-to-one 
and onto. 

A standard concept in physics and engineering is that of force field. The 
gravitational force field of the earth, for example, assigns to each point 
of space a force (vector) directed at the center of the earth. 


2.3 Definition A vector field V on ἘΠ is a function that assigns to each 
point p of E’ a tangent vector V (p) to Ἐξ at p. 


Roughly speaking, a vector field is just a big collection of alrows, one 
at each point of ΕΝ, 

There is a natural algebra of vector fields. To describe it, we first re- 
examine the familar notion of addition of real-valued functions f and g. 
It is possible to add f and g because it is possible to add their values at each 
point. The same is true of vector fields V and W. At each point p, their 
values V(p) and W(p) are in the same vector space—the tangent space 
T,(E*)—hence we can add V(p) and W(p). Consequently we can add V 
and W by adding their values at each point. The formula for this addition 
is thus the same as for addition of functions, 


(V + W)(p) = V(p) + W(p). 


This scheme occurs over and over again. We shall call it the pointwise 
principle: If a certain operation can be performed on the values of two 
functions at each point, then that operation can be extended to the func- 
tions themselves; simply apply it to their values at each point. 

For example, we invoke the pointwise principle to extend the operation 
of scalar multiplication (on the tangent spaces of Εὖ. If f is a real-valued 
function on E* and V is a vector field on E’, then fV is defined to be the 
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vector field on Εὖ such that 
GV) (p) =f(p)V(p) _ forall p. 


Our aim now is to determine in a concrete way just what vector fields 
look like. For this purpose we introduce three special vector fields which 
will serve as a “basis’’ for all vector fields. 


2.4 Definition Let U;, Ue, and U3 be the vector fields on Ε΄ such that 
Ui(p) = (1,0,0)> 
U2(p) = (0,1,0)p 
Us(p) = (0,0,1)p 


for each point p of Εὖ (Fig. 1.5). We call Ui, Us, Us—collectively—the 
natural frame field on ἘΝ. 


Thus U; (i = 1,2,3) is the unit vector field in the positive 2; direction. 
2.5 lemma If V is a vector field on E’, there are three uniquely deter- 
mined real-valued functions 1, v2, v3 on Εἰ such that 
V = oy Uy + U2 + 0303. 
The functions 2, ve, v3 are called the Euclidean coordinate functions of V. 


Proof. By definition, the vector field V assigns to each point p a tangent 
vector V(p) at p. Thus the vector part of V(p) depends on p, so we write 
it (υ, (Ὁ), v2(p), v3(p)). (This defines 1, v2, and vs as real-valued functions 
on Εὖ.) Hence 


V (p) 


(v1 (p), v2(p), v3(p) )p 
v1 (p) (1, 0, 0); ΑΝ v2(p) (0, I, 0), a v3(p) (0, 0, 1)» 
νι (Ρ) ὕ1(Ρ) + v2(p)U2(p) + v3(p)Us(p) 


for each point p (Fig. 1.6). By our (pointwise principle) definitions this 
means that the vector fields V and δ᾽ v;U; have the same (tangent vector) 
value at each point. Hence V = δ᾽ υ,ὖ),. i 


Ι 


This last sentence uses two of our stand- 


. 3 
ard conventions: >, νεῖ, means sum over U,( 
i = 1, 2, 3; the Halmos symbol (§) indi- 1) 
cates the end of a proof. 
The tangent-vector identity (a:, a2, a3)» Ui(p) /P U2(p) 


= )/a;U;(p) appearing in this proof will 
be used very often. 

Computations involving vector fields 
may always be expressed in terms of their FIG. 1.5 
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FIG. 1.6 


Euclidean coordinate functions: For example, addition, and multiplication 
by a function, are expressed in terms of coordinates by 


Σηυῦ, + do wU; = Σὺ (vi + w:)U; 
f(LoUi) = Do (fod Ui. 


Since this is differential calculus, we shall naturally require that the various 
objects we deal with be differentiable. A vector field V is differentiable 
provided its Euclidean coordinate functions are differentiable (in the sense 
of Definition 1.3). From now on, we shall understand “vector field” to 
mean “differentiable vector field.” 


Ι 


EXERCISES 


1. Let v = (—2, 1, —1) and w = (0, 1, 3). 
(a) At an arbitrary point p, express the tangent vector ὧν; — 2Wp as 
a linear combination of Ui(p), Uz(p), Us(p). 
(b) For p = (1, 1, 0), make an accurate sketch showing the four 
tangent vectors vp, Wp, —2vp, and v, + wy. 


2. Let V = xU; + yU2 and W = 2zx°U, — Us. Compute the vector field 
W — xV, and find its value at the point p = (—1, 0, 2). 

3. In each case, express the given vector field V in the standard form 
oe v,U;,. 
(a) 22°U, = 7V + xyUs. 
(0) V(p) = (pi, ps — pr, 0)» for all p. 
(6) V = 2(ωῦι + yU2) — τίσι — νυ). 
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(d) At each point p, V(p) is the vector from the point (p1, pe, p3) to 
the point (1 + pr, pops, 2). 
(6) At each point p, V (p) is the vector from p to the origin. 
4.1f V = y'U, — 2° Us and W = αἷσι — 2U2, find functions f and g such 
that the vector field fV + gW can be expressed in terms of U2 and U3 
only. 
5. Let γε τ ῦ, - xU3, V2 = Us, and V3 = £U, + U3. 
(a) Prove that the vectors Vi(p), Ve(p), Vs3(p) are linearly inde- 
pendent at each point of ΕΝ. 


(0) Express the vector field xU, + yU2. + εἴς as a linear combination 
of Vi, V2, V3. 


3 Directional Derivatives 


Associated with each tangent vector v, to E’ is the straight line t > p + tv 
(see Example 4.2). If f is a differentiable function on E’, then t > f(p + tv) 
is an ordinary differentiable function on the real line. Evidently the deriva- 
tive of this function at ¢ = 0 tells the initial rate of change of f as p moves 
in the v direction. 


3.1 Definition Let f be a differentiable real-valued function on Εὖ, and 
let v, be a tangent vector to Εἷ. Then the number 


d 
volf] = dt (f(p + tv) ) [emo 


is called the derivative of f with respect to vp. 


This definition appears in elementary calculus with the additional 
restriction that v, be a unit vector. Even though we do not impose this 
restriction, we shall nevertheless refer to v,|f] as a directional derwative. 

For example, we compute v,|f]for the function f = z’yz, with p = (1,1,0) 
and v = (1,0, -- 85). Then 


p+ ἐν = (1,1,0) + (1,0, --85) = (1 +4, 1, —3t) 


describes the line through p in the v direction. Evaluating f along this 
line, we get 


f(p + tv) = (14+ 1#)-1-(—3t) = --ϑὲ -- 6 — 38. 


Now 


© (Sp + iv)) = Ὁ — 128 — 9¢ 


Ξῖς 
; 1 
oe éf a ay 
; = 
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hence at ¢ = 0, we find v,[f] = —3. Thus, in particular, the function f is 
(initially) decreasing as p moves in the v direction. 

The following lemma shows how to compute v,[f] in general, in terms 
of the partial derivatives of f at the point p. 


3.2 Lemma If vp = (v1, 02, 03)p is a tangent vector to E’, then 
of 
vif] = >>»; ae (p). 
Proof, Let p = (p1,P2,P3) then 


p + tv = (pi + tri, po + toe, ps + tvs). 


We use the chain rule to compute the derivative at ¢ = 0 of the function 


f(p + tv) = f(pr + tui, ρὲ + toe, ps + tvs). 


Since 
d 
di (pi + tv;) = 0, 


we obtain 


Vol] = 5 (f(p +) [no = Salis i 


Ox; 
Using this lemma, we recompute v,|f] for the example above. Since 
f = x’yz, we have 


of of 2 Of _ 
- a 


= 2ryzZ, By = Xz, 2; αἶψ. 


Thus at the point p = (1,1,0), 
δ ἐμ = ὍΘ Of eS 
(p) =0 δι, (p)=0, and - ῳ) = 


Then by the lemma, 
v, fJ= 0+04 (—3)1 = —3, 
as before. 
The main properties of this notion of derivative are given in Theorem 3.3. 


3.3 Theorem Let f and g be functions on E’, v, and w, tangent vectors, 
a and ὃ numbers. Then 


(1) (av, + bw,)[f] = av,[f] + ὃν; 7]. 
(2) νρία a bg] - av,|f] = bv, |g]. 
(3) volfg] = volfl-g(p) + f(p)-volg). 
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Proof. All three properties may be deduced easily from the preceding 
lemma. For example, we prove (3). By the lemma, if v = (0,v2,v3), then 


valfal = De 2? (p), 
But 
a(fg) δῇ 99 
Ox; " δι: J T 7 δι; ; 
Hence 


valial = D(X (p)-0¢p) + sp)-22 ῳ)) 
(x. ou. (p) )o(P) =F f(p)( E>. i ῳ)) 
velfl-g(p) + 7 λενοὶσ. Ι 


The first two properties in the preceding theorem may be summarized 
by saying that v,|f] is lznear in v, and in f. The third property, as its proof 
makes clear, is essentially just the usual Leibniz rule for differentiation of 
a product. No matter what form differentiation may take, rt will always have 
suitable linear and Leibnizian properties. 

We now use the pointwise principal to define the operation of a vector 
field V on a function f. The result is the real-valued function V[f] whose 


value at each point p is the number V (p)[f|—that is, the derivative of f -y γ 


with respect to the tangent vector V(p) at p. This process should be no 
surprise, since for a function f on the real line, one begins by defining the 
derivative of f at a point—then the derivative function df/dx is the function 
whose value at each point is the derivative at that point. Evidently the 
definition of V[f] is strictly analogous to this familiar process. In particular, 
if U;, Us, Us is the standard frame field on E’, then U,[f] = af/dz;. This 
is an immediate consequence of Lemma 3.2. For example, Ui(p) = (1,0,0)>; 
hence 


σι] = 5. (Sp + Be Bs) lone 


which is precisely the definition of (df/d2,) (p). This is true for all points 


Ρ = (pr, pz, ps); hence Ui[f] = of/dz. 
We shall use this notion of directional derivative more in the case of 
vector fields than for individual tangent vectors. 


3.4 Corollary If V and W are vector fields on E’, and f, g, h are real- 
valued functions, then 
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(1) GV + gW){h] = fVIh] + gWIhl. 
(2) γα + bg] = aV[f] + bV{g), for all real numbers a and b. 
(3) Vifgl = VIfl-g + fVigl. 

Proof, The pointwise principle guarantees that to derive these properties 
from Theorem 3.3 we need only be careful about the placement of paren- 
theses. For example, we prove the third formula. By definition, the value 
of the function V[fg] at p is V (p) [fg]. But by Theorem 3.3 this is 


V (p)ifl-g(p) + f(p)V (p)igl = VIfl@)-9(p) + f(p) Vig) (Pp) 
(ὙΠ + f-VIg]) (p). E 


If the use of parentheses here seems extravagant, we remind the reader 
that a meticulous proof of Leibniz’ formula 


d a 9 
aq 79) Ξ ede 


must consist of exactly the same shifting of parentheses. 

Note that the linearity of V[f] in V and f is for functions as “‘scalars”’ 
in the first formula in Corollary 3.4 but only for numbers as “‘scalars”’ in 
the second. This stems from the fact that fV signifies merely multiplication, 
but V[f] is differentiation. 

The identity U.{f] = af/dx; makes it a simple matter to carry out explicit 
computations. For example, if V = 2U, — y’Us; and f = 2’y + 2’, then 


Vif] = xUilx’y] + 2U ile] — y’Us[x’y] — y’Usle") 
= z(2ry) +0 — 0 — γ᾽ (82) = Qa’y — 3y’2’. 


3.5 Remark Since the subscript notation v, for a tangent vector is 
somewhat cumbersome, from now on we shall frequently omit the point 
of application p from the notation. This can cause no confusion, since v 
and w will always denote tangent vectors, and p and q points of Ε΄. In 
many situations (for example, Definition 3.1) the point of application is 
crucial, and will be indicated by using either the old notation v, or the 
phrase “ἃ tangent vector v to Ε at p.” 


EXERCISES 


1. Let vp be the tangent vector to E*® for which v = (2, —1, 3) and 
p = (2, 0, —1). Working directly from the definition, compute the 
directional derivative v,[f], where 
(a) f = yz. (0) f= 2". (c) f = δ΄ cos y. 


Sec. 4] CURVES IN E® 15 


2. Compute the derivatives in Ex. 1 using Lemma 3.2. 


3. Let V = y°U, — xUs, and let f = zy, g = z’. Compute the functions 
(a) VUfl. (c) VIfgl- (6) Vif -Ἡ 97. 
(0) Vigl. (4) fVigl -- σσῖΠ. Οὐ VIVE. 
4. Prove the identity V = > Vi[z.JU:, where 21, %2, 13 are the natural 
coordinate functions. (Hint: Evaluate V = >> vU; on 2;.) 


5. If Vif] = WIf] for every function f on E’, prove that V = W. 


A Curves in ἘΣ 


Let J be an open interval in the real line R. We shall interpret this liberally 
to include not only the usual type of open intervala < t < ὃ (a, b real 
numbers), but also the types a < ¢ (a half-line to +), ὁ < ὃ (a half-line 
to — o), and also the whole real line. 

One can picture a curve in Εὖ as a trip taken by a moving point a. At 
each “time”? ¢ in some open interval, a is located at the point 


a(t) = (a(t), a2(t), as(t)) 


in Εὖ. In rigorous terms then, a is a function from J to Εὖ, and the real- 
valued functions αἱ, a2, ας are its Euclidean coordigate functions. Thus we 
write a = (a1,02,03), meaning, of course, that 


a(t) = (ar(t), a(t), as(t)) 


for all ὁ in the interval 1. We define the function a to be differentzable 
provided its (real-valued) coordinate functions are differentiable in the 
usual sense. 


4.1 Definition A curve in ἘΠ is a differentiable function a: [ — ἘΠ from 
an open interval J into ΕΝ 

We shall give several examples of curves, which will be used in Chapter 
II to experiment with results on the geometry of curves. 

4.2 Example 


(1) Straight line. A line is the simplest type of curve in Euclidean space; 
‘ts coordinate functions are linear (in the sense ἐ — at + ὃ, not in the 
homogeneous sense ¢ — at). Explicitly, the curve a: R — E’, such that 


a(t) = p+tq = (pit th, ρὲ + tqe, ps + tgs) (q ~ 0) 


is the straight line through the point p = a(0) in the q direction. 


(2) Helix. (Fig. 1.7). The curve t — (@ cos é, a sin f, 0) travels around 
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FIG. 1.7 


a circle of radius a > 0 in the zy plane of ΕΝ, If we allow this curve to rise 
(or fall) at a constant rate, we obtain a helix a: R — E’, given by the 
formula 


a(t) = (a cos t, a sin ἐ, bt) 


where a > 0, ὃ ¥ 0. (We shall always use the term helix to mean right 
circular helix.) 
(3) Let 
a(t) = (2 cos’t, sin 2, 2 sin t) for 0 «ἐ « 7/2. 
This curve a has a noteworthy property: Let C’ be the cylinder in E* con- 
structed on the circle in the zy plane with center at (1,0,0) and radius 1. 


Then a@ follows the route sliced from C by the sphere S with radius 2 and 
center at the origin (Fig. 1.8). 


(4) The curve a: R > ΕἾ such that 
a(t) = (6', 6΄', V2 t) 


shares with the helix in (2) the property of rising constantly. However, it 
lies over the hyperbola zy = 1 in the xy plane instead of a circle. 
(5) The curve a: R > Εὖ such that 


a(t) = (38t — ὦ, 3, 8ὲ + ὁ). 


If the coordinate functions of a curve are simple enough, the shape the 
curve has in ΕΠ can be found, at least approximately, by the brute-force 
procedure of plotting points. We could get a reasonable picture of this curve 
for 0 S$ ¢ Ξ 1 by computing a(t) for t = 0, Ko, Τό, %o, 1. 


ς ᾿ < 3 7 ς : 
If we visualize a curve a in E* as a moving point, then at every time 
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there is a tangent vector at the point a(t) which gives the instantaneous 
velocity of a at that time. 


4.3 Definition Let a: I > ΕἾ be a curve in E* with a = (αι, a2, a3). For 
each number ¢ in J, the velocity vector of a at ἐ is the tangent vector 


«ὦ = (4,2, ) 


at the point a(t) in Εὖ (Fig. 1.9). 


We interpret this definition geometrically as follows. The derivative 
at ¢ of a real-valued function f on R is given by 


“ = lim Jt + At) — FO) 


At>0 At 
This formula still makes sense if f is replaced by a curve a = (ai,a2,a3). 
In fact, 
1 αι(ἐ + At) — ax(t) 
aa At) — τ τς τ᾿ 
Ὁ (αι + δι) -- α(ὦ) = (EFA = αἰ, 


α«(ἐ + At) — ae(t) αε(έ + At) -- “(0) 
At : At : 


This is the vector from a(t) to a(é + At), scalar multiplied by 1/At (Fig? 
1.10). 

Now as At gets smaller, a(t - At) approaches a(t), and in the limit as 
At — 0, we get a vector tangent to the curve α at the point α(), namely, 
(da,/dt(t), das/dt(t), das/dt(t)). As the figure suggests, the point of 
application of this vector must be the point a(t). Thus the standard limit 
operation for derivatives gives rise to our definition of the velocity of a 
curve. 


a!(t) 
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Ag (att + At) — a(t)) 


a(t) a(t + At) 


FIG. 1.10 


An application of the identity 
(υι, v2, U3) p ame > VU; (p) 


to the velocity vector a’ (t) at t yields the alternative formula 


£o=> = (t)Us(a(t)). 


For example, the velocity of the straight line a(#) = p + tq is 


a(t) = (1, 42, Qs )act) = Gait). 


The fact that α is straight is reflected in the fact that all its velocity vectors 


are parallel; only the point of application changes as ¢ changes. 
For the helix 


a(t) = (a cos ἐ, asin ¢, bt), 
the velocity is 
a(t) = (—asin t, a cos t, b) act. 


The fact that the helix rises constantly is shown by the constancy of the 
2 coordinate of a (t). 


Given a curve a, one can construct many new curves which follow the 
same route as a, but travel at different speeds. 


4.4 Definition Let I and J be open intervals in the real line R. Let a: 
I - E’ be a curve and let ἢ: J > I be a differentiable (real-valued) func- 
tion. Then the composite function 


8B = a(h):  -» Ε᾽ 
is a curve called the reparametrization of a by h. 


At each time 8 in the interval J, the curve β is at the point B(s) = a(h(s)) 
reached by the curve a at time ἢ (8) in the interval J (Fig. 1.11). Thus 6 
does follow the route of a, but 8 generally reaches a given point on the route 
at a different time than a does. In practice, to compute the coordinates of 
8, one simply substitutes ¢ = h(s) in the coordinates αἱ (t), a2(t), as(t) of 
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B B(s) = a(h(s)) 


-“ ΓΤ 'ἕτ τ κ«5:3 


i) ( 


FIG, 1.11 


a. For example, suppose a(t) = (Vt, ἐν, 1 — t) on 1:0 < t < 4. If 
h(s) = s'on J:0 « 5 < 2, then 


B(s) os a(h(s)) Ξ- α(85) - (5, δ᾽, 105: 8). 
Thus the curve a: J — ΕἾ has been reparametrized by h to yield the curve 
β: J OE. 
The following lemma relates the velocities of a curve and of a repara- 
metrization. | 


4.5 Lemma _ If @ is the reparametrization of a by h, then 
β' 6) = (dh/ds)(s) a (h(s)). 


Proof. If a = (αι, a2, a3), then 


B(s) = a(h(s)) = (a(h(s)), as(h(s)), as(h(s)). 


Using the “prime” notation for derivatives, the chain rule for a composi- 
tion of real-valued functions f and g reads (g(f))’ = 9 ‘(f)-f’. Thus in the 
case at hand, we obtain 


a:(h)'(s) = a: (h(s))-h (6). 
By the definition of velocity, this yields 


β' (s) a(h)’ (s) 
(ox (h(s))- -h'(s), a2 (h(s))-h'(s), as (h(s))-h (s)) 
h' (s)o (h(s)). 

According to this lemma, to obtain the velocity of a reparametrization 
of a by h, first reparametrize a by h, then scalar multiply by the derivative 
of h. 

Since velocities are tangent vectors, we can take the derivative of a 
function with respect to a velocity. 


4.6 Lemma Let a be a curve in ΕΠ and let f be a differentiable function 
on E’. Then 


a’ (@)U) = ane (4). 
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Proof. Since 


“Ὁ = (ἃ dots es) 
~~ \edt? dt’? dt 7. 


we conclude from Lemma 3.2 that 


ὔ Ν of da; 
a (é)[f] = 5": (a(t)) ai fe): 
But the composite function f(a) may be written f (a1,02,03), and the 
chain rule then gives exactly the same result for the derivative of f(a). i 


By definition, a’ (t)[f] is the rate of change of f along the line through 
a(t) in the a (t) direction (Fig. 1.12). (If α΄ (t) ¥ 0, this is the tangent 
line to a at a(t); see Exercise 9.) The lemma shows that this rate of change 
is the same as that of f along the curve a itself. 

Since a curve a: J — E’ is a function, it makes sense to say that a is one- 
to-one; that is, a(t) = a(t) only if ἐ = 4. Another special property of 
curves is periodicity: A curve a: R — Εὖ is periodic if there is a number 
p > 0 such that a(t + p) = a(t) for all t—and the smallest such number 
p is then called the period of a. 

From the viewpoint of calculus, the most important condition on a 
curve a is that it be regular, that is, have all velocity vectors different from 
zero. Such a curve can have no corners or cusps. 

The following remarks about curves (offered without proof) are not an 
essential part of our exposition, but will be of use in Chapter IV. We con- 
sider, in the case of the plane E’, another familiar way to formulate the 
concept of “curve.” If f is a differentiable real-valued function on E’, let 


C:f=a 


be the set of all points p in Εὖ such that f(p) = a. Now if the partial 
derivatives df/dx and df/dy are never simultaneously zero at any point of 
Οὐ, then C consists of one or more separate “components” which we shall 


a(t) 


FIG. 1.12 FIG. 1.13 
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call Curves.' Thus, for example, C: αὐ + y’ = τὸ is the circle of radius r 
centered at the origin of ΕΖ, and the hyperbola C: αὖ — ν᾽ = τ΄ splits into 
two Curves (“branches’’) Οἱ and Οἷς as in Fig. 1.13. 

Every Curve C is the route of many regular curves a, called parametriza- 
tions of C. If C is a closed Curve, then it has a periodic parametrization 
a: R— C. For example, the curve 


a(t) = (r cost, rsin t) 


is a well-known periodic parametrization of the circle given above. If C 
is a Curve that is not closed (sometimes called an arc), then every para- 
metrization 8: J — C is one-to-one. For example, 


B(t) = (r cosh ¢, r sinh ἐ) 
parametrizes the branch, x > 0, of the hyperbola given above. 


EXERCISES 


1. Compute the velocity vector of curve (3) in Example 4.2 for arbitrary 
t, and at t = 7/4. 


2. Plot curve (5) in Example 4.2 by the method there suggested. On 
the sketch show the velocity vectors at ¢ = 0, 3, 1. 


3. Find the coordinate functions of the curve 8 = a(h), where ἃ is curve 
(3) in Example 4.2 and A is the function on J: 0 < s < 1 such that 
h(s) = sin’'s. 


4. Find the (unique) curve a such that a(0) = (1,0, —5) and a (t) = 
t,t’). 

5. Find a straight line passing through the points (1, —3, —1) and 
(6, 2, 1). Does this line meet the line through the points (—1, 1, 0) 
and (—5, —1, —1)? 

6. Deduce from Lemma 4.6 that in the definition of directional derivative 
(Definition 3.1) the straight line t > p + tv may be replaced by any 
curve a with initial velocity vp, that is, such that a(0) = p and a (0) = 
Vp- 

7. (Continuation). Show that the curves given by (t, 1 + t’, t), (sin ἐ, cos ἐ, 
t), and (sinh t, cosh ἐ, #) all have the same initial velocity vp. 
1 -- «ἢ — y’ + 2, compute v,[f] by evaluating f on each of the curves. 


8. Let h(s) = log son J:s > 0. Reparametrize curve (4) in Example 4.2 


t In this section (only) we use a capital C to distinguish this notion from a curve 
a: I — Ἐλ. 
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using h. Check the equation in Lemma 4.5 in this case by computing 
each side separately. 


9. For a fixed t, the tangent line to a regular curve a at a(t) is the straight 
line u— a(t) + ua’ (t), where we delete the point of application of 
a (t). Find the tangent line to the helix a(t) = (2 cos t, 2 sin t, t) at 
the points a(0) and α(π,.4). 
10. Sketch the following Curves in E’ and find parametrizations for each. 
(a) 6: 41:5 + y? = 1. (c) C:y = ο΄. 
(b) C: 32 + 4y = 1. (4) C:27% + 77? = lz>0O,y>0. 


5 1-Forms 


If f is a real-valued function on Εὖ, then in elementary calculus one defines 
the differential of f to be 


_ Of of of 
af = 5, de + a dy + 5 de. 


It is not always made clear exactly what this formal expression means. 
In this section we give a rigorous treatment using the notion of 1-form, 
and these will tend to appear at crucial moments in our later work. 


5.1 Definition A 1-form ¢ on ἘΠ is a real-valued function on the set of 
all tangent vectors to E* such that ¢ is linear at each point, that is, 


φίαν + bw) = αφί(ν) + bp(w) 
for any numbers a, ὃ and tangent vectors v, w at the same point of Εὖ 


We emphasize that for every tangent vector v to Εὖ, a 1-form φ defines 
a real number ¢(v); and for each point p in E’, the resulting function 
op: Τ, (Εὖ > R is linear. [Thus at each point p, ee is an element of the 
dual space of T(E’). In this sense the notion of 1-form is dual to that of 
vector field.] 

The sum of 1-forms ¢ and y is defined in the usual pointwise fashion 


(φ -ἰ ψ) (ν) = φ(ν) + Vv) for all tangent vectors v. 


Similarly if f is a real-valued function on E* and ¢ is a 1-form, then f¢ 
is the 1-form such that 


({6) (vp) = f(p) o(vp) 


for all tangent vectors vp. 
There is also a natural way to evaluate a 1-form @ on a vector field V to 
obtain a real-valued function ¢(V): At each point p the value of ¢(V) 
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is the number ¢(V(p)). Thus a 1-form may also be viewed as a machine 
which converts vector fields into real-valued functions. If ¢(V) is differenti- 
able whenever V is, we say that φ is differentiable. As with vector fields, 
we shall always assume that the 1-forms we deal with are differentiable. 

A routine check of definitions shows that ¢(V) is linear in both ¢ and V; 
that is, 


ΦΩ͂Υ + gW) = fo(V) + σφῷν) 


and 


(fo + οψ) (V) = fo(V) + 9 VV) 


where f and g are functions. 
Using the notion of directional derivative, we now define a most impor- 
tant way to convert functions into 1-forms. 


5.2 Definition If f is a differentiable real-valued function on E’, the 
differential df of f is the 1-form such that 


df (vp) = volf] for all tangent vectors vp. 


In fact, df is a 1-form, since by definition it is a real-valued function on 
tangent vectors, and by (1) of Theorem 3.3 it is linear at each point p. 
Clearly df knows all rates of change of f in all directions on E’, so it is not 
surprising that differentials are fundamental to the calculus on ΕΝ. 

Our task now is to show that these rather abstract definitions lead to 
familiar results when expressed in terms of coordinates. 


5.3 Example 1-Forms on Ε΄. (1) The differentials dx, dx2, dx3 of the 
natural coordinate functions. Using Lemma 3.2 we find 


dx;(Vp) = νρίαεὶ = Σὺν; ΟΞ: (p) = Σὺ; δι; = ὺς; 
7 vj 7 
where 6,; is the Kronecker delta (0 if 7 ¥ j, 1 if ¢ = 7). Thus the value of dz; 
on an arbitrary tangent vector ν; is the ith coordinate v; of its vector part—and 
does not depend at all on the point of application p. 
(2) The 1-form y = ἢ σι + fedxe + fs 413. Since dx; is a 1-form, our 
definitions show that y is also a 1-form for any functions fi, fo, 5. The value 
of y on an arbitrary tangent vector v, is 


(vp) = (Di fides) (vp) = Do κι) dei(v) = Do fi(p)ax. 


The first of these examples shows that the 1-forms dx, dis, dx3 are the 
analogues for tangent vectors of the natural coordinate functions 1, 22, 23 
for points. Alternatively, we can view dx, 412, ἀτε as the “duals” of the 
natural unit vector fields Ui, U2, U3. In fact, it follows immediately from 
(1) above that the function dz;(U;) has the constant value δι;. 
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We shall now show that every 1-form can be written in the concrete 
manner given in (2) above. 


5.4 Lemma If ¢ isa 1-form on E’, then¢ = > {τ dx;, where f; = ¢(U;). 
These functions fi, fo, fs are called the Euclidean coordinate functions of φ. 


Proof. By definition a 1-form is a function on tangent vectors; thus ¢ 
and δ᾽ f; dz; are equal if and only if they have the same value on every 
tangent vector vp = δ᾽ v,U;(p). In (2) of Example 5.3 we saw that 


(do fidx:) Wp) = Σὺ fi(p)ui- 
On the other hand, 
φί(ν;) = (2, xUi(p)) = Σὺ vd(Ui(p)) = Σὺ vfi(p) 
since f; = ¢(U;). Thus ¢ and δ᾽ f; dz; do have the same value on every 
tangent vector. | 


This lemma shows that a 1-form on Εὖ is nothing more than an expres- 
sion f dx + gdy + hdz, and such expressions are now rigorously defined 
as functions on tangent vectors. Let us now show that the definition of 
differential of a function (Definition 5.2) agrees with the informal defini- 
tion given at the start of this section. 


5.5 Corollary If f is a differentiable function on E’, then 
of 
df = » δ; dz; ὃ 


Proof. The value of δ᾽, (δ[,ϑι.:) dx; on an arbitrary tangent vector 
vp is >, (df/dx;) (p)v;. By Lemma 3.2 df(vp) = vol] is the same. Thus 
the 1-forms df and >> (df/dx;) dz; are equal. i 


Using either this result or the definition of d, it is immediate that 
d(f+g) = df + dg. 


Finally we determine the effect of d on products of functions and on compo- 
sitions of functions. 


5.6 Lemma Let fg be the product of differentiable functions f and g 
on Εὖ. Then 


d(fg) = gdf + fdg. 
Proof. Using Corollary 5.5, we obtain 


Σ 2) dx; = Σ(ξ ε7}) dx; 


Ox; 


(ΣῈ δ 4) --Ἰ(Σ % aes) = σαν + So a 


d( fg) 
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5.7 Lemma Let f: Εὖ — R and ἢ: R — R be differentiable functions, 
so the composite function h(f): Εὖ > R is also differentiable. Then 


d(h(f)) = h(f) df. ᾿ 
Proof. (The prime here is just the ordinary derivative, so μ΄ (ἢ is again 
a composite function, from E’ to R.) The usual chain rule for a composite 
function such as ἢ (7) reads 


a(h(f)) 
Ox; 


= ne. 


Hence 


a(n(s)) = L2ED ae, = Sw) FZ aes = war : 


OX; 


To compute df for a given function f it is almost always simpler to use 
these properties of d rather than substitute in the formula of Corollary 
5.5. Then from df we immediately get the partial derivatives of f and, in 
fact, all its directional derivatives. For example, suppose 


f= αὖ -- ly + & + 2)z. 
Then by Lemmas 5.6 and 5.7, 
df = (Qxdx)y + (x — 1) dy + (Qydy)z + (ν᾽ + 2) dz 
= Qry dx + (a? + Qyz — 1) dy + (y’ + 2) dz 
“-- δας τος ,... 0 τ Ὁ —Y_— 
of/dx af/day of/dz 


Now use the rules above to evaluate this expression on a tangent vector 
v . The result is 


volf] = df (vp) = 2ριρωνι + (pr + pops — 1)ve + (pe + 1)». 


EXERCISES 


1. Let v = (1, 2, —3) and p = (0, —2, 1). Evaluate the following 
1-forms on the tangent vector v5. 
(a) y’ dx. (b) zdy — y dz. (6) (εὖ — 1)dx — dy + x dz. 

2. 1φ = > fidz: and V = Σ᾽ v,U;, show that the 1-form ¢ evaluated 
on the vector field V is the function ¢(V) = >, fai. 


3. Evaluate the 1-form ¢ = χ dx — y’ dz on the vector fields 
V= xU, ΝΗ υὔ: + zU3, 
W = zy(U, — Us) + yze(Ui1 — U2), and (1/x)V 4+ (1/y)W. 
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4. Express the following differentials in terms of df: 
(a)d(f).  (b)d(Vf),  wheref>0. (c) d(log(l + f’)). 
5. Express the differentials of the following functions in the standard 
form δ᾽ f; da. 
(a) @ +y +2)". (b) tan (y/z). 
6. In each case compute the differential of f and find the directional de- 
rivative v,[f], for vp as in Ex. 1. 
(a) f = ay’ — yz’. (b) f = xe”. (c) f = sin (ry) cos (az). 
7. Which of the following are 1-forms? In each case ¢ is the function on 
tangent vectors such that the value of @ on (v%, v2, v3)» 18 
(a) v1; — U3. (c) 01)3 + Vep1. (e) 0. 
(b) pi — ps. (α)Κυρία" + ν. ἀ(ἠ ()". 
In case ¢ is a 1-form, express it as >, f; dax;. 


8. Prove Lemma 5.6 directly from the definition of d—without using 
Corollary 5.5. 


9. A 1-form ¢ is zero at a point p provided ¢(v,) = Ὁ for all tangent 
vectors at p. A point at which its differential df is zero is called a 
critical point of the function f. Prove that p 1s a critical point of f 
if and only if 


of 2 OF ee ee 


Find all critical points of f = (1 — 2°)y + (1 — y’)z. 


(Hint: Find the partial derivatives of f by computing df.) 


10. (Continuation). Prove that the local maxima and local minima of f 
are critical points of f. (f has a local maximum at p if f(q) Ξ f(p) 
for all q near p.) 


11. It is sometimes asserted that df is the linear approximation of Af. 
(a) Explain the sense in which (df) (v,) is the linear approximation 
of f(p + v) — f(p). 
(b) Compute the exact and approximate values of f(0.9, 1.6, 1.2) — 
f(1, 1.5, 1), where f = x’y/z. 


6 Differential Forms 


The 1-forms on E’ are part of a larger system called the differential forms 
on Εὖ. We shall not give as rigorous an account of differential forms as we 
did of 1-forms, for ovr use of the full system will be limited to Section 8 
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of Chapter II. Roughly speaking, a differential form on ἘΠ is an expression 
obtained by adding and multiplying real-valued functions and the differ- 
entials dz, dze, dx3 of the natural coordinate functions of Εὖ. These two 
operations obey the usual associative and distributive laws; however, the 
multiplication is not commutative. Instead it obeys the 


alternation rule: dx;dx; = —dzx; dx; (Ι[ - 4,9 = 3): 


This rule appears—although rather inconspicuously—in elementary 
calculus (see Exercise 9). 

A consequence of the alternation rule is the fact that ‘‘repeats are zero,”’ 
that is, dx;dx; = 0, since if ὁ = 7 the alternation rule reads 


dx; dx; = —dx; ax;. 


If each summand of a differential form contains pdz,’s (p = 0, 1,2,3), 
the form is called a p-form, and is said to have degree p. Thus, shifting to 
dz,dy,dz, we find 


A 0-form is just a differentiable function f. 

A 1-form is an expression f dx + gdy + ἢ ἀξ, just as in the preceding 
section. 

A 2-form is an expression f dx dy + g dx dz + ἢ ἂν dz. 

A 3-form is an expression f dz dy dz. 


We already know how to add 1-forms: simply add corresponding coef- 
ficient functions. Thus, in index notation, 


DSi dx; + Σ, σι ἄχ: = Σ) (f: + φι) dai. 


The corresponding rule holds for 2-forms or 3-forms. 

On three-dimensional Euclidean space, all p-forms with p > 3 are zero. 
This is a consequence of the alternation rule, for a product of more than 
three dx,’s must contain some dz; twice, but repeats are zero, as noted 
above. For example, dx dy ἀν ας = —dxdxdydz = 0, since dxdx = 0. 
As a reminder that the alternation rule is to be used, we denote this multi- 
plication of forms by a wedge Δ. (However, we do not bother with the 
wedge when only products of dz, dy, dz are involved.) 


6.1 Example Computation of wedge products. (1) Let 
@ = xdx — ydy and y = zdx+crdz. 
Then 
φλύ-ο (adx —ydy) a (edx + xdz) 
= gedx dx + x” dx dz — yz dy dx — yx dy dz. 
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But 

dx dx = 0, and dy dx = —dz dy. 
Thus 

oA wy = γε ἀχ dy + x dx dz — xy dy dz. 


In general, the product of two 1-forms is a 2-form. 
(2) Let φ and y be the 1-forms given above and let 


6 = zdy. 
Then 
GAGA YW = γε dy dx dy + αἷς dy dx dz — xyz dy dy dz. 
Since dy dx dy and dy dy dz each contain repeats, both are zero. Thus 
θλῴλνΨ = --ἶἷς dz dy dz. 


(3) Let ¢ be as above, and let 7 be the 2-form y dz dz + x dy dz. Omitting 
forms containing repeats, we find 


oA ἡ = ax dx dy dz — y’ dy dz dz = (x? + y’) dx dy dz. 


It should be clear from these examples that the wedge product of a 
p-form and a q-form is a (p + q)-form. Thus such a product is automatically 
zero whenever p + q > 3. 


6.2 Lemma _ If ¢ and y are 1-forms, then 


φλύῴ-ἨἘ -YPa φ. 
Proof. Write 


| o = » fi dxi, y= Σὺ σε ἄτι. 
Then by the alternation rule, 


φλύ-Ξ ΣΤ; ἄχ, dx; = — > oii dr; dx; = --ῷνν δ φ. a 


In the language of differential forms, the operator d of Definition 5.2 
converts a 0-form f into a 1-form df. It is easy to generalize to an operator 
(also denoted by d) which converts a p form into a (p + 1)-form dn: 
One simply applies d (of Definition 5.2) to the coefficient functions of 7. 
For example, here is the case p = 1. 


6.3 Definition If ¢ = Σ, f; dz; is ἃ 1-form on E’, the exterior derivative 
of φ is the 2-form ἀφ = δ᾽ df; a dz. 


If we expand the preceding definition using Corollary 5.5, we obtain the 
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following interesting formula for the exterior derivative of 


o = fi dx, + fe di, + fs dx: 
dé = (2 - 38) ae dts + (% - vi) roa aa (2 Ν th) ae en 


O21 Ox Ox Ox 2 0X3 


There is no need to memorize this formula; it is more reliable to simply 
apply the definition in each case. For example, suppose 


φ = χῃ ας +x dz. 
Then 
d(xy) a dx + d(x’) dz 


(ydx + xdy) a dx + 22 dx dz 
= —x dx dy + 22 dz dz. 


ἀφ 


It is easy to check that the general exterior derivative enjoys the same 
linearity property as the particular case in Definition 5.2; that is, 
ἀ(αφ + by) = ado + bdy, 
where ¢ and y are arbitrary forms and a and ὃ are numbers. 
The exterior derivative and the wedge product work together nicely. 


6.4 Theorem Let f and g be functions, ¢ and y 1-forms. Then 
(1) d(fg) = dfg + f dg. 

(2) d(fo) = df no+fd¢. 

(3) ἀ(φ α ψ) -Ξο ἀφ λύ -- α ἀψ. 


Proof. The first formula is just Lemma 5.6. We include it to show the 
family resemblance of all three formulas. The proof of the second formula 
is a simpler variant of that of the third, so we prove only the latter. 


Case 1. ¢@ = f dz, = g dx. Since 
φ Δ y= fgdzrdzr = 0, 
we must show that the right side of the equation is also zero. Now 
a3 aos) ΟἹ πήρ δ 
αφ = df Δ dx = ο, ee ee 
hence each term of ἀφ 4 y has a repeated dx. Thus ἀφ a yw = 0, and simi- 


larly ¢ a dy = 0. 


Case 2. ¢ = fdz,y = g dy. Using the formula for dé computed above, 
we get 


+ As usual, multiplication takes precedence over addition or subtraction, so this 
expression should be read as (ἀφ A y) — (6 A ay). 
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_ (of of 
dpry = (Lay ae + ¥ ae ae) A g dy 


=, gear oF Lg 
= 0+ 5, 9 dz dx dy = 9 ~ ἀ dy dz. 
Similarly, 
ae ae Trae (22 ae dy + 2 az ay) 
Ox Oz 
- 9 sp οῦ 
= Ja, du dz dy = fz dx dy de. 
Thus 
- = (2 4000 
dp A ba ἂν - (9% 28 0) de dy de 
But 
¢A wv = fg dz dy, 
SO we get 
d(o a wy) = d(fg) dx dy = ee dz dx dy 
_ (8 9 4. 29 
= (5, + 522) de dy dz. 


Hence the formula is proved in this case. 


Case 3. The general case. From cases 1 and 2 we know that the formula 
is true whenever ¢ and y are “simple,”’ that is, of the form f du, where u 
is 2, y, or z. Since every 1-form is a sum of simple 1-forms, the general case 
follows from the linearity of d and the distributive law for the wedge 
product. | 


One way to remember the minus sign which occurs in formula (3) οἵ. 
Theorem 6.4.is to pretend that d is a 1-form. To reach y, ἃ must change 
places with ¢; hence the minus sign is consistent with Lemma 6.2. 

Differential forms, and the associated concepts of wedge product and 
exterior derivative, provide a means of expressing rather complicated rela- 
tionships in a simple, methodical way. For example, as its proof shows, 
the tidy formula 


dip ay) =dpanayp— oa dy 


involves some rather tricky relations among partial derivatives. Before 
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forms were invented, it was necessary to struggle through these relations 
in many a separate problem, but now we simply apply the general formula. 

A variety of interesting applications is given in Flanders [1]. Later on 
we shall use differential forms to express the fundamental equations of 
geometry. 


EXERCISES 
1. Let@ = yzedx + dz,y = sinzdx + coszdy,& = dy + z dz. Find the 
standard expressions (in terms of dz dy, ---,) for 


(aloay, pak, EAS. (b) do, dy, dé. 
2. Let @ = dx/y and » = z dy. Check the Leibnizian formula (3) of The- 
orem 6.4 in this case by computing each term separately. 
3. For any function f show that d(df) = 0. Deduce that d(f dg) = df Δ dg. 
4. Simplify the following forms: 
(a) d(f dg + g df). (c) d(fdg 4 gdf). 
(b) di(f —g)(df+dg)}. (α) ἀ(9] 4) + d(fdg). 
5. For any three 1-forms ¢; = δ; fi; dz; (1 S$ 7 S 3), prove 


f 11 7 12 fis 
Ju fox fers 
fa for ἴω 


6. If r, ὃ, and z are the cylindrical coordinate functions on Εὖ, then 
x=rcosd,y = rsin ϑ, z = z. Compute the volume element dx dy dz 
of Εὖ in cylindrical coordinates. (That is, express dx dy dz in terms of 
the functions r, φ, z and their differentials. ) 


φι A do A G3 = dx; 41. dx3. 


7. For a 2-form 
n=fdxrdy+gdzxrdz+hdy dz, 


the exterior derivative dy is defined to be the 3-form obtained by replac- 
ing f, g, and A by their differentials. Prove that for any 1-form 
φ, d(do) = 0. 

Exercises 3 and 7 show that d’ = 0, that is, for any form ξ, d(dt) = 0. 
(If ξ is a 2-form, then d (dé) = 0, since its degree exceeds 3.) 


8. Classical vector analysis avoids the use of differential forms on ΕἸ by 
converting 1-forms and 2-forms into vector fields by means of the follow- 
Ing one-to-one correspondences: 


D> fi dx; ©. Σὺ, > fs dx dre — fe dx dts + fi dre 413. 
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Vector analysis uses three basic operations based on partial differentia- 
tion: 
Gradient of a function f: 


ὃ 
grad f = eu; 


Curl of a vector field V = >> f,U;: 
curl V = «2 - 2) u, + (h ΔῈ Ue 4 


Ox 2 0X3 Ox 3 O02, 


(ἐ Ξ ah) Us 


OX OX2 


Divergence of a vector field V = Σὺ f,U;: 


Prove that all three operations may be expressed by exterior deriva- 
tives as follows: 
(a) df 2. grad f. 
(b) If @ 2. V, then do 2. curl V. 
(c) If η 2. V, then dy = (div V) dx dy dz. 


9. Let f and g be real-valued functions on E’. Prove that 


of of 
0 ὃ 

df a dg = ᾿ aa dx dy. 
dx dy 


This formula appears in elementary calculus; show that it implies the 
alternation rule. 


7 Mappings 


In this section we discuss functions from E” to E”. If n = 3 and m = 1, 
then such a function is just a real-valued function on E*. If n = 1 and 
m = ἃ, then such a function is a curve in Ε΄. Although our results will 
necessarily be stated for arbitrary m and n, we are primarily interested 
only in the three cases: 


EOF εἰ. εὖ FOE. 
The fundamental observation about a function F: Εὖ — E” is that it 


can be completely described by m real-valued functions on Εὖ. (We saw 
this already in Section 4 for n = 1, m = 3.) 
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7.1 Definition Given a function F: Ε΄ — E”, let fi, fo, "τ, fm denote the 
real-valued functions on E” such that 


F (p) = (filp), fe(p), oc »Sm(p)) 


for all points p in E”. These functions are called the Euclidean coordinate 
functions of F, and we write F = (fi, fe, --+ ,fm)- 


The function F is differentiable provided its coordinate functions are 
differentiable in the usual sense. A differentiable function fF: Ε΄ — ΕΠ 
is called a mapping from E” to E”. 

Note that the coordinate functions of F are the composite functions 
f; = 2;(F), where x, --- , m are the coordinate functions of E”. 

Mappings may be described in many different ways. For example, 
suppose ἢ: Εὖ > ΕΠ is the mapping F = (αὖ, yz, zy). Thus 


F(p) = («(p)’, y(p)z(p), c(p)y(p)) _ for all p. 
Now p = (pi, pe, p3), and, by definition of the coordinate functions, 


z(p) = P\; y(p) = 5; z(p) = ps. 


Hence we obtain the following pointwise formula for ἢ}: 


F (pi, po, ps) = (pr, Ῥέρι, Pip2) _ for all py, po, ps. 
In particular, 
F(l, —2,0) τ- (1,0, —2), F(-—3,1,3) as (9,3, —3), 


and so on. 

In principal, one could deduce the theory of curves from the general 
theory of mappings. But curves are reasonably simple, while a mapping, 
even in the case Εὖ — E’, can be quite complicated. Hence we reverse this 
process and use curves, at every stage, to gain an understanding of map- 
pings. 

7.2 Definition Ifa: — Εὖ isa curve in Εὖ and F: E" > E” is a mapping, 
then the composite function B = F(a): I - E” is a curve in E” called 
the image of a under F (Fig. 1.14). 


FIG, 1.14 
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7.3 Example Mappings. (1) Consider the mapping F: E? —> E? such 
that 
F= (a@—y,x+ y, 22). 


In pointwise terms then, 


F (pr, p2, Ps) = (pi — po, pi + po, 2ps) for all pi, po, ps. 


Only when a mapping is quite simple can one hope to get a good idea of 
its behavior by merely computing its values on some finite number of 
points. But this function is quite simple—it is a linear transformation 
from Ε΄ to Εὖ. Thus by a well-known theorem of linear algebra, F' is 
completely determined by its values on three (linearly independent) 
points, say the unit points 


u; = (1,0,0) wu = (0,1,0) us; = (0,0,1). 

(2) The mapping F: Ε΄ > Εὖ such that F(u,v) = (ὦ — υἢ, Quy). (Here 
u and v are the coordinate functions of E’.) To analyze this mapping, we 
examine its effect on the curve a(t) = (r cost, r sin t), where 0 < ¢ < 2z. 
This curve takes one counterclockwise trip around the circle of radius r 
(center at the origin.) The image curve is 
B(t) = F(a(t)) = F(r cost, r sin ἐ) = (r° cost — r’ sin’t, 2r’ cos ¢ sin £), 
with 0 < ¢ S 2π. Using the trigonometric identities 

cos 2t = cost — sin’t, sin 2¢ = 2 sin t cost, 
we find for 8 = F(a) the formula 
B(t) = (τῇ cos 2t, r” sin 2¢), 


with 0 < ¢ S 27. This curve takes two counterclockwise trips around the 
circle of radius r’ (center at origin) (Fig. 1.15). 

Thus the effect of F is to wrap the plane ΕΠ smoothly around itself twice— 
leaving the origin fixed, since F(0,0) = (0,0). In this process, each circle 
of radius r is wrapped twice around the circle of radius r’. 


EF’ E’ 


FIG. 1.15 
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Each time we have defined a new object in this chapter we have pro- 
ceeded to define a suitable notion of derivative of that object. For example, 
the “derivative” of a curve a is its velocity α΄. Using the notion of velocity 
of a curve, we shall now define the derivative Fx of a mapping F: 
E” — E”. Fy is going to be a function that assigns to each tangent vector 
v to Ε΄ at pa tangent vector Fy(v) to E” at F(p). We get F(v) by the 
following process: The tangent vector v is the initial velocity of the curve 
a(t) = p + tv, where by Remark 3.5 we are consistently abbreviating v> 
to simply v. Now the image of a under the mapping F is the curve 8 such 
that 


B(t) = F(a(t)) = F(p + ἐν). 


We define F'x(v) to be the initial velocity 8 (0) of β (Fig. 1.16). 
Summarizing this process, we obtain the following definition. 


7.4 Definition Let F: Εὖ — Εὖ be a mapping. If v is a tangent vector to 
Ε" at p, let Fx (v) be the initial velocity of the curve t > F(p + tv) in ἘΠ΄. 
The resulting function Fs (from tangent vectors of Ε΄ to tangent vectors 
of Εὖ) is called the derwatiwve map F , of F. 


Note that the initial position ¢ = 0 of the curve t— F(p + tv) is F(p). 
Thus by Definition 4.3, the point of application of its initial velocity is 
F (p). It follows from the definition, then, that Ff, transforms a tangent 
vector to Εὖ at p into a tangent vector to E” at F (p). 

For example, let us compute the derivative map of the mapping 


F(u) = (wv — υἷ, Qu) 
in (2) of Example 7.3. For a tangent vector v at p, we have 
p + tv = (pi + tu, po + tre); 
thus 
F(p + tv) = (οι + tr)” — (po + toe)”, 2(ρι + tr1) (ρα + te). 


As t varies, this formula describes that curve in E’ which, by definition, 


Fx(v)=8'(0) 2 


FIG, 1.16 
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has initial velocity Fs(v). Differentiating the coordinates above with 
respect to ¢ (Definition 4.3), we obtain. 


Fy(v) = F(p + tv)’ (0) = 2(ριυι — pore, vrp2 + pir) at F(p). 


7.5 Theorem Let F = (fi, fo, "τ, fm) be a mapping from Εὖ to ΕΠ. 
If v is a tangent vector to E” at p, then 


Fs(v) = ΟἹ Δ], ---,vifm]) at F(p). 
Thus F's (v) 1s determined by the derivatives v{f;] of the coordinate functions 
of F with respect to v. 


Proof. For the sake of concreteness we take m = 3. Given v at p, we 
refer to the definition (7.4) of Fy and let 8 be the curve 


Bit) =F(p + tv) = (fi(p + tv), fo(p + tv), fs(p + tv)). 


By definition, β΄ (0) = F.s(v). According to Definition 4.3, to get the 
velocity vector 6’ (0) we must take the derivatives at t = 0 of the coordi- 
nate functions f;(p + tv) of 8. But (d/dt) (fi(p + tv)) |0 is precisely 
vifi], where as usual the point of application p is now omitted from the 
notation. Thus 


Fy(v) = ΟἹ], vifel, vifs]) aco. 
But by definition of £, 
β(0) = F(p). A 


Fix a particular point p in E”. As noted above, each tangent vector v 
to Ε΄ at p is transformed by Fy into a tangent vector Fs (v) to E” at F(p). 
Thus for each point p in Ε΄, the derivative map Fy gives rise to a function 


Fx: T,(E") > T 'F(p) (E”) 


which we call derivative map of F at p. Compare the corresponding situa- 
tion in elementary calculus where a differentiable function f: R — R has 
a derivative function Κ΄: R — R which at each point ¢ of R gives the deriva- 
tive f (t) of f at t. 

The links between calculus and linear algebra are tighter than one might 
expect from a conventional calculus course. A most significant link is 
provided by 

7.6 Corollary Let F be a mapping from Εὖ to Ε΄. Then at each point 
p of Ε΄", the derivative map Fy,: T,(E") — Trp (E”) is a linear trans- 
formation. 

Proof. If v and w are tangent vectors at p, and a and ὃ are numbers, 
we must show that 


[ (av Ἔ bw) = aF s (v) + bF,(w). 
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Using the first assertion in Theorem 3.3, this follows easily from the pre- 
ceding theorem. ἢ 


The linearity οἱ Fs, is a generalization of the fact that the derivative 
f (t) of f: R > R is the slope of the tangent line to the graph of f at t. 
Indeed for each point p, Fx, 1s the linear transformation which best approxt- 
mates the behavior of F near p. This idea is fully developed in advanced 
calculus, where it is used to prove Theorem 7.10. 

Since F'y,: Tp(E”) — Trp) (ΕἾ) is a linear transformation, it is reasona- 
ble to compute its matrix with respect to the natural bases 


Ui(p),--+, Un(p) for T,(E") 
Ui(F (p)), ---, Um(F (p)) for Trp) (E"). 
This matrix is called the Jacobian matrix of F at p. 
7.7 Corollary If F = (fi, --- , fm) is a mapping from Εὖ to E”, then 
™ afi 
Fs(Utp)) = SE (py uF) (<i Sn). 
7 


t=) 


Hence the Jacobian matrix of F at p is ((0f:/0z;) (p) )isiem, 1g απ. 


Proof. Set v = U;(p) in Corollary 7.6. Since the unit vector U;(p) 
applied to f; is Just (df;/dx;) (p), we get 


Fe(U(p)) = (4 @), +, 2 w))= Fw) FO). ὁ 


Ox; 
Standard abbreviation: 


Of: + 
F(U;) = Dae U:, 
where U, and of,/dx,; are evaluated at p, and U; is evaluated at F(p). 
This result shows that the derivative map of F is completely determined 
by the partial derivatives of its coordinate functions. For example, con- 
sider the second mapping in Example 7.3. Its coordinate functions are 
f =u — v’ andg = 2uv. Hence 


of of 
ou dv ς μ᾽ 
ὃς ag ῶ Qu 
ou av 


Thus the Jacobian matrix of this mapping at the point p = (pi, pz) is 


ΙΝ ἢ 
2}: 2p1 
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7.8 Theorem Let F: Εὖ — ἘΠ᾿ be a mapping. If 8 = F(a) is the image 
in E” of the curve a in E”, then β΄ = F(a’). 


This theorem asserts that F's preserves velocities of curves, since for each 
t, ithe velocity β' (t) of the image curve is the i image, under F’,, of the velocity 
a (t) of a. 


Proof. For definiteness, set m = 3. Now 1 F = (fi, fe, fs), then 


B = Fla) = (fila), fo(a), fs(a)). 
Thus the coordinate functions of 8 are 6B; = f;(a). By Theorem 7.5, 


Fe (a (t)) = (α΄ (Ὁ Til, w(t) 33, α΄(ὃ [}}. 
But applying Lemma 4.6, we find that 


α΄ (ἐ) [4] = ΕΠ: : (t) = (t). 


Hence 


, _ fap; dpe aps 
Fs(a(t)) = (3 (t), Ἢ; (), a ω) 
Furthermore, this tangent vector has point of application F(a(t)) = B(t); 
hence it is precisely β' (t). 


Just as one uses the derivative of a function f: R — R to gain informa- 
tion about the function f, one can use the derivative map F's. in the study 
of a mapping F. A detailed investigation of this matter belongs in advanced 
calculus; we shall give only one or two basic definitions needed in later 
work. 


7.9 Definition A mapping ἢ: ΕΠ > E” is regular provided that for each 
point p of Ε΄ the derivative map F, is one-to-one. 


Since each Fx, is a linear transformation, we can apply standard results 
of linear algebra to conclude that the following conditions are equivalent: 

(1) Fp is one-to-one. 

(2) If Fx (vp) = 0, then v, = 0. 

(3) The Jacobian matrix of F at p has rank n (dimension of the domain 
Ε" of F). 

For example, the second mapping in Example 7.3 is not regular. But 
the one-to-one condition fails at only a single point, the origin. In fact, 
the computation immediately preceding Theorem 7.8 shows that its 
Jacobian matrix has rank 2 at p = 0, rank 0 at 0. 

A mapping that has an inverse mapping is called a diffeomorphism. A 
diffeomorphism is thus necessarily both one-to-one and onto, but a mapping 
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which is one-to-one and onto need not be a diffeomorphism (Exercise 11). 
The results of this section apply equally well to mappings defined only on 
open sets of E”. In particular, we may speak of a diffeomorphism from one 
open set of E” to another. 


We state, without proof, one of the basic results of advanced calculus. 


7.10 Theorem Let F: Εὖ — ΕΠ be a mapping such that F', is one-to-one 
at some point p. Then there is an open set U containing p such that the 
restriction of F to U is a diffeomorphism U — V onto an open set V. 


This is called the inverse function theorem, because it asserts that the 
restricted mapping U — WV has an inverse mapping Ὃ — WU. The proof is 
based on the idea that at points p + Ap very near p, F (p + Ap) is approxi- 
mately F(p) + Fs(Ap). Since the tangent spaces at p and F(p) have 
the same dimension, it follows that the one-to-one linear transformation 
F,, has an inverse; hence so does F—near p. 


EXERCISES 


1. If F is the mapping F = (εὖ — v’, 2uv) in Example 7.3, find all points 
p such that 
(a) F(p) = (0,0). (b) F(p) = ©, —6). (c) F(p) = p. 

2. The mapping F in Exercise 1 carries the horizontal line v = 1 to the 
parabola u — F(u,l) = (u’ — 1, 2u). Sketch the lines u = 1 and 
v = 1, and their images under F. 


3. The image F(S) of a set S under a mapping F consists of all points 
F(p) with p in S. For F as in Ex. 1, find the image of each of the fol- 
lowing sets: 

(a) The horizontal strip S:1 < v S 2. 
(b) The half-disc S: uw? + » < 1,02 0. 

(c) The wedge S: —u Sv Su,u 2 0. 

In each case, show the set S and its image F(S) on a single sketch. 
(Hint: Begin by finding the image of the boundary curves of S.) 


4. (a) Show that the derivative map of the mapping (1) in Example 7.3 is 
given by 
Fx (vp) = (ὦ — V2, 0) + V2, 203) ecp)- 


(Hint: Work directly from the definition of derivative map.) 
(Ὁ) In general, if δ: Ε΄" — E” is a linear transformation, prove that 


Fx (vp) = F (v) rc). 
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If F = (fi, --- , fm) 15 a mapping from E” to E”, we write 
Fe = (dfi, +++ , afm), 
since by Theorem 7.5, 
Fe (vp) = (dfilvp), ---, dfm(Vp)) rip) 


Find F, for the mapping F = (z cos y, x sin y, 2) from Εὖ to E’, and 
compute Fx (vp) if | 

(a) v = (2, —-1,3), p = (0,0,0). 

(b) v= (2, —1,3), p (2, w/2, wT). 


. Is the mapping in the preceding exercise regular? 
. Let F = (fi,f2) and G = (91,92) be mappings from Εὖ to Εὖ. Compute 


the Euclidean coordinate functions of the composite function GF: 
E* — E’ and show that it is a mapping. 


- In the definition (7.4) of Fs (vp), show that the straight line may be 


replaced by any curve ἃ with initial velocity v,. 


. Prove that a mapping F: Εὖ — E” preserves directional derivatives 


in this sense: If v, is a tangent vector to E” and g is a differentiable 
function on E”, then Fx (v>)[g] = νρί (F)]. 


Let F = (fi,f2) be a mapping from ἘΠ to E’. If for every point q of E’ 
the equations 


i = fi(ps, pe) 
45 = f2(pi, p2) 
have a unique solution 
= σιίᾳι; 92) 
pe = g2(q, 4) 


prove that F is one-to-one and onto, and that Ε΄ = (9,92). 


. (Continuation). In each case, show that F is one-to-one and onto, 


compute the inverse function F’, and decide whether F is a diffeo- 

morphism (that is, whether ΚΤ is differentiable). 

(a) F = (ve", u). 

(b) F = (w,v -- ὠ). 

(c) F = (1 + 2u — 20,4 — 2u 4 v). 

Let F: ἘΠ — E” and G: ἘΠ — E? be mappings. 

(a) Generalize the results of Exercise 7 to this case. 

(Ὁ) If a is a curve in E",)show that (GF) (α΄) = Gx (Fx (a’)). (Hint: 
(GF) (a) = G(F(a@)).] 
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(c) Deduce that (GF)x = GsFs: The derivative map of a composi- 
tion of mappings is the composition of their derivative maps. 


13. If f: R— R is a differentiable real-valued function on the real line 
R, prove that fx (vp) is the tangent vector f (p) v at the point f(p). 


8 Summary 


Starting from the familiar notion of real-valued functions, and using linear 
algebra at every stage, we have constructed a variety of mathematical 
objects. The basic notion of tangent vector led to vector fields, which 
dualized to 1-forms—which in turn led to arbitrary differential forms. The 
notions of curve and differentiable function were generalized to that of a 
mapping Ff: E” — E”. 

Then starting from the usual notion of the derivative of a real-valued 
function, we proceeded to construct appropriate differentiation operations 
for these objects: the directional derivative of a function, the exterior 
derivative of a form, the velocity of a curve, the derivative map of a 
mapping. These operations all reduced to (ordinary or partial) derivatives 
of real-valued coordinate functions, but it is noteworthy that in most cases 
the definitions of these operations did not involve coordinates. (This could 
be achieved in all cases.) Generally speaking, the differentiation operations 
all exhibited in one form or another the characteristic linear and Leibnizian 
properties of ordinary differentiation. 

Most of these concepts are probably already familiar to the reader, at 
least in special cases. But we now have careful definitions and a catalogue 
of basic properties which will enable us to begin our exploration of differ- 
ential geometry. 


CHAPTER " 


Frame Fields 


Roughly speaking, geometry begins with the measurement of distances 
and angles. We shall see that the geometry of Euclidean space can be 
derived from the dot product, the natural inner product on Euclidean space. 

Much of this chapter is devoted to the geometry of curves in Ε΄. We 
emphasize this topic not only because of its intrinsic importance, but also 
because the basic method used to investigate curves has proved effective 
throughout differential geometry. A curve in ΕΠ is studied by assigning at 
each point a certain frame—that is, set of three orthogonal unit vectors. 
The rate of change of these vectors along the curve is then expressed in 
terms of the vectors themselves by the celebrated Frenet formulas (Theorem 
3.2). In a real sense the theory of curves in E’ is merely a corollary of these 
fundamental formulas. 

Later on we shall use this ‘““method of moving frames” to study a surface 
in Εὖ. The general idea is to think of a surface as a kind of two-dimensional 
curve and follow the Frenet approach as closely as possible. To carry out 
this scheme we shall need the generalization (Theorem 7.2) of the Frenet 
formulas devised by E. Cartan. It was Cartan who, at the beginning of this 
century, first realized the full power of this method not only in differential 
geometry but also in a variety of related fields. 


1 Dot Product 


We begin by reviewing some basic facts about the natural inner product 
on the vector space E’. 
1.1 Definition The dot product of points p = (pi, pe, ps) and q = (MH, 45, 43) 
in ΕΠ is the number 
P°g = Digi + P2Q2 + Pads. 
42 
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The dot product zs an inner product, that is, it has three properties 
(1) Bilinearity: 


(ap + bq)-r = aper + bqer 
r¢e(ap + bq) = ar-p + Odreq. 


(2) Symmetry: p-q = qep. 
(3) Positive definiteness: p-p = 0, and p-p = 0 if and only if p = 0. 


(Here p, q, and r are arbitrary points of ΕἾ, and a and ὃ are numbers. ) 
The norm of a point p = (p1, pe, p3) 1s the number 
lp | = (pep)? = οἱ + pe’ + ps)”. 


The norm is thus a real-valued function on E’; it has the fundamental 
properties |/p + q || = [|p || + lq || and || ap || = |@||{p ||, where | @| is 
the absolute value of the number a. 

In terms of the norm we get a compact version of the usual distance 
formula in Εὖ, 


1.2 Definition If p and q are points of Εὖ, the Euclidean distance from 
p toq is the number 
d(p,q) = |p -- αἰ: 


In fact, since 


P—q = (φ: — G, D2 — 45, Ps — Qs), 


expansion of the norm gives the well-known formula (Fig. 2.1) 
d(p,q) = (φι -- m)” + (p2 — qe)” + (ps — 93)”)™”. 


Euclidean distance may be used to give a more precise definition of open 
sets (Chapter 1, Section] ). First, if p is a point of Εὖ and e > 0 is a number, 
the ¢-neighborhood I. of p in Εὖ is the set of all points q of ἘΠ᾿ such that 
d(p,q) < « Then a subset © of E° is open provided that each point of © 
has an e-neighborhood which is entirely contained in Ὁ. In short, all points 
near enough to a point of an open set are also in the set. This definition is 
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valid with E* replaced by E”—or indeed any set furnished with a reasonable 
distance function. 

We saw in Chapter I that for each point p of Εὖ there is a canonical iso- 
morphism v — vy from Εὖ onto the tangent space T,(E’) at p. These iso- 
morphisms lie at the heart of Euclidean geometry—using them, the dot 
product on E’ itself may be transferred to each of its tangent spaces. 


1.3 Definition The dot product of tangent vectors vp and w, at the 
same point of E* is the number vp*wp = vew. 


For example, (1,0, —1),*(8, —3,7)p = 1(8) + 0(—3) + (-—1)7 = —4. 
Evidently this definition provides a dot product on each tangent space 
Τ, (ΕἾ) with the same properties as the original dot product on E*. In 
particular, each tangent vector v, 0 Ε΄ has norm (or length) || vp || = || v |]. 

A fundamental result of linear algebra is the Schwarz inequality 
|vew| S [[ν || || w ||. This permits us to define the cosine of the angle 
ὃ between v and w by the equation (Fig. 2.2). 


vew = || v |! || w |] cos ϑ. 


Thus the dot product of two vectors is the product of their lengths times 
the cosine of the angle between them. (The angle # is not uniquely deter- 
mined unless further restrictions are imposed, say 0 < ϑ < 7.) 

In particular, if ὃ = 1/2, then νὸν = 0. Thus we shall define two vec- 
.tors to be orthogonal provided their dot product is zero. A vector of length 
1 is called a unit vector. 


1.4 Definition A set ei, e2, e; of three mutually orthogonal unit vectors, 
tangent to Ε΄ at p, is called a frame at the point p. 


Thus ei, 62, e3 is a frame if and only if 


Il 
μυνὶ 


€, ey = 6256) = 6356 


Θ᾽ 56.) = C193 = 0996) = 0. 


ν .6;6ς 
νά | Oi V+ Ge, 
| 


Γι 
Ill vl] cos #4 Vee 


FIG. 2.2 FIG. 2.3 
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By the symmetry of the dot product, the second row of equations is, of 
course, the same as 


6256) = e3°e; = 6256) = 0. 


Using index notation, all nine equations may be concisely expressed as 
e;-e; = δὲ; for 1 < 71,7 S 3, where 6;; is the Kronecker delta (0 if 1 ¥ J, 
1 if 7 = j). For example, at each point p of Εὖ, the vectors Ui(p), Us(p), 
U3(p) of Definition 2.4 in Chapter I constitute a frame at p. 

1.5 Theorem Let δι, 65, e; be a frame at a point p of Ε΄. If v is any tan- 
gent vector to Ε" at p, then (Fig. 2.3) 


v = (vee, )e; + (νη) + (vee; )e3. 


Proof. First we show that the vectors δι, 6, e3 are linearly independent. 
Suppose 


Σ᾽ a,e; = 0. 


Then 
0 = (>> a,e;)°e; = >> ae;e; = >. a; δι) ΞΞ α;, 


where all sums are over 7 = 1,2,3. Thus 

αι = α; = a = 0, 
as required. Now the tangent space T, (ΕἾ) has dimension 3, since it is 
linearly isomorphic to Εὖ. Thus by a well-known theorem of linear algebra, 


the three independent vectors δι, e:, es form a basis for 7, (ΕἾ). Hence for 
each vector v there are three (unique) numbers ¢, ¢2, 65 such that 


v= pa C;e;. 


But 


vee; = ΩΣ cie;)°e; = » Cis = C;, 
and thus 


v= >» (vee; )e;. a 


This result (valid in any inner-product space) 15 one of the great labor- 
saving devices in mathematics. For to find the coordinates of a vector v 
with respect to an arbitrary basis, one must in general solve a set of 
nonhomogeneous linear equations, a task which even in dimension 3 is 
not always entirely trivial. But the theorem shows that to find the co- 
ordinates of v with respect to a frame (that is, an orthonormal basis) it 
suffices merely to compute the three dot products v-e;, ν 946), vee3. We call 
this process orthonormal expansion of v in terms of the frame δι, 65, 6). 


46 FRAME FIELDS [Chap. Il 


In the special case of the natural frame Ui(p), U2(p), Us(p) the identity 
V = (M1, v2, v3) = Σ,; υ,17,(0) 


is an orthonormal expansion, and the dot product is defined in terms of 
these Euclidean coordinates by vew = >, vww;. If we use instead an arbitrary 
frame ej, 65, 62, then each vector v has new coordinates a; = vee; relative 
to this frame, but the dot product 1s still given by the same simple formula 


vow = > ab; 
since 


vow = (>> a;e;)* (Σ b;e; ) = » a;b; €;°e; 
1,7 
>» a;b; δι) = Ss a;b;. 


1,2 


When applied to more complicated geometric situations, the advantage 
of using frames becomes enormous, and this is why they appear so fre- 
quently throughout this book. 

The notion of frame is very close to that of orthogonal matrix. 


1.6 Definition Let e;, e2, 65. be a frame at a point p of Ε΄ The3 X 3 matrix 
A whose rows are the Euclidean coordinates of these three vectors is called 
the attitude matrix of the frame. 


Explicitly, if 
6: = (au, ap, 13) p 
62 = (G21, (22, O23) p 
€3 = (ds, 32, G33) p 
then 

Qi Qi2 13 
A =| da x2 Qo 

Q31 G32 33 


Thus A does describe the “attitude” of the frame in E’, although not its 
point of application. 
Evidently the rows of A are orthonormal, since 
ye Aird = 6:56; = 6:5 for 1 < ζ,7} - os 


By definition, this means that A is an orthogonal matrix. 
In terms of matrix multiplication, these equations may be written 
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A ‘A =I, where J is the 3 X 3 identity matrix, and ‘A is the transpose 
of A: 


αι Qa 31 
tA =| di de Ase 
αι Qo3 33 


It follows, by a standard theorem of linear algebra, that ‘AA = I, so that 
‘A = A’, the inverse of A. 

There is another product on E’, closely related to the wedge product of 
1-forms, and second in importance only to the dot product. We shall trans- 
fer it immediately to each tangent space of E’. 


1.7 Definition If v and w are tangent vectors to Ε at the same point p, 
then the cross product of v and w is the tangent vector 


Ui(p) Un(p) Us(p) 
vxwe=/Y V2 V3 
UW We W3 


This formal determinant is to be expanded along its first row. For ex- 
ample, if v = (1,0,—1), and w = (2,2, —7),, then 


σι.) Uz(p) Us(p) 
1 0 —1 
2 2 -Ἴ 


= 2U;(p) ΞΕ 5U2(p) ss 2U3(p) = (2,5,2)>. 


Using familiar properties of determinants, we see that the cross product 
v X w is linear in v and in w, and satisfies the alternation rule 


vxwoe 


vxw= -wxXv 
(hence, in particular, v X v = 0). The geometric usefulness of the cross 
product is based mostly on 
1.8 Lemma The cross product v X w is orthogonal to both v and w, 
and has length such that 


|v X wi)? = vev wew — (vew)’. 


Proof. Let v X w = >_c,U;(p). Then the dot product v-(v X w) is 
just >> v.c;. But by the definition of cross product, the Euclidean coordinates 
C), C2, C3 Of V X w are such that 


v7} Vo v3 
ve(v Xw) =] ve 03). 
W, Wo W3 
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FIG. 2.4 


This determinant is zero, since two of its rows are the same; thus v X w 
is orthogonal to v— and, similarly, to w. 

Rather than use tricks to prove the length formula, we give a brute-force 
computation. Now 


(Σ 07) (20 w?) — (ΣΣ vw)” 
oS vs Ww; = { ae ve we + 2 >, viw,vw;} 
4,9 i<q7 


2 2 
= > 0; w; -- 2] V,WV;W;. 
i<j 


ivy 


vevwew — (vew)? 


On the other hand, 


lv X wl =v xX wv Xw)= De? 
= (vew3 — v3we)” + (vg, — 1103)? + (vw. — Dew)” 
and expanding these squares gives the same result as above. i 


A more intuitive description of the length of a cross product is 
lv X νὰ || = [lv] ll w]] sing, 


where 0 S 3 Ξ mis the smaller of the two angles from v to w. The direction 
of v X w on the line orthogonal to v and w is given, for practical purposes, 
by this “right-hand rule”: If the fingers of the right hand point in the 
direction of the shortest rotation of v to w, then the thumb points 
in the direction of v X w (Fig. 2.4). 

Combining the dot and cross product, we get the triple scalar product, 
which assigns to any three vectors πὰ, v, w the number uev Χ w (Exercise 4). 
Parentheses are unnecessary: u+(v X w) is the only possible meaning. 


EXERCISES 


1. Let v = (1,2, —1) and w = (—1,0,3) be tangent vectors at a point of 
Εὖ. Compute (a) vew. (b) v X w. 
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(6) v/llv |], w/llwll (4) |v x wi. 
(e) the cosine of the angle between v and w. 

2. Prove that Euclidean distance has the properties 
(a) d(p,q) 2 0; d(p,q) = Oif and only if p = q, 
(c) d(p,q) + dq,r) 2 d(p,r), 
for any points p, q, r in E*. 

3. Prove that the tangent vectors 


" (, 2, 1) τι (—2, 0, 2) yas (1, =) 1) 
οι = /6 ; ος -Ξ “8 ᾽ y= 4/3 


constitute a frame. Express v = (6, 1, —1) as a linear combination 
of these vectors. (Check the result by direct computation. ) 


4. Letu = (tu, Ua, Us), v= (v4, V2, v3), w= (wi, Wo, W3). Prove that 
UW Uy U3 
(a) uv XwWw= 1H mm 03 


WW, Wo W3 


(b) uev X w ¥ 0 if and only if u, v, and w are linearly independent. 
(c) If any two vectors in πῖον X w are reversed, the product changes 
sign. Explicitly, 


ιν X w= vw Xu = νοι X V 


= —-wev Xu = —-veu X w = —uew X V. 


(d) uev X w =u X vew. 


5. Prove that v X w # 0 if and only if v and w are linearly independent, 
and show that || v X w || is the area of the parallelogram with sides v 
and w. 


6. If δι, 6), e3 is a frame, show that 
e,°@2 Χ 65 = +1. 
Deduce that any 3 X 3 orthogonal matrix has determinant +1. 
7. If u is a unit vector, then the component of v in the πὰ direction is 
veuu = || v || cos du. 
Show that v has a unique expression v = vi + ve, where νην = 0 
and νι 1s the component of v in the u direction. 


8. Show that the volume of the parallelopiped with sides u, v, w is 
τειν X w (Fig. 2.5). (Hint: Use the indicated unit vectore = v Χ w/ 
| v X w ||.) 
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Give rigorous proofs, using ε- 

neighborhoods, that each of the | 

following subsets of E° is open: e ler 

(a) All points p such that: || p || πω οἷς 
ἘΠῚ. 

(Ὁ) All p such that p; > 0. 
d(p,q).) 


In each case, let S be the set of FIG. 2.5 

all points p that satisfy the 

given condition. Describe S, and decide whether it is open. 
(a) Pr i pr κα D3. = 1. (6) pi = po τέ Ds. 

(b) P3 X 0. (d) pi + po < 9. 


If f is a differentiable function on Εὖ, show that the gradient 
Vi = 2 (δύ δα) 


(Ex. 8 of 1.6) has the following properties: 

(a) vif] = (df )(v) = ve (Vf )(p) for any tangent vector at p. 

(Ὁ) The norm ||(Vf)(p)|| = [Σ (af/ax.)’(p) ]'” of (Vf) (p) is the 
maximum of the directional derivatives ulf] for all unit vectors at p. 
Furthermore, if (Vf)(p) τέ 0 the unit vector for which the maximum 
occurs is 


(Vf ) (p)/|| (VF ) (p) |]. 


The notations grad f, curl V, and div V (in the exercise referred to ) 
are often replaced by Vf, V X V, and V-V, respectively. 


Angle functions. Let f and g be differentiable real-valued functions on 
an interval J. Suppose that f? + ο΄ = 1 and that % is a number such 
that f(0) = cos %, σ (0) = sin ϑὺ0. If 3 is the function such that 


ϑ() = + | (idl - of’) at 


prove that 
f = cos 3, g = sin ϑ. 
(Hint: We want (f — cos δ) + (g — sin 3)? = 0; show that 
(f cos ὃ + gsin 3)’ = 0.) 


The point of this exercise is that ϑ is a differentiable function, un- 
ambiguously defined on the whole interval J. 
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2 Curves 


We begin the geometric study of curves by reviewing some familiar defini- 
tions. Let a: J — Εὖ be a curve. In Chapter I, Section 4, we defined the 
velocity vector a (t) of a at t. Now we define the speed of a at t to be the 
length v(t) = || a (t)|| of the velocity vector. Thus speed is a real-valued 
function on the interval J. In terms of Euclidean coordinates a = (αι, ας, a), 
we have 


“ὦ = (4 1, , 2) 


Hence the speed function v of @ is given by the usual formula 


ΝΕ / = day Ξ das i (=) we 
v= tat =((@) + (ὦ) +(B)) 
In physics, the distance traveled by a moving point is determined by 


integrating its speed with respect to time. Thus we define the arc length 
of a from t = a tot = b to be the number 


Ια. at 


Substituting the formula for || a’ || given above, we get the usual formula 
for are length. 

Sometimes one is interested only in the route followed by a curve and 
not in the particular speed at which it traverses its route. One way to ig- 
nore the speed of a curve a is to reparametrize to a curve 8 which has unit 
speed || β΄ || = 1. Then β represents a “standard trip” along the route of a. 


2.1 Theorem If @ is a regular curve in Εὖ, then there exists a reparame- 
trization B of a such that 6 has unit speed. 


Proof. Fix a number a in the domain J of a: J — Εὖ, and consider the 
arc-length function 


eG [ Teaco gece 


(The resulting reparametrization is said to be based at t = a.) Thus the 
derivative ds/dt of the function s = s(é) is the speed function v = || a’ || 
of a. Since α is regular, by definition a’ is never zero; hence ds/dt > 0. 
By a standard theorem of calculus, the function s has an inverse function 
t = t(s), whose derivative dt/ds at s = s(t) is the reciprocal of ds/dt at 
t = t(s). In particular, dt/ds > 0. 
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Now let 8 be the reparametrization 6(s) = a(t(s)) of a. We assert that 
8 has unit speed. In fact, by Lemma 4.5 of Chapter I, 


B'(s) = (dt/ds) (8)α΄ (t(s)). 
Hence, by the preceding remarks, the speed of β is 


|8Γ}} = 5 ὦ al (uls)) | = & 8 (u(s)) = ; 


We shall use the notation of this proof frequently in later work. The 
unit-speed curve β is sometimes said to have arc- length parametrization, 
since the arc length of β from 8 = a to 8 = ὃ (a < b) is just ὃ — a. 

For example, consider the helix ἃ in Example 4.2 of Chapter I. Since 
a(t) = (a cost, a sin ¢, bt), the velocity a’ is given by the formula 


a(t) = (—asint,a cos t, b). 
Hence 
I| a’ (t) |? = α΄ (().α' (t) = a? sin’t + a? cost + δ᾽ = a? + 8’. 


Thus α has constant speed ς = || a’ || = (a? + b?)'. If we measure arc 
length from ¢ = 0, then 


(Ὁ = fea = 


Hence, t(s) = s/c. Substituting in the formula for a, we get the unit-speed 
reparametrization 


8 8 s bs 
B(s) = «(ἢ - (a cos®, asin’, “ἢ 


It is easy to check directly that || β΄ (5}}} = 1 for all 8. 

A reparametrization a(h) of a curve a is said to be orientation-preserving 
if h’ > 0, orientation-reversing if h’ < 0. In the latter case, a and a(h) tra- 
verse their common route in opposite directions. By the conventions above, 
a unit-speed reparametrization is always orientation-preserving since 
ds/dt > Ὁ for a regular curve a. 

We now define a variant of the general notion of vector field (Definition 
2.3 of Chapter I) which is adapted to the study of curves. Roughly speak- 
ing, a vector field on a curve consists of a vector at each point of the curve. 


2.2 Definition A vector field Y on a curve a: I — ἘΠ is a function that 
assigns to each number ¢ in J a tangent vector Y(t) to Εὖ at the point 


a(t). 


We have already used such vector fields, since for any curve a, its ve- 
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FIG. 2.6 


locity a evidently satisfies this definition. Note that, unlike α΄, arbitrary 
vector fields on a need not be tangent to a, but may point in any direction 
(Fig. 2.6). 

The properties of vector fields on curves are analogous to those of vector 
fields on Ε΄. For example, if Y is a vector field on a: J — Εὖ, then for each 
ἐ in J we can write 


Y(t) = (y(t), ye(t), ys(t) ety = Dy Yilt)Us (a(t). 


We have thus defined real-valued functions y;, ye, y3 on J called the 
Euclidean coordinate functions of Y. These will always be assumed to be 
differentiable. Note that the composite function t — U;(a(t)) is a vector 
field on a. Where it seems safe to do so, we shall often write merely U; 
instead of U;(a(t)). 

The operations of addition, scalar multiplication, dot product, and cross 
product of vector fields (on the same curve) are all defined in the usual 
pointwise fashion. Thus if 


Y(t) = ?U, — tU3, Z(t) = (1 — f)U2 + tU,, 
and 


t 1 
we obtain the vector fields 
(Y+Z)(t) =U,+ 1 -- νυ. 


(fY)@) =t@€ +1), -- ¢€4+ 1)U; 


U; [7 Us 
(YX Ζ)() ὁ 7π ι΄ 0 —t 
0 1-f 1 


=i11—?)U,-—t#U.+ (1 — ’)U; 
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and the real-valued function 
(Y°Z)(t) = --ἰἶ. 


To differentiate a vector field on a one simply differentiates tts Euclidean 
coordinate functions, thus obtaining a new vector field on a. Explicitly, if 
Y = >) y:U;, then Y’ = δὴ (dy,/dt)U;. Thus, for Y as above, we get 


VY -- διῦ, =U; Y” = 2U,, and γ΄" -- 0. 


In particular, the derivative a” of the velocity α΄ of a is called the accelera- 
tion of a. Thus if a = (aj,a2,03), the acceleration a” is the vector field 
sie (“5 d ot >) 
dt?’ dt?’ dt? J. 
on a. By contrast with velocity, acceleration is generally not tangent to 
the curve. 
As we mentioned earlier, in whatever form it appears, differentiation 
always has suitable linearity and Leibnizian properties. In the case of 
vector fields on a curve, it is easy to prove the linearity property 


(ΑΥ̓͂ + bZ)' = aY' + 02’ 


(a and b numbers) and the Leibnizian properties 
(fY)' = ay 4fY and (Ye) = Yu + YZ’. 


If the function Y+Z is constant, the last formula shows that 
Y'-Z+ YZ =0. 


This observation will be used frequently in later work. In particular, if Y 
has constant length || Y ||, then Y and Y’ are orthogonal at each point, 
since || Y |’? = Y+Y constant implies 2Y-Y’ = 0. 

Recall that tangent vectors are parallel if they have the same vector 
parts. We say that a vector field Y on a curve is parallel provided all its 
(tangent vector) values are parallel. In this case, if the common vector 
part is (¢;, 65, 65), then 


Y(t) = (1,02, ¢3)ay = 2, UU; for all ἐ. 


Thus parallelism for a vector field is equivalent to the constancy of its 
Euclidean coordinate functions. 

Vanishing of derivatives is always important in calculus; here are three 
simple cases. 


2.3 Lemma (1) A curve α is constant if and only if its velocity is zero, 
/ 
a = 0. 
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(2) A nonconstant curve a is a straight line if and only if its acceleration 
is zero, a” = 0. | 

(3) A vector field Y on a curve is parallel if and only if its derivative 
is zero, γ΄ = 0. 


Proof. In each case it suffices to look at the Euclidean coordinate func- 
tions. For example, we shall prove (2). If a = (αι, a2, a3), then 


pie: Ὡς dion dor 
dt?’ dt?’ dt 
Thus a” = 0 if and only if each αἶα; αἱ = 0. By elementary calculus, this 
is equivalent to the existence of constants p; and 4: such that 
a; (£) = Di + tdi; for i= 1; 25 3. 


Thus a(t) = p + éq, and a is a straight line as defined in Example 4.2 of 
Chapter I. (Note that nonconstancy implies q ~ 0.) i 


EXERCISES 


1. For the curve a(t) = (2t, t’, (83), 
(a) find the velocity, speed, and acceleration for arbitrary ¢, and at 


t= 1: 
(b) find the arc-length function s = s(¢) (based at ¢ = 0), and de- 
termine the are length of a fromt = —1 tot = +1. 


2. Show that the curve a(t) = (¢ cos ἐ, ἐ sin ἑ, £) lies on a cone in Εὖ Find 
the velocity, speed, and acceleration of a at the vertex of the cone. 


3. Show that the curve a(t) = (cosh ἐ, sinh t, ¢) has arc-length function 
s(t) = +/2 sinh ¢, and find a unit-speed reparametrization of a. 


A. Consider the curve a(t) = (2¢, εἶ, log ¢) on J: ¢ > 0. Show that this 
curve passes through the points p = (2,1,0) andq = (4, 4, log 2), and 
find its arc length between these points. 


5. Suppose that βι and βὲ are unit-speed reparametrizations of the same 
curve a. Show that there is a number 80 such that βε(8) = Bi(s + 80) 
for all s. What is the geometric significance of so? 


6, Let Y be a vector field on the helix a(t) = Goode t, sin t, ¢). In each of 
the following cases, express Y in the form > y,U 
(a) Y(t) is the vector from a(t) to the origin of Εἰ. 
(b) Y(t) = α΄ (ὦ) -- α΄ (ὦ). 
(c) Y(t) has unit length and is orthogonal to both a ‘(t) and a” (t). 
(4) Y(t) is the vector from a(t) to a(t + 7). 
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7. Let Y be a vector field on a curve a. If a(h) is a reparametrization of 
a, show that Y (h) is a vector field on a(h), and prove the chain rule 
Yh) -- λ΄ Y'(h). 


8. Let a,8: 1 -- Εὖ be curves such that a’ (¢) and β΄ (t) are parallel (same 
Euclidean coordinates) for each t. Prove that a and 6 are parallel in 
the sense that there is a point p in E’ such that B(t) = a(t) + p for 
all ἐ. 


9. If a is a regular curve show that 
(a) a has constant speed if and only if the acceleration a” is always 
orthogonal to a (that is, to a’). 
(b) α is a reparametrization of a straight line t > p + ¢q if and only if 
a” is always tangent to a (that is, α΄ and a’ are collinear). 


10. A portion of a curve defined on a closed interval [a,b]: a < ἐ < ὃ, is 
called a curve segment. A reparametrization a(h): [a,b] > Εὖ of a curve 
segment a: [c,d] — ἘΠ᾿ is monotone provided either 
(a) λ΄ = 0, h(a) = c, h(b) = d, or (Ὁ) Λ΄ S$ 0, h(a) = ἃ, h(b) -- ς. 
Prove that monotone reparametrization does not change arc length. 


11. Prove that a straight line is the shortest distance between two points 
in Εὖ Use the following scheme; let a: [a,b] -- Εὖ be an arbitrary curve 
segment from p = a(a) tog = a(b). Letu = q — p)/||q — p |. 
(a) If o is a straight-line segment from p to q, say 


o(t)= ( -- ἕ ἐὴν - ἰᾳ( Ot <1), 


show that L(c) = ἀφ, 4). 

(Ὁ) From || a’ || = α΄, deduce L(a) = d(p, 4), where L(a) is the 
length of a and d is Euclidean distance. 

(c) Furthermore, show that if L(a) = d(p,q), then (but for para- 
metrization) a is a straight line segment. (Hint: write a = 
(a’-u)u + Y, where Y-u = 0.) 


3 The Frenet Formulas 


We now derive mathematical measurements of the turning and twisting of 
a curve in Ε΄, Throughout this section we deal only with unit-speed curves; 
in the next we extend the results to arbitrary regular curves. 

Let 8: 1 - Εὖ bea unit-speed curve, so || β΄ (s) || = 1 for each s in J. Then 
T = β' is called the unit tangent vector field on 8. Since 7 has constant 
length 1, its derivative T’ = β΄ measures the way the curve is turning 
in Εὖ. We call 7” the curvature vector field of 8. Differentiation of T7-T = 1 
gives 2T’-T = 0, so 7’ is always orthogonal to Τ', that is, normal to β. 
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B(s) 


N(s) T(s) = 6'(s) 


β΄ (9) 
ΕΙΟ. 2.7 


The length of the curvature vector field T gives a numerical measure- 
ment of the turning of 8. The real-valued function x such that x(s) = || 7” (s) || 
for all s in J is called the curvature function of 8. Thus x 2 0, and the larger 
x is, the sharper the turning of 8. | 

To carry this analysis further, we impose the restriction that κ is never 
zero, so κ > 0.1 Then the unit-vector field N = T’/x on β tells the 
direction in which β is turning at each point. N is called the principal normal 
vector field of 8 (Fig. 2.7). The vector field B = T X N on is then called 
the binormal vector field of 8. 


3.1 Lemma Let 8 be a unit-speed curve in Εὖ with x > 0. Then the three 
vector fields Τὶ, N, and B on 8 are unit vector fields which are mutually 
orthogonal at each point. We call T, N, B the Frenet frame field on 8. 


Proof. By definition || 7 || = 1. Sincex = || 7” || > 0, 
ΓΝῚ = G/x) |] "| = 1. 


We saw above that 7 and N are orthogonal—that is, T-N = 0. Then by 
applying Lemma 1.8 at each point, we conclude that || B || = 1, and B is 
orthogonal to both T and N. 

In summary, we have T = 8’, N = T /x, and B = T X N, satisfying 
T-T = N-N = B-B = 1, with all other dot products zero. 

The key to the successful study of the geometry of a curve @ is to use its 
Frenet frame field 7, N, B whenever possible, instead of the natural frame 
field U;, U2, U3. For the Frenet frame field of β is full of information about 
8, whereas the natural frame field contains none at all. 

The first and most important use of this idea is to express the derivatives 
T’, N’, Β΄ in terms of T, N, B. Since T = β΄, we have Τ' = B” = kN. Next 
consider B’. We claim that B’ is, at each point, a scalar multiple of N. 
To prove this, it suffices by orthonormal expansion to show that B’-B = 0 
and Β΄.Τ = 0. The former holds since B is a unit vector. To prove the 


+ For an arbitrary unit-speed curve, this means that we must make a separate 
study of each segment on which « > 0; see Exercise 19 of Section 4. 
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latter, differentiate B-T = 0, obtaining B’-T + B-T’ = 0; then 
| B'.T = —B-T' = —B«KN = 0. 


Thus we can now define the torsion function 7 of the curve 6 to be the 
real-valued function on the interval J such that Β΄ = —7N. (The minus 
sign is traditional.) By contrast with curvature, there is no restriction on 
the values of τ---ἰὖ may be positive, negative, or zero at various points of J. 
(Indeed the sign of 7, at each point, turns out to have an interesting geo- 
metric significance.) We shall presently show that τ does measure the 
torsion, or twisting, of the curve β. 


3.2 Theorem (Frenet formulas) If 6: J > E° is a unit-speed curve with 
curvature x > Ὁ and torsion τ, then 


T = KN 
N = —«T + 7B, 
B = —7N 


Proof. As we saw above, the first and third formulas are essentially just 
the definitions of curvature and torsion. To prove the second, we use 
orthonormal expansion to express N’ in terms of T, N, B: 


N= N'sTT+N'sNN + N’-BB. 
These coefficients are easily found. Differentiating N-7 = 0, we get 
NT +N-T = 0; hence 
N'sT = —N-T’ = —N«N = --κ. 
As usual, N’-N = 0, since N is a unit vector field. Finally, 
Ν΄.Β = —N-B’ = —N«(—7N) = τ. i 


3.3 Example We compute the Frenet frame T, N, B and the curva- 
ture and torsion functions of the unit-speed helix 


8 . 8. bs 
B(s) = (a.cos®, asin’, %), 
where c = (αὖ + b’)'” and a > 0. Now 
T(s) = B(s) = (-2 sin~ , = cos ὃ, 3 
Cc c Cc 
Hence | 


, α 8 a. 8 
Τ (5) = (- 5. οὐδ, -ῷ δα δ, 0). 


FIG. 2.8 Thus 
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κ(8) = || T’(s) |] = - - 0. 


a 
ete 


Since Τ' = ΚΝ, we get 
N(s) = (—cos®, —sin=, 0) 
ς δ 


Note that regardless of what values a and ὃ have, N always points straight 
in toward the axis of the cylinder on which β lies (Fig. 2.8). 
Applying the definition of cross product to B = T X N, we get 


B(s) = (: sin °, -" cos®, 4}. 
ςο ς᾽ ἐς 


It remains to compute torsion. Now 
B'(s) = ¢ cos -, 2, sin’, 0) ὲ 


and by definition, B’ = —7N. Comparing the formulas for B’ and N, we 
conclude that 
b b 
a Στ 


So the torsion of the helix is also constant. 

Note that when the parameter ὃ is zero, the helix reduces to a circle of 
radius a. The curvature of this circle is x = 1/a (so the smaller the radius, 
the larger the curvature), and the torsion is identically zero. 


This example is a very special one—in general (as the examples in the 
exercises show) neither the curvature nor the torsion functions of a curve 
need be constant. 


3.4 Remark We have emphasized all along the distinction between a 
tangent vector and a point of Ε΄. However, Euclidean space has, as we 
have seen, the remarkable property that given a point p, there is a natural 
one-to-one correspondence between points (1, v2,03) and tangent vectors 
(v1, V2, 03)p at p. Thus one can transform points into tangent vectors (and 
vice versa’ by means of this canonical isomorphism. In the next two 
sections particularly, it will often be convenient to switch quietly from one 
to the other without change of notation. Since corresponding objects have 
the same Euclidean coordinates, this switching can have no effect on scalar 
multiplication, addition, dot products, differentiation—or any other 
operation defined in terms of Euclidean coordinates. 

Thus a vector field Y = (ψι, ye, ys)g on a curve 8 becomes itself a curve 
(y1, y2, ys) in Εὖ, In particular, if Y is parallel, its Euclidean coordinate 
functions are constant, so Y is identified with a single point of E’. 
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In solid geometry one describes a plane in E* as being composed of all 
perpendiculars to a given line at a given point. In vector language then, the 
plane through p orthogonal to q τέ Ὁ consists of all points r in Εὖ such that 
(r — p)*q = 0. By the remark above, we may picture q as a tangent 
vector at p as shown in Fig. 2.9. 

We can now give an informative approximation of a given curve near 
an arbitrary point on the curve. The goal is to show how curvature and 
torsion influence the shape of the curve. To derive this approximation we 
use a Taylor approximation of the curve—and express this in terms of the 
Frenet frame at the selected point. 

For simplicity, we shall consider the unit-speed curve 8 = (6:1, Be, Bs) near 
the point 6(0). For s small, each coordinate B;(s) is closely approximated 
by the initial terms of its Taylor series: 


B.(s) ~ 6,0) + (0) » ἦε (0) © 4 2B 


(0) ὃ — 


Hence 
2 3 
B(s) ~ β(0) + 98'(0) +5 8500) + = 81,00). 


But β΄ (0) = 7, and B”(0) = nN 0, Where the subscript indicates evalua- 
tion at 8 = 0, and we assume κὺ ~ 0. Now 


β΄ = (Ν᾽ = EN + «Ν'. 


Thus by the Frenet formula for N’, we ἊΝ 


β΄΄ (0) = —xo To +§ — ~ (0) No + KoroBo. 


Bo 


! τ Als) ~ B(s) 


FIG. 2.9 FIG. 2.10 
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Finally, substitute these derivatives into the approximation of 6(s) given 
above, and keep only the dominant term in each component (that is, the 
one containing the smallest power of s). The result is 


2 3 
B(s) ~ B(O) + sTo + ko > No + Koro Ὁ Bo. 
Denoting the right side by B(s), we obtain a curve B called the Frenet 
approximation of 8 near s = 0. We emphasize that 6 has a different Frenet 
approximation near each of its points; if 0 is replaced by an arbitrary 
number so, then s is replaced by s — so, as usual in Taylor expansions. 

Let us now examine the Frenet approximation given above. The first 
term in the expression for 8 is just the point 6(0). The first two terms 
give the tangent line s > B(0) + 8170 of β at 8(0)—the best linear approxi- 
mation of 6 near 6(0). The first three terms give the parabola 


s— B(O) + 870 + Ko(s'/2)No, 


which is the best quadratic approximation of β near 6(0). Note that this 
parabola lies in the plane through 8(0) orthogonal to Bo, the osculating 
plane of 8 at B(0). This parabola has the same shape as the parabola 
y = xox’ /2 in the xy plane, and is completely determined by the curvature 
Ko of B ats = 0. . 

Finally, the torsion το, which appears in the last and smallest term of B, 
controls the motion of 8 orthogonal to its osculating plane at 6(0), as 
shown in Fig. 2.10. 

On the basis of this discussion, it is a reasonable guess that ¢f a unit- 
speed curve has curvature identically zero, then it 1s a straight line. In fact, 
this follows immediately from (2) of Lemma 2.3, since κ = || T” |] = || 6” |}, 
so that x = 0 if and only if β΄" = 0. Thus curvature does measure deviation 
from straightness. 

A plane curve in ἘΠ is a curve that lies in a single plane of Εὖ. Evidently 
a plane curve does not twist in as interesting a way as even the simple 
helix in Example 3.3. The discussion above shows that for s small the curve 
β tends to stay in its osculating plane at 8(0); it is to # Ὁ which causes 
8 to twist out of the osculating plane. Thus if the torsion of β is identically 
zero, we may well suspect that 8 never leaves this plane. 


3.5 Corollary Let 8 be a unit-speed curve in ΕἾ with κ > 0. Then 6 
is a plane curve if and only if τ = 0. 


Proof. Suppose β is a plane curve. Then by the remarks above, there 


exist points p and q such that (β(8) — p)*q = Ὁ for all 8. Differentiation 
yields 


B (s)*q = B’(s)-q = 0 for all s. 
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B(s) 


FIG. 2.11 


Thus q is always orthogonal to T = β΄ and N = β΄ /«. But B is also orthog- 
onal to 7 and N, so, since B has unit length, B = +q/|| q ||. Thus Β΄ = 0, 
and by definition 7 = 0 (Fig. 2.11). 

Conversely, suppose r = 0. Thus B’ = 0; that is, B is parallel and may 
thus be identified (by Remark 3.4) with a point of E*. We assert that 6 
lies in the plane through 6(0) orthogonal to B. To prove this, consider the 
real-valued function 


f(s) = (B(s) — B(0))-B forall s. 
Then 
᾿ = β.Β = T-B. = . 
But obviously, f(0) = 0, so f is identically zero. Thus 
(β (3) — B(0))-B = 0 for all s, 


which shows that β lies entirely in this plane orthogonal to the (parallel) 
binormal of β. i 


We saw at the end of Example 3.3 that a circle of radius a has curvature 
1/a and torsion zero. Furthermore the formula given there for the principal 
normal shows that for a circle, N always points toward its center. This sug- . 
gests how to prove the following converse. 


3.6 Lemma If 8 is a unit-speed curve with constant curvature x > 0 
and torsion zero, then is part of a circle of radius 1/k. 


Proof. Since τ = 0, β is a plane curve. What we must now show is that 
every point of 8 is at distance 1/x from some fixed point—which will thus 
be the center of the circle. Consider the curve y = 6 + (1/x)N. Using the 
hypothesis on 8, and (as usual) a Frenet formula, we find 


τ - β' +=N’ Ξ T ἘΞ (-«) -0. 
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Hence the curve γ is constant; that is, β(8) + (1/x)N(s) T(s) 
has the same value, say c, for all s (see Fig. 2.12). But B(8) 
the distance from ¢ to B(s) is 


d(c, B(s)) = ||e — B(s)|| = |? N(s) 


= Ι 

In principle, every geometric problem about curves FIG. 2.12 
can be solved by means of the Frenet formulas. In simple 
cases 1t may be just enough to record the data of the problem in con- 
venient form, differentiate, and use the Frenet formulas. For example, 
suppose β is a unit-speed curve that lies entirely in the sphere 2 of ra- 
dius a centered at the origin of Εὖ To stay in the sphere, 8 must curve; in 
fact it is a reasonable guess that the minimum possible curvature occurs 
when β is on a great circle of 2. Such a circle has radius a, so we con- 
jecture that a spherical curve B has curvature x 2 1/a, where a is the radius 
of its sphere. 

To prove this, observe that since every point of Σ has distance a from 
the origin, we have β.β = a’. Differentiation yields 2β..β = 0, that is, 
8-T = 0. Another differentiation gives β΄ .Τ' + β.Τ' = 0, and by using a 
Frenet formula we get 727 + «8+N = 0; hence 


. 
=. 


KBe>N = —1. 
By the Schwarz inequality, 
|B-N| s |[6 || |N || =a, 
and since x 2 O we obtain the required result: 


Continuation of this procedure leads to a necessary and sufficient condi- 
tion (expressed in terms of curvature and torsion) for a curve to be spheri- 
cal, that is, lie on some sphere in Εὖ (Exercise 10). 


«= |«| = 


EXERCISES 


1. Compute the Frenet apparatus x, τ, T, N, B of the unit-speed curve 
B(s) = (#coss, 1 — sins, — 2 cos 8). Show that this curve is a circle; 
find its center and radius. 


2. Consider the curve 


Cases ieee 2. 
B(s) ~( 3 ’ 2 8) 
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defined on J: —1 < s < 1. Show that 8 has unit speed, and compute 
its Frenet apparatus. 


- For the helix in Example 3.3, check the Frenet formulas by direct 


substitution of the computed values of x, τ, 7, N, B. 


. Prove that 


T=NXB=-BXN 
N=BxXT=-TXB 
B=TXN=-NXT. 


(A formal proof uses properties of the cross product established in 
the Exercises of Section 1—but one can recall these formulas by using 
the right-hand rule given on p. 48.) 


. If A is the vector field 77 + «B on a unit-speed curve 8, show that 


the Frenet formulas become 


‘"=AxXT 
N=AXN 
Β΄ =AXB. 


. A unit-speed parametrization of a circle may be written 


y(s) =e+rcoss/re,+rsin s/r 6, 


where 6,56; = 46;;. 

If β is a unit-speed curve with «(0) > 0, prove that there is one 
and only one circle y which approximates 6 near 6(0) in the sense 
that 


γ(0) - β(0)γ, vy(@0)=6 (0), and y”(0) = β700). 


Show that γ lies in the osculating plane of β at 8(0) and find its center 
e and radius r. The circle y is called the osculating circle and c¢ the 


B(0) = (0), 


FIG. 2.13 FIG. 2.14 
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10. 


center of curvature of B at B(0). (The same results hold when 0 is re- 
placed by any number s.) 


. If a and a reparametrization ἃ = a(h) are both unit-speed curves, 


show that 
(a) h(s) = +s + 80 for some number 80 
(0) T = +T(h) 

N N (h) K = k(h) 7 = rh) 

B = +B(h) 
where the sign (-t) is the same as that in (a), and we assume x > 0 
(Fig. 2.14). Thus even in the orientation-reversing case, the principal 
normals N and WN still point in the same direction. 


. Curves in the plane. For a unit-speed curve B(s) = (τ (8), y(s)) in ΕΖ, 


the unit tangent is T = β΄ = (τ΄, y'), but the unit normal N is defined 
by rotating 7 through +90°, so N = (—y’, x’). Thus 7” and WN are 
collinear, and the curvature of β is defined by the Frenet equation 
Τ' = ΚΝ. Prove 
(a) N = —cT. 
(Ὁ) If φ is the slope anglef of 8, then x = p . 

This procedure differs from that for Εὖ, since x need not be positive— 
indeed its sign tells which way β is turning. Furthermore, N is defined 
without assuming « > 0. 


. Let 8 be the Frenet approximation of an arbitrary unit-speed curve 


B near 8 = 0. If, say, the Bo component of β is removed, the resulting 
curve is the orthogonal projection of B in the ToNo plane. It is the 
view of 8 ~ B one gets by looking toward 8(0) = β(0) directly along 
the vector By. Sketch the general shape of the orthogonal projections 
of B on each of the planes T>No, ToBo, NoBo, assuming + > 0. (These 
views of β may be confirmed experimentally using a bent piece of 
wire. ) 


Spherical curves. Let a be a unit-speed curve with x > 0, τ σέ 0. 
(a) If a hes on a sphere of center ¢ and radius r, show that 


a —c = —pN — poB, 


where p = 1/x and o = 1/7. Thusr = ρ᾽ + (pc)’. 
(Ὁ) Conversely, if p’ + (pc) has constant value r’ and p ~ 0, 
show that a lies on a sphere of radius r. 
(Hint: For (b), show that the “center curve” y = a+ pN + poB— 
suggested by (a)—is constant.) 


+ The existence of φ as a differentiable function with T = cos » Ui; + sin ¢ U2 de- 
rives from Exercise 12 of Section 1. 
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11. Let 8,8: 1 > ἘΣ be unit-speed curves with nonvanishing curvature and 
torsion. If T = 7, then β and 8 are parallel (Ex. 8 of II.2). If B = B, 
prove that β is parallel to either 8 or the curve s > —8(s). 


4 Arbitrary-Speed Curves 


It is a simple matter to adapt the results of the previous section to the 
study of a regular curve a: J > Εὖ which does not necessarily have unit 
speed. We merely transfer to a the Frenet apparatus of a unit-speed re- 
parametrization & of a. Explicitly, if s is an arc-length function for a 
as inTheorem 2.1, then 


a(t) = a(s(t)) for all ὦ 


or, in functional notation, a = a@(s). Now if k > 0, τ, T, N, and B are 
defined for & as in Section 3, we define for a the 


Curvature function: κ = x(s) 
Torsion function: 7 = 7(s) 


Unit tangent vector field: T = T (s) 
Principal normal vector field: N = N(s) 
Binormal vector field: B = B(s) 


In general κ and x are different functions, defined on different intervals. 
But they give exactly the same description of the turning of the common route 
of a and ἃ, since at any point a(t) = @(s(¢)) the numbers «(t) and x(s(t)) 
are by definition the same. Similarly with the rest of the Frenet apparatus; 
since only a change of parametrization is involved, its fundamental geo- 
metric meaning is the same as before. In particular, T, Ν, B is again a frame 
field on α linked to the shape of a as indicated in the discussion of Frenet 
approximations. 


FIG. 2.15 
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For purely theoretical work this simple transference is often all that is 
needed. Data about a converts into data about the unit-speed reparametri- 
zation &: results about ἃ convert to results about a. For example, if a 15 
a regular curve with τ = 0, then by the definition above ἃ has7 = 0; 
by Corollary 3.5, ἃ is a plane curve, so obviously a is, too. 

However, for explicit numerical computations—and occasionally for the 
theory as well—this transference is impractical, since it is rarely possible 
to find explicit formulas for ἃ. (For example, try to find a unit-speed para- 
metrization for the curve a(t) = (t,t, t°).) 

The Frenet formulas are valid only for unit-speed curves; they tell 
the rate of change of the frame field T, N, B with respect to arc length. 
However, the speed v of the curve is the proper correction factor in the 
general case. 


4.11 Lemma If a is a regular curve in Εὖ with « > 0, then 


T = KuN 
N’ = --Τ' + vB. 
B = --τὺν 


Proof. Let ἃ be ἃ unit-speed reparametrization of a. Then by definition, 
T = T(s), where s is an arc-length function for a. The chain rule as applied 
to differentiation of vector fields (Exercise 7 of Section 2) gives 


/ = ds 
T = T(s) a 


By the usual Frenet equations, 7 = xN. Substituting the function s in 
this equation yields 


Τ' (8) = R(s)N(s) = kN 


by the definition of κ and N in the arbitrary-speed case. Since ds/dt is the 
speed function v of a, these two equations combine to yield 7” = xwN. 
The formulas for N’ and Β΄ are derived in the same way. Ι 


There is a commonly used notation for the calculus that completely 
ignores change of parametrization. For example, the same letter would 
designate both a curve a and its unit-speed parametrization ἃ, and simi- 
larly with the Frenet apparatus of these two curves. Differences in deriva- 
tives are handled by writing, say, dT/dt for T’, but dT'/ds for either Τ' 
or its reparametrization 7" (5). With these conventions, the proof above 
would combine the chain rule dT/dt = (dT/ds) (ds/dt) and the Frenet 
formula dT/ds = ΚΝ to give dT/dt = κυΝ. 

Only for a constant-speed curve is acceleration orthogonal to velocity, 
since β΄ «β΄ constant is equivalent to (β΄ .β΄}΄ = 26’+8” = 0. In the general 
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FIG. 2.16 


case, we analyze velocity and acceleration by expressing them in terms of 
the Frenet frame field. 


4.2 Lemma If α is a regular curve with speed function v, then the ve- 
locity and acceleration of a are given by (Fig. 2.16) 


a =v0T a” = OT + « v'N 


Proof. Since a = ἃ(8), where 8 is the arc-length function of a, we find, 
using Lemma 4.5 of Chapter I that 


a = #(s) 7 = vT'(s) = 
Then a second differentiation yields 


dv 
a’ = 


where we use Lemma 4.1. | 


The formula α΄ = vT is to be expected—a’ and T are each tangent to 
the curve, and 7 has a unit length while || α΄ i = v. The formula for ac- 
celeration i is more interesting. By definition, a” is the rate of change of the 
velocity a’, and in general both the length and the direction of α΄ are chang- 
ing. The tangential component (dv/dt)T of a” measures the rate of change 
of the length of « (that is, of the speed of a). The normal component xv°N 
measures the rate of change of the direction of a’. Newton’s laws of motion 
show that these components may be experienced as forces. For example, 
in a car that is speeding up or slowing down on a straight road, the only 
force one feels is due to (dv/dt)T. If one takes an unbanked curve at speed 
v, the sideways force one feels is due to κυ. Here κ measures how sharply 
the road turns; the effect of speed is given by v’, so 60 miles per hour is 
four times as unsettling as 30. 
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We now find effectively computable expressions for the Frenet appara- 
tus, 


4.3 Theorem Let a be a regular curve ἴῃ Εὖ Then 


T =a/|\a' || 
N=BXT «= lla’ Xe" lo’ | 
B=a Χ a” /|la X a” || t= (a Xa"”)ea’”/|| α΄ X a” |p. 
Proof. Since v = || a’ || > 0, the formula T = a’/|| a’ || is equivalent to 
a = vT. From the preceding lemma we get 
a Xa” = (vT) X (: T + oN) 
dv 3 3 
=v, ΤΧἈΧΤΈΚΤΧΝ -πιβ 
since Τ' Χ T = 0. Taking norms we find 
|’ X a” || = |] w°B || = κυὶ 
because || B || = 1, « 2 0, and v > 0. Indeed this equation shows that for 


regular curves, || a’ Χ a” || > 0 is equivalent to the usual condition x > 0. 
(Thus for «x > 0, α΄ and a” are linearly independent and determine the 
osculating plane at each point, as do 7 and N.) Then 
a’ Χ a” a’ Χ a” 

BS So τ 
Kv loa xX a” || 
Now N = B X T is true for any Frenet frame field (Exercise 4 of Section 
3); thus only the formula for torsion remains to be proved. To find the 
dot product (α΄ X «”)+a’”” we express everything in terms of T, N, B. 
We already know that a X a” = «'B. Thus, since Ὁ = 7-B = N-B, 
we need only find the B component of α΄΄. But 


α΄ = (* T + oN) iy Nae 


=x7B+--- 
where we use Lemma 4.1. Consequently (a Χ @”)*a’”’ = «v's, and since 
|| α΄ X a” || = x”, we have the required formula for τ. | 


The triple scalar product in this formula for 7+ could (by Exercise 4 


of Section 1) also be written a +a” X a’. But we need a X a” anyway, 


so it is usually easier to find (a X a”)+a”. | 
4.4 Example We compute the I'renet apparatus of the curve 
a(t) = (3¢ — ὃ, 3@, 3¢+ #). 
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The derivatives are 
a(t) = 34 — #, 241+ ὦ) 
a” (t) = 6(—t, 1, t) 
α΄ (t) = 6(—1, 0, 1). 
Now 
αἱ (ἐ) "α΄ (t) = 18(1 + 2¢ + δ), 


so 
v(t) = || α΄()}} = V18d + ὦ). 
Applying the definition of cross product, we find 


U; Us Us 
a(t) Χ α' () = 181 --α δὲ 14+] = 18(-1+ 2, --δἱ. 1 - 2). 
--ἰ 1 ¢ 


Dotting this vector with itself, we get 

(8) {(-1 + ἐγ) +4 + a+ Ὁ = 2(18)? α + ὦ). 
Hence 

lla’ () Χ a” () || = 1872 αὶ + &). 
The expressions above for a X a’ and α΄ yield 
(a Xa )ea’” = 6-18-2. 

It remains only to substitute this data into the formulas in Theorem 4.3, 
with N being computed by another cross product. The final results are 
Gd? 2,1 
τ ΜΏΖ( + ἔ) 
_ (—2t,1 -- ἔ,0) 

1+ ἢ 
ἐς ΞΘ 2,1 4+ 8) 

V2(1 + ἢ) 


1 
3(1 + δ) 


N 


ΚΞΞ ae — 
Alternatively, we could use the identity in Lemma 1.8 to compute 
|| α΄ Χ α΄ ||, and express 
(α΄ Χ a jew” a α΄ « (α΄ x α΄) 


as a determinant by Exercise 4 of Section 1. 
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T(s) 


FIG. 2.17 


Let us summarize the situation. We now have the Frenet apparatus for 
an arbitrary-speed curve a. This apparatus satisfies the extended Frenet 
formulas (with factor v) and may be computed by Theorem 4.3. If v = 1, 
that is, if α is a unit-speed curve, the Frenet formulas in Lemma 4.1 simplify 
slightly (to Theorem 3.2), but Theorem 4.3 may be replaced by the much 
simpler definitions in Section 3. 

Let us consider some applications of the results in this section. There 
are a number of interesting ways in which one can assign to a given curve 
8 a new curve B whose geometric properties illuminate some aspects of the 
behavior of 8. For example, if 8 is a unit-speed curve, the curve o = T 
is the spherical image of 8. According to Remark 3.4, o is the curve 
such that each point o(s) has the same Euclidean coordinates as the unit- 
tangent vector 7'(s) (Fig. 2.17). Roughly speaking, o(s) is gotten by mov- 
ing 7 (8) to the origin. The spherical image lies entirely on the unit sphere 
Σ of E*, since || σ |] = || 7 || = 1, and the motion of σ᾿ represents the curving 
of B. 

For example, if 6 is the helix in Example 3.3, the formula there for 7 
shows that 


Thus the spherical image of a helix lies on the circle cut from the unit 
sphere by the plane z = b/c. 

There is no loss of generality in assuming that the original curve 6 has 
unit speed, but we cannot also expect o to have unit speed. In fact, since 
o = T, we have σ΄ = Τ' = ΚΝ. Thus σ moves always in the principal 
normal direction of 8, with speed || σ΄ || equal to the curvature x of β. 

Next we assume x > 0, and use the Frenet formulas for 8 to compute the 
curvature of ¢. Now 


Thus 
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σ᾽ Xo" = —'N XT ἜκιΝ X B= (B+ τῇ). 


By Theorem 4.3 the curvature of the spherical image σ is 
Ψ 2\ 1/2 
oo teed veer 4 (2) >1 
K 


and thus depends only on the ratio of torsion to curvature for the original 
curve β. 

Here is a closely related application in which this ratio +/« turns out to 
be decisive. 


4.5 Definition A regular curve a in E’ is a cylindrical helix provided the 
unit tangent 7' of a has constant angle 3 with some fixed unit vector u; that 
is, T'(¢)*u = cos @ for all ἐ. 


This condition is not altered by reparametrization, so for theoretical 
purposes we need only deal with a cylindrical helix 6 which has unit speed. 
So suppose β is a unit-speed curve with 7'-u = cos #. If we pick a reference 
point, say 6(0), on 8, then the real-valued function 


h(s) = (B(s) — B))-u 


tells how far B(s) has “risen” in the u direction since leaving β(0) (Fig. 
2.18). But 


dh 
ds 


= Bu = T-u = cos 8 

so β is rising at a constant rate relative to arc length, and h(s) = s cos ϑ. 
(If we shift to an arbitrary parametrization, this formula becomes 

h(t) = s(t) cos ϑ, 


where s is the arc-length function. ) 


FIG. 2.18 FIG. 2.19 
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By drawing a line through each point of β in the u direction, we construct 
a generalized cylinder C on which 8 moves in such a way as to cut each 
ruling (or ‘“element’’) at constant angle #, as in Fig. 2.19. In the special 
ease when this cylinder is circular, β is evidently a helix of the type defined 
in Example 3.3. 

It turns out to be quite easy to identify cylindrical helices. 


4.6 Theorem A regular curve a with x > 0 is a cylindrical helix if and 
only if the ratio 7/x is constant. 


Proof. It suffices to consider the case where a has unit speed. If a is a 
cylindrical helix with T-u = cos ϑ, then 


0 = (Teu) = Tu = Nou. 


Since x > 0, we conclude that N-u = 0. Thus for each s, u lies in the 
plane determined by Τ (8) and B(s). Orthonormal expansion yields 


u = cos? T + sind B. 
As usual we differentiate and apply Frenet formulas to obtain 
0 = (κ οοβ ὃ — rsind)N. 


Hence τ sin ϑ = x cos #, so that 7/x has constant value cot #. 
Conversely, suppose that 7/x is constant. Choose an angle # such that 
cot ὃ = 7/x. If 


U = cosdT + sind B, 
we find 
U' = (κοοβ ϑ — rsind)N = 0. 


This parallel vector field U then determines (as in Remark 3.4) a unit 
vector u such that T+-u = cos #, so α is a cylindrical helix. i 


This proof also shows how to compute the unit vector u and angle #. 
For example, the curve a in Example 4.4 is a cylindrical helix, since x = r. 
The angle ϑ satisfies the equation cot ὃ. = τίκ = 1; we take ὃ = 7/4. 
Then cos # = sin ϑ = 1/+/2, so by the proof above,u = (1/+/2) (T+ B). 
The data in Example 4.4 then yield u = (0,0,1). (There is no need to 
convert a to unit speed—that would merely reparametrize x, τ, 7’, and B, 
with no effect on @ and u.) 

In Exercise 10 this information about cylindrical helices is used to show 
that circular helices are characterized by constancy of curvature and tor- 
sion (see also Corollary 5.5, of Chapter III). 

Simple hypotheses on a regular curve in Ε΄ thus have the following 
effects (< means “if and only if’) 
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x = 0 => straight line 

7r=0 <= planar 

x constant > 0 and τ = 0 <> circle 

κ constant > 0 and τ constant ~0 + circular helix 

7/x constant <= cylindrical helix 
EXERCISES 


. Consider the curve a: R — Εὖ such that a(t) = (2¢, #, #°/3). 


(a) Compute the Frenet apparatus of a: x, τ, T, N, B. 

(Ὁ) Make a careful sketch of this curve for —4 < ὁ S 4 showing 
T, N, and B at ¢ = 0, 2, 4. (Hint: Begin with its projection (2t, t’, 0) 
in the xy plane.) 

(c) Find the limiting position of the Frenet frame T, N, B of a as 
t—> +o andt— —o. 


. Compute the Frenet apparatus of the curve a(¢) = (cosh ¢, sinh ἐ, ¢). 


Express the curvature and torsion of a as functions x(s) and 7r(s) 
of arc length s measured from t = 0. 


. For the curve a(t) = (¢ cost, ¢ sin ἐ, t), 


(a) compute the Frenet apparatus at ¢ = 0. (Evaluate α΄, α΄, α΄" at 


ἐ = 0 before using Theorem 4.3.) 
(Ὁ) sketch this curve for —2r < t S 22, showing 7, N, B att = 0. 
(Hint: Ex. 2 of 11.2.) 


. For the curve a in Example 4.4, check Lemma 4.2 by direct substi- 


tution. Make a sketch, in scale, showing the vectors T (0), N (0), a (0), 
and a” (0). 


. Prove that the curvature of a regular curve in ΕΠ is given by 


κυ = [| αὐ [15 — (αὐ αι}. 


. If a is ἃ curve with constant speed c > 0, show that 


/ ea a κ = lla” [εἶ 
Ace o” /|| a” Ϊ Ξ a’ x αὐτὰ 
Β--α' Χα’)ε!] «΄}} 7 ella’ |P 


where for N, B, 7, we assume a” never zero, that is, x > 0. 


. Use the formulas in the preceding exercise to compute the Frenet 


apparatus of the helix a in Example 4.2 in Chapter I. 


. Let a be a cylindrical helix with unit vector u, angle 3, and are-length 


function 8 (measured from, say, ἐ = 0.) The unique curve y such that 


φ 


10. 


11. 


12. 


13. 


14. 


15. 
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a(t) = y(t) + s(t) cos du is called the cross-section curve of the cylin- 
der on which a lies. Prove that 

(a) Ὑ lies in the plane through a(0) orthogonal to τι. 

(Ὁ) The curvature of γ is κί βίῃ" 3, where x is the curvature of a. 

(Hint: For (b) it suffices to assume a@ has unit speed.) 


(Continuation). The following curves are cylindrical helices; for each 
find the unit vector u, angle @, and cross-section curve y; verify con- 
dition (a) above. 

(a) The curve in Exercise 1. 

(b) The curve in Example 4.4. 

(c) The curve in Exercise 2. 


If 6 is a unit-speed curve with « Ὁ and τ + 0 both constant, prove 
that B is a (circular) helix. 


Let σ be the spherical image (Section 4) of a unit-speed curve 8. 
Prove that the curvature and torsion of σ are 


ie (d/ds)(r/x) 
κἰ! + (7/x)?] 


where x and 7 are the curvature and torsion of β. 


ke = YVI+ (r/x)? To 


(a) Prove that a curve is a cylindrical helix if and only if its spherical 
image is part of a circle. (No computations needed. ) 

(b) Sketch the spherical image of the cylindrical helix in Exercise 1. 
Is it a complete circle? Find its center. 


If α is a curve with x > 0, then the central curve αἰ = a + (ἸῸΝ 
consists of all centers of curvature of a (Ex. 6 of II.3.) For any two 
nonzero numbers a and 8, let ®» be the helix in Example 3.3. Show that 
the central curve of Ba is Ba, where ἃ = —b’/a. Deduce that the cen- 
tral curve of Ba is the original helix Gyo. 


If a(t) = (x(t), y(t)) is a regular curve in E’, show that its curvature 
(Ex. 8, IT.3) is 
_ α΄" *T(a ) 2 αἶψ’ τι χη ψ' 
ΟΣ ΤΟΙΣ 
Here J is the operator such that 
J (ijl) = (—b,t). 


For a regular curve a in E’, the central curve αὖ = a + (1/x)N is 

called the evolute of a. (It is, of course, not defined at points where 

x = 0.) 

(a) Show that αὖ is uniquely determined by the condition that its 
tangent line at each point αὐ (¢) is the normal line to ἃ at a(t). 
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(b) Prove that 


α΄ «α' , 
ΞΞ αἱ + aS (al) Ja ) 


(notation as in Exercise 14) 
(6) Find the evolute of the cycloid 


a(t) = (¢ + sin t, 1 + cos τ), —w<i< π. 
Sketch both curves. 


. The total curvature of a unit-speed curve a defined on J, is [ 1r«(s) ds 


(an improper integral when the interval is infinite). If a is merely 

regular, the definition becomes f; «(é)v(t) dt; this makes total curva- 

ture independent of the parametrization of a. Find the total curvature 

of the following curves—the first three defined on the whole real line. 

(a) The curve in Example 4.4. 

(b) The helix in Example 3.3. 

(c) The curve in Exercise 2. 

(d) The ellipse a(t) = (α cos ἐ, ὃ sin t). Since this is a closed curve, 
consider only a single period 0 < ¢ < 2π. 


. Let f > 0 and g be arbitrary differentiable real-valued functions on 


some interval in R. Consider the curve 


ΤῊ ( [ 10) sin t, [ $02) 008, [ fog(t)) 


where fh denotes any function whose derivative is h. Show that the 
curvature and torsion of α are given by 


1+? + 9” σις gt+g” 
2 (1 + g’)? J ΧΙ ΞΕ) 
Consider the general cubic curve y(t) = (at, bt’, ct’), where abe ¥ 0. 
(a) Compute 


K 


i Oct’ + 40°? + a? i 

9c*t* + 9(a%c?/b?)2 + a? 
and deduce that the cubic curve is a cylindrical helix if and only 
if 83ac = + 2b’. 

(b) In the case where 3ac = 2b”, find the unit vector u and angle ϑ. 


τήκ = 


. One of the standard tricks of advanced calculus is the construction of 


an (infinitely) differentiable function f on the real line such that 
f(t) = Ofort Ξ 0, and f(t) > 0 fort > 0. (Also f” (t) > Ὁ fort > 0.) 
If git) =f (—1), consider the curve 


a(t) = (ἐ, [({), g(é)). 
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(a) Prove that the curvature of a is zero only when ¢t = 0. 
(0) Sketch this curve for | | small, and show some principal normals 
fort > Oandé < 0. 

This example shows that the condition x > Ὁ cannot be avoided in a 
detailed study of the geometry of curves in E’, for if « is zero even at a 
single point, the geometric character of the curve can change radically at 
that point. (Note that this difficulty is not a serious one for curves in E’; 
see Ex. 8 of IL.3.) 


5 Covariant Derivatives 


In Chapter I, each time we defined a new object (curve, differential form, 
mapping, ...) we usually followed by defining an appropriate notion of 
derivative of the object. Vector fields were an exception; we have delayed 
defining their derivatives since (as later results will show) this notion 
belongs properly to the geometry of Euclidean space. 

The definition generalizes that of the derivative v[f] of a function ἢ 
with respect to a tangent vector v at a point p (Definition 3.1 of Chapter 
1). In fact, replacing f by a vector field W, we observe that the function 
t — W(p + tv) is a vector field on the curve t — p + tv. (The derivative 
of such a vector field was defined in Section 2.) Now the derivative of W 
with respect to v will be the derivative of ἐ - W(p + tv) até = 0. 


5.1 Definition Let W be a vector field on Εὖ and let v be a tangent vector 
to ΕΠ at the point p. Then the covariant derivative of W with respect to v 


W 


FIG. 2.20 
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is the tangent vector 
VW = W(p + tv)’ (0) 
at the point p. 


Evidently V,W measures .the initial rate of change of W(p) as p moves 
in the v direction (Fig. 2.20). (The term “covariant”? derives from the 
generalization of this notion discussed in Chapter VII.) 

For example, suppose W = 2°U, + yzU;, and v = (—1,0,2) at 


(2,1,0). 


P 
Then 
p+itv = (2 —4#,1, 2t), 
SO 
W(p + tv) = (2 — εὖσι, + 2tU;, 
where strictly speaking U,; and {75 are also evaluated at p + tv. Thus, 
VW = W(p + tv) (0) = —4U,(p) + 2U3(p). 


5.2 Lemma If W = Σὺ w,U; is a vector field on Εὖ, and v is a tangent 
vector at p, then 


V.W = Σὺ ν[ω] Ui(p). 
Proof. We have 
W(p + tv) = Σὺ + tv) Ui(p + tv) 


for the restriction of W to the curve t > p + tv. To differentiate such a 
vector field (at ¢ = 0), one simply differentiates its Euclidean coordinates 
(at ἐ = 0). But by the definition of directional derivative (Definition 3.1 
of Chapter I), the derivative of w:(p + tv) at ἐ = 0 is precisely v[w,]. 
Thus 


V.W = W(p+ tv) (0) = > νίυἱ Us (p). i 


In short, to apply V, to a vector field, apply v to its Euclidean coordinates. 
Thus the following linearity and Leibnizian properties of covariant deriva- 
tive follow easily from the corresponding properties (Theorem 3.3 of Chap- 
ter I) of directional derivatives. 


5.3 Theorem Let v and w be tangent vectors to Ε at p, and let Y and 
Z be vector fields on Εὖ. Then 

(1) VavitwY = aV,Y + bV,,Y for all numbers a and ὁ. 

(2) V,(aY + bZ) = aV,Y + bV,Z for all numbers a and b. 
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(3) V.C(fY) = νΠΥ (p) + f(p) V.Y for all (differentiable) functions ἢ. 
(4) v[Y+Z] = V.¥+Z(p) + Y(p)+V.Z. 

Proof. For example, let us prove (4). If 
Y= dy: and Z= >> 2,U,, 
then 
YZ = Σ᾽ ye. 

Hence by Theorem 3.3 of Chapter I, 

ν[Υ.2] = v[ DU ye] = » viy«| 2:(p) + > yi(p) viz] 
But by the preceding lemma, 

V,»Y = Σ viy:]U;(p) and V,2= > viz.]U;(p). 
Thus the two sums displayed above are precisely V,Y¥+Z(p) and Y (p)-V,Z.§J 


Using the pointwise principle (Chapter I, Section 2) once again, we can 
take the covariant derivative of a vector field W with respect to a vector 
field V, rather than a single tangent vector v. The result is the vector field 
VvyW whose value at each point p is Vycp)W. Thus V;W consists of all the 
covariant derivatives of W with respect to the vectors of V. It follows 
immediately from the lemma above that if W = Σ᾽ w,U;, then 


VyW = >> Vi[widUi. 


Coordinate computations are easy using the basic identity U,[ f] = af/dz,. 
For example, suppose V = (y — x)U; + χυῦς and (as in the example 
above) W = 2°U,; + yzU3. Then 


Viz] = (y — α)υ να = 2x(y — =) 
Viyz] = ryUalyz] = zy’. 
Hence 
νυ} = 2Ζχίψ — x)U, + ry’U3. 


Now the vector field V was also selected with the earlier example in mind. 
In fact, the value of V at p = (2,1,0) is 


Vip) = (1 — 2)U,(p) + 2U3(p) = (—1,0,2), = vz, 


as before. Thus the value of the vector field VyW at this point p must 
agree with the earlier computation of V,W. And, in fact, for p = (2,1,0), 


Vy(W)(p) = 2-2(1 — 2)U,(p) + 2U3(p) = —4U,(p) + 2Us(p). 
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For the covariant derivative V,W as expressed entirely in terms of vector 
fields, the properties in the preceding theorem take the following form. 


5.4 Corollary Let V, W, Y, and Z be vector fields on Ε΄. Then 
(1) Vy(aY + 02) = aVyY + bVyZ, for all numbers a and ὃ. 
(2) VevagwY = fVvY + gVwY, for all functions f and g. 

(3) Vy VY) = VIf]Y + fVvY, for all functions f. 

(4) V[Y-Z] = VyY-Z+4+ Y-VyZ. 


We shall omit the proof, which is an exercise in the use of parentheses 
based on the (pointwise principle) definition (VyY)(p) = Vyg)Y. 

Note that VyY does not behave symmetrically with respect to V and Y. 
This is to be expected, since it is Y that is being differentiated, while the 
role of V is merely algebraic. In particular, VyyY isfVyY, but Vy(fY) is not 
f{VvY: There is an extra term arising from the differentiation of f by V. 


φ 


EXERCISES 


1. Consider the tangent vector v = (1, —1,2) at the point p = (1,3, —1). 
Compute V,W directly from the definition, where 
(a) W = αἷσι + yUr. (b) W = 20, 4+ 2U2 — 2°U3. 
2. Let V = —yU, + 2U3 and W = cos xU, + sin cU 2. 
Express the following covariant derivatives in terms of U1, U2, Us: 
(a) VyW. (c) Vy(2W). (6) Vy (VyW). 
3. If W is a vector field with constant length || W ||, prove that for any 


vector field V, the covariant derivative VyW is everywhere orthogonal 
to W. 


4. Let X be the special vector field δ᾽ σεῦ), where a, 22, x3 are the natural 
coordinate functions of E*. Prove that V,X = V for every vector field 
V. 


5. If W = δῆ w,U; isa vector field on E’, the covariant differential of W is 
defined to be VW = δ᾽ dw,U;. Here VW is the function on all tangent 
vectors whose value on v is 

be dw; (v) U; (p) = νι. 
Conipute the covariant differential of 
W = ay, — τεῦς, 
and use it to find V,W, where 
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Ova W023) ep (1 4), 
(b) Vv (—1,2, = 1) at p = (1,3,2). 


6. Let W be a vector field defined on a region containing a curve a. Then 
t — W(a(t)) is a vector field on a called the restriction of W to a and 
denoted by W.,. 

(a) Prove that Va'(nW = (Wa) (ὦ). 

(b) Deduce that the straight line in Definition 5.1 may be replaced by 
any curve with initial velocity v. Thus the derivative Y’ of a vector 
field Y on a curve a is (almost) Va’ Y. 


7. The bracket of two vector fields 1s the vector field [V, W] = VyW — VwV. 
Establish the following properties of the bracket: 
(a) {[(V, W][f] = VW[f] — WV{[f] (here VW[f] denotes the ‘second 
derivative” V[W{ fll). 
(b) [W, V] = —-IV, W]. 
(6) [U, [V, W]] + [V, [W, U]] + [W, [U, V]] = 0. 
(d) [fV, gW] = fViglW — gWI[f]V + folV, WI. 
(Hint: Z{f] = 0 for all f implies Z = 0.) 


6 Frame Fields 


When the Frenet formulas were discovered (by Frenet in 1847, and inde- 
pendently by Serret in 1851), the theory of surfaces in ΕΠ was already a 
richly developed branch of geometry. The success of the Frenet approach 
to curves led Darboux (around 1880) to adapt this ‘method of moving 
frames” to the study of surfaces. Then, as we mentioned earlier, it was 
Cartan who brought the method to full generality. His essential idea was 
very simple: To each point of the object under study (a curve, a surface, 
Kuclidean space itself, ...) assign a frame; then using orthonormal ex- 
pansion express the rate of change of the frame in terms of the frame itself. 
This, of course, is just what the Frenet formulas do in the case of a curve. 

In the next three sections we shall carry out this scheme in detail for 
the Euclidean space Εὖ. We shall see that geometry of curves and surfaces 
in ΕΠ is not merely an analogue, but actually a corollary, of these basic 
results. Since the main application (to surface theory) comes only in 
Chapter VI, these sections may be postponed, and read as a preliminary 
to that chapter. 

By means of the pointwise principle (Chapter I, Section 2) we can 
automatically extend operations on individual tangent vectors to opera- 
tions on vector fields. For example, if V and W are vector fields on E’, then 
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the dot product V-W of V and W is the (differentiable) real-valued 
function on E whose value at each point p is V(p)+*W(p). The norm || V | 
of V is the real-valued function on Εὖ whose value at p is || V(p)||. Thus 
IV || = (V-V)"”. By contrast with V-W, the norm function || V || need 
not be differentiable at points for which V(p) = 0, since the square-root 
function is badly behaved at 0. 

At each point p of Εὖ, the three tangent vectors U, (p), Us(p), Us(p) 
constitute a frame at p. This remark is concisely expressed in terms of dot 
products of vector fields by writing U;-U; = δι; (1 S 7,j Ξ3 3). We used 
U,, U2, U; throughout Chapter I. Now, with the dot product at our dis- 
posal, we can introduce a simple but crucial generalization. 

6.1 Definition Vector fields Fy, E:, Εξ on ἘΠ constitute a frame field on 
Ε“ provided 


ΗΕ, Εἰ; = δὲ; (1 Ξ 2 Ξ 3) 
where ὃ;; is the Kronecker delta. 


The term frame field is justified by the fact that at each point p the 
three vectors Ei (p), E2(p), #3(p) form a frame at p. We anticipated this 
in Chapter I by calling Ui, Us, U3 the natural frame field on ἘΠ, 


6.2 Example (1) The cylindrical frame field (Fig. 2.21). Let r, 3, z be 
the usual cylindrical coordinate functions on E*. We shall pick a unit vector 
field in the direction in which each coordinate increases (when the other 
two are held constant). For 7, this is evidently 


EK, = cos 3 U; + sin 3 Us, 
pointing straight out from the z axis. Then 
EE, = — sind U, + cos ὃ Us 


points in the direction of increasing @ as in Fig. 2.21. Finally the direction 


x Cylindrical x Spherical 
FIG. 2.21 FIG, 2.22 
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of increase of z is, of course, straight up, so 
8 = U3. 


It is easy to check that H;-E; = 6;;, so this is a frame field (defined on 
all of Εὖ except the z axis). We call it the cylindrical frame field on E*. 

(2) The spherical frame field on ἘΠ (Fig. 2.22). In a similar way, a frame 
field Fi, F2, F3 can be derived from the spherical coordinate functions 
p, 3, y on Ε΄. As indicated in the figure, we shall measure ¢ up from the 
xy plane rather than (as is usually done) down from the z axis. 

Let £1, #2, E be the cylindrical frame field. For spherical coordinates, the 
unit vector field F, in the direction of increasing 
3 is the same as above, so Fy = E>. The unit vec- 
tor field F;, in the direction of increasing p, points 
straight out from the origin; hence it may be ex- 
pressed as 


F, = cosg E, + sing £;, 


(Fig. 2.23). Similarly the vector field for increas- 
ing ¢ is 


FIG. 2.23 


FP; = —sin φ ΤΟΝ + COS ¢ 123. 
Thus the formulas for E,, Ey, Ες in (1) yield 


F, = cos φίοοβ 3 U;, + sin ὃ U2) + sing U; 
F, = —sin ὃ U, + cos 3 U2 
F; = —sin g(cos 0 U,; + sin ὃ U2) + cos ¢ U3. 


By repeated use of the identity sin’ + cos’ = 1, we check that Fi, Fo, F3 
is a frame field—the spherical frame field on E°. (Its actual domain of defi- 
nition is E° minus the z axis, as in the cylindrical case. ) 


The following useful result is an immediate consequence of orthonormal 
expansion. 


6.3 Lemma Let δι, 15, Ες be a frame field on Ἐπ. 

(1) If V is a vector field on Εὖ, then V = δ᾽ f,E;, where the functions 
fi = V-E; are called the coordinate functions of V with respect to E,, EF, ΕΞ. 

(2) 1f V = DO fE; and W = δὴ σ,Ε,, then V-W = Σ σι. In par- 
ticular, || V || = (QU f7)"”. 

Thus a given vector field V has a different set of coordinate functions 
with respect to each choice of a frame field i, Ες, E3. The Euclidean co- 
ordinate functions (Lemma 2.5 of Chapter I), of course, come from the 
natural frame field U,, U2, U3. In Chapter I, we used this natural frame 
field exclusively, but now we shall gradually shift to arbitrary frame fields. 


84 FRAME FIELDS [Chap. Η 


The reason is clear: In studying curves and surfaces in E’, we shall then be 
able to choose a frame field specifically adapted to the problem at hand. Not 
only does this simplify computations, but it gives a clearer understanding 


of geometry than if we had insisted on using the same frame field in every 
situation. 


EXERCISES 


1. If V and W are vector fields on Εὖ which are linearly independent at 
each point, show that 
τ. Wii te, 
IV | | W || 


is a frame field, where W = W — W-E, Εἰ. 


2. Express each of the following vector fields (1) in terms of the cylindrical 
frame field (with coefficients in terms of r, 3, 2) and (ii) in terms of the 
spherical frame field (with coefficients in terms of p, 0, ¢): 

(a) Uj. (0) cos ϑ U, + sin & U2 + U3. 
(c) xU,+ yU~, + 2U3. 


3. Find a frame field E,, E,, H3 such that 


KE; = Ey X Ee 


E, = cos xz U, + sin z cos καὶ {5 + 51} sin καὶ U3. 


4. Toroidal frame field. Let © be all of Εὖ except the z axis and the circle C 
of radius R in the zy plane. The toroidal coordinate functions p, ὃ, ¢ 
are defined on © as suggested in Fig. 2.24, so that 


Ρ 
| 
| 
| 
| 
| 
| 
Ι 
Ι 
| 
| 
| 
| 

J 


FIG. 2.24 


Sec. 7] CONNECTION FORMS 85 


x= (R+ ρ 008 φ) cost 
y = (R + pcos¢) sind 
Z2= psing. 


If £,, Τὼ, and Ἐξ are unit vector fields in the direction of increasing 
p, ὃ, and ¢, respectively, express E,, E2, Ες in terms of Ui, U2, Us and prove 
that it is a frame field. 


7 Connection Forms 


Once more we state the essential point: The power of the Frenet formulas 
stems not from the fact that they tell what the derivatives 7”, N’, B’ are, 
but from the fact that they express these derivatives in terms of T, N, B— 
and thereby define curvature and torsion. We shall now do the same thing 
with an arbitrary frame field E,, E., Ες on E’; namely, express the covariant 
derwatives of these vector fields in terms of the vector fields themselves. We begin 
with the covariant derivative with respect to an arbitrary tangent vector 
v at the point p. Then 


Vy = en (p) + Coke (p) + C133 (p) 
VE, = cy E,(p) + enfe(p) + c3H3(p) 
Vis = cali (p) + ὁ 2 (0) + c3H3(p) 


where by orthonormal expansion the coefficients of these equations are 


Cj = V,E:°E;(p) for 1 - 2,7 - 3. 


These coefficients c;; depend on the particular tangent vector v, so a 
better notation for them is 


wi; (v) = VLE; (p), (1 Ξ 1,7) Ξ 3). 


Thus for each choice of 7 and 7, ὡς; is a real-valued function defined on all 
tangent vectors. But we have met that kind of function before. 


7.1 Lemma Let Εἰ, Eo, Ες be a frame field on Εὖ. For each tangent vector 
v to E’at the point p, let 


wi; (v) = VE ;°E;(p), (1 = 1,7} = 3). 


Then each ως; is a 1-form, and ως; = — w,;;. These 1-forms are called 
the connection forms of the frame field Εἰ, E>, Es. 


Proof. By definition, ὡς; is a real-valued function on tangent vectors, 
so to verify that w;; is a 1-form (Definition 5.1 of Chapter I), it suffices to 
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check the linearity condition. But using Theorem 5.3, we get 
wij(av + bw) = VavttwHsH; (Ὁ) 

(αν, Ε; + bVoH;)+E;(p) 

αν. LE; (p) + bV..E:+E;(p) 

aw; (v) + bwi;(w). 


To prove that w;; = —w,;; we must show that w,;(v) = —w,;;(v) for 
every tangent vector v. By definition of frame field, H;-H; = 6;;, and since 
each Kronecker delta has constant value 0 or 1, we have v[6,;| = 0. Thus 
by the Leibnizian formula (4) of Theorem 5.3, 


0 = viE,;-E,] = VE: E;(p) + Ei(p)+ VE. 


By the symmetry of the dot product, the two vectors in this last term may 
be reversed, so we have found that 0 = w,;(v) + w;;(v). i 

The geometric significance of the connection forms is no mystery. The 
definition w;;(v) = V,yE;-H;(p) shows that w,;;(v) is the initial rate at 
which Εἰς rotates toward E; as p moves in the v direction. Thus the 1-forms 
ως; contain this information for all tangent vectors to ΕἸ 

The following basic result is little more than a rephrasing of the defini- 
tion of connection forms. 


7.2 Theorem Let ὡς; (1 S 1,7 S 3) be the connection forms of a frame 
field E,, E2, E; on E*. Then for any vector field V on Εἷ, 


VE; = Di wis(V)E;, (SiS 8). 
1 


We call these the connection equations of the frame field £,, Ee, E3. 


Proof. For fixed 2, both sides of this equation are vector fields. Thus we 
must show that at each point p, 


Vrw@Hi = Σὺ wis(V (p))E;(p). 


But as we have already seen, the very definition of connection form makes 


this equation a consequence of orthonormal expansion. | 
When 72 = 7, the skew-symmetry condition w;; = —w,;; becomes 
οὐ = Wii; 
thus 
O11 = we = w33 = 0. 


Hence this condition has the effect of reducing the nine 1-forms w,; for 


Sec. 7] CONNECTION FORMS 87 


1 S$ 1,7 S 3 to essentially only three, say wy, 13, ὧς. It is perhaps best to 
regard the connection forms w;; as the entries of a skew-symmetric matrix 
of 1-forms, 


Wi Wy ΟἹ 0 12 ὧἱ8 
W@W = | ὧδ Woe Wo3] = —— ὧτ2 0 W223 
@W31 4 W52 W338 —G13. τ W93 0 


Thus in expanded form, the connection equations (Theorem 7.2) become 


Vy, ΞΞτ we (7 }}ς + a3 (V ) Es 
ννς = — wy (V) FE, + ω (V ) Es 
Vy — —w3(V) FE; τσ wo3 (V ) 2. 


showing an obvious relation to the Frenet formulas 


T = KN 
N’ = —«T + 7B 
Β΄ = — rN. 


The absence from the Frenet formulas of terms corresponding to o3(V)£3 
and —w,3(V)E; is a consequence of the special way the Frenet frame field 
is fitted to its curve. Having gotten Τ (~£E,), we chose N(~£,) so that 
the derivative Τ' would be a scalar multiple of N alone and not involve 

Another difference between the Frenet formulas and the equations above 
stems from the fact that E* has three dimensions, while a curve has but one. 
The coefficients—curvature x and torsion r—in the Frenet formulas measure 
the rate of change of the frame field 7, N, B only along its curve, that is, 
in the direction of T alone. But the coefficients in the connection equations 
must be able to make this measurement for E,, He, ς with respect to ar- 
bitrary vector fields in Εὖ This is why the connection forms are 1-forms and 
not just functions. 

These formal differences aside, 2 more fundamental distinction stands 
out. It is because a Frenet frame field is specially fitted to its curve that 
the Frenet formulas give information about that curve. Since the frame 
field Εἰ, Ες, E; used above is completely arbitrary, the connection equations 
give no direct information about E’, but only information about the “rate 
of rotation” of that particular frame field. This is not a weakness, but a 
strength, since as indicated earlier, if we can fit a frame field to a geometric 
problem arising in Εὖ, then the connection equations will give direct in- 
formation about that problem. Thus these equations play a fundamental 
role in all the differential geometry of Ε΄. In particular, the Frenet formulas 
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can be deduced from them (Exercise 8). For the sake of motivation, however, 
we have preferred to deal with the simpler Frenet case first. 

Given an arbitrary frame field Εἰ, H2, E; on ΕΠ, it is fairly easy to find an 
explicit formula for its connection forms. First use orthonormal expansion 
to express the vector fields E,, E., £3; in terms of the natural frame field 
Ui, Us, Us on E’: 


Ey = aU; + απο, + a3U3 
Ee da Uy + deUVe2 + a3U3 
Es = ax Uy + aU 2 + a33U3. 


_ Here each a;; = E;+U; is a real-valued function on Εὖ. The matrix 


I 


Qu Q12 413 
A = (aij) =| G21 dee 693 
31 G32 33 


with these functions as entries is called the attitude matrix of the frame 
field £1, He, Ες. In fact, at each point p, the numerical matrix 


A(p) = (a:;(p)) 


is exactly the attitude matrix. of the frame Εἰ (Ὁ), E2(p), Es(p) as in Defi- 
nition 1.6. Since attitude matrices are orthogonal, the transpose ‘A of A 
is equal to its inverse A~. 

Define the differential of A = (a;;) to bedA = (da,;), so dA is a matrix 
whose entries are 1-forms. We can now give a simple expression for the 
connection forms in terms of the attitude matrix. 


7.3 Theorem If A = (a,;) is the attitude matrix and w = (ω;;) the 
matrix of connection forms of a frame field F,, 132, Ε3, then 


w=dA'A (matrix multiplication), 
or, equivalently 


OG = Ss Q jk das for 1 < 1,2 < 3. 
k 


Proof. If v is a tangent vector at p, then by definition, 
wij(v) = VEE; (p). 
Since A is the attitude matrix, 
E; = >» ατεἶ],, 
and thus, by Lemma 5.2, 
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VE; = v(aix] Ur (p). 
The dot product of this vector with 
E;(p) = 2 ajxx(p) Ux(p) 


is then 


wi; (Vv) 2 v[aix] ax (Ρ). 
But by the definition of differential, 
viainl = Aas (v); 


hence 


wis(v) = 2. Q jk (p) daixn(v) = (Σ Q jk dai) (v). 


Since this equation holds for all tangent vectors, the two 1-forms ὡς; and 
>= aj daz are equal. It is easy to get the neater matrix formula. In fact, 
the transpose ‘A has entries ‘az; = aj, SO 


t * 
ως; = >, dax ‘ax; for 1 Ξ .,)ὴ S 3, 
k 


which in terms of matrix multiplication is just ὦ = dA ‘A. Ι 


Using this result, let us compute the connection forms of the cylindrical 
frame field in Example 6.2. From the definition, we read off the attitude 
matrix 


cos? sind’ 0 


A =| —sind cost? 0 
0 0 1 
Thus 
— sind dé cost dd 0 
dA =| —cosddd —sinddd 0 
0 0 0 
Since 


cos? —sin’? 0 
‘A=|{sinv’ cos’ 0], 
0 01 
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we easily compute 


0 db 0 
w=dA'A=|-dd 0 0 
0 0 0 


Thus w;. = dd and all the other connection forms (except, of course, 
wo = -- 12} are zero. Then the connection equations (Theorem 7.2) of the 
cylindrical frame field become 


Vyl ΞΞ- dd (V ) Es = Ψ 818 
Vy = —dd(V)F, = —V(elF£, 
Vy’; = 


for all vector fields V. 

These equations have obvious geometric significance. The third equa- 
tion says that the vector field Εἷς is parallel. We knew this already, since in 
the cylindrical frame field, E3 is just U3. The first. two equations say that 
the covariant derivatives of Εἰ and E, with respect to an arbitrary vector 
field V depend only on the rate of change of the angle ὃ in the direction of 
V. From the way the function @ is defined, it is clear that V[’v] = 0 when- 
ever V is, at each point, tangent to the plane through the z axis. Thus for 
a vector field of this type, the connection equations above predict that 
Vv = Vy, = 0. From Fig. 2.21, it is clear that FE, and E, do stay parallel 
on any plane through the z axis. 


EXERCISES 


1. For any function f, show that the vector fields 
E, = (sinf U, + U2 — cos f Us3)/+/2 
E, = (sin σι — Uz — cos f U3)/W2 
Ek; = cosf U, + sinf U3 
form a frame field, and find its connection forms. 


Ι 


2. Find the connection forms of the natural frame field U,, U2, U3. 


3. For any function f, On that 


cos’ f cos f sin f sin f 
A= sin f cos f sin’ f —cos f 
—sin ἢ cos f 0 


is the attitude matrix of a frame field, and compute its connection 
forms. 
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4. Prove that the connection forms of the spherical frame field are 
we = cos ¢ dv, w3 = dy, on3 = sing dd. 
5. If E,, Ες, E3 is a frame field and W = δ f.E;, prove the covariant de- 
rwative formula: 


νυ} = Σ᾿ {γΠ}}} + De fois V)} By. 


6. Let EL, 2, Ες be the cylindrical frame field. If V is a vector field such 
that V[v] = 1, compute Vy(r cos ὃ Εἰ + στ sin ϑ £3). 

7. If Fi, F2, Fs is the spherical frame field, 
(a) Prove that F,[o] = 1 and F,[8] = F,[y] = 0. 
(Ὁ) Compute Vy, (cos p Εἷς + sin p Fs). 

8. Let 6 be a unit-speed curve in Εὖ with x > 0, and suppose that Εἰ, E., ΕΞ 
is a frame field on Ε“ such that the restriction of these vector fields to 
8 gives the Frenet-frame field T, N, B of 8. Prove that 


ω (7) — K, w33(T) = 0, wo3(T') = τ. 


Then deduce the Frenet formulas from the connection equations. (Hint: 
Ex. 6 of IT.5.) 


8 The Structural Equations 


We have seen that 1-forms—the connection forms—give the simplest 
description of the rate of rotation of a frame field. Furthermore, the frame 
field itself can be described in terms of 1-forms. 


8.1 Definition If Εἰ, E2, Ες is a frame field on E*, then the dual 1-forms 
θι, 92, 0; of the frame field are the 1-forms such that 


θ:(ν) = ve; (p) 
for each tangent vector v to ἘΠ at p. 


Note that 6; is linear on the tangent vectors at each point; hence it zs a 
1-form. (Readers familiar with the notion of dual vector spaces will recog- 
nize that at each point, θι, 2, 63; gives the dual basis of £,, He, #3.) 

In the case of the natural frame field Ui, Us, U3, the dual forms are just 
dx, dxe, dx3. In fact, from Example 5.3 of Chapter I we get 


dzi(v) = v0; = ve U;(p) 


for each tangent vector v; hence dx; = θ;. 
Using dual forms, the orthonormal expansion formula in Lemma 6.3 


92 FRAME FIELDS [Chap. I! 


may be written V = δ᾽ 6;(V)E,. In the characteristic fashion of duality, 
this formula becomes the following lemma. 


8.2 Lemma Let 0), 62, 6; be the dual 1-forms of a frame field E,, E:, Es. 
Then any 1-form ¢ on E’ has a unique expression 


@= Σ᾿ φ(Β))9.. 


Proof. Two 1-forms are the same if they have the same value on any 
vector field V. But 


(22 $(E:)6:) (V) 


> 6(E:)6;(V) 
$( 2) 6:(V)E:) = o(V). 
These functions ¢(E;) are the only possible coordinate functions for ¢ in 
terms of 6;, 62, 3, since if ¢ = δ᾽ f,6;, then 
o(E;) = Do fO(E;) = Do fbi; = fi. i 


Thus ¢ is expressed in terms of dual forms of E,, £2, #3 by evaluating it 
on £,, 12, E3. This useful fact is the generalization to arbitrary-frame fields 
of Lemma 5.4 of Chapter I. 

We compared a frame field £,, £2, Es to the natural frame field by means 
of its attitude matrix A = (α;;), for which 


E; = > a,;U; (1 405.3); 


The dual formulation is just 


6; = oD Q;; dx; 


with the same coefficients. In fact, by Lemma 8.2 (or rather its special case, 
Lemma 5.4 of Chapter I), we have 


θ; = >, 0:(U;) ἀπ; 
But 
6;(U;) = E,-U; = (>> anU,)-U; = α;;. 


These formulas for Εἰ; and @; show plainly that 6,, 2, 63 is merely the dual 
description of the frame field £,, E2, Es. 

In calculus, when a new function appears on the scene, it is natural to 
ask what its derivative is. Similarly with 1-forms—having associated with 
each frame field its dual forms and connection forms—it is reasonable to 
ask what their exterior derivatives are. The answer is given by two neat 
sets of equations discovered by Cartan. 


8.3 Theorem (Cartan structural equations) Let δι, Hs, £3; be a frame 
field on E’ with dual forms θι, 62, 6; and connection forms ὡς; (1 Ξ 1,2 Ξ 3). 
The exterior derivatives of these forms satisfy 
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(1) the first structural equations: 


d0; = >> wi; A 8; (1 $78 3); 
7 


lA 


(2) the second structural equations: 
dw; = D> win A Wj (1 =< 15) < 3). 
k 
Because 6; is the dual of E;, the first structural equations may be easily 
recognized as the dual of the connection equations. Only on the basis of 


later experience will we discover that the second structural equation shows 
that ΕΠ is flat—roughly speaking, in the same sense that the plane ἘΠ is flat. 


Proof. We have seen that — 
6; = 2) αἱ; 41), 
hence 
dd; = >, daz; Δ dx;j. 


Since the attitude matrix A = (a;;) is orthogonal, the expression in Theo- 
rem 7.3 for ὡς; in terms of da;; may be solved for da;; by the usual for- 
malism of linear algebra to give 


da; = 2 Wik j- 
Thus 
dé; = af (2 wirAnj) A dx;} 
7 


D. { wik A > Qk; dx ;} 
7 


= Du wit A Ot 


which is the first structural equation. 

We could give a similar index proof for the second structural equation, 
but a liberal use of matrix notation will give a better idea of what is really 
going on. To apply the exterior derivative d to a matrix of functions or 
1-forms, we apply it to each entry. The matrix formula w = dA ‘A in 
Theorem 7.3, for example, means 


Wii = ἊΣ AA i. jr. 
But 
dw; ; = - dain A da jx. 


(Note the minus sign!) Hence in matrix notation, where we shall suppress 
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the wedge, 
dw = —dA ‘(dA). 
Multiplying both sides of w = dA ‘A by A yields 
dA =wA, 
since ‘A = A’. Then the rule for transpose of a matrix product gives 
‘(dA) = ‘(wA) = ‘A ἰω. 

By substituting in the equation above for dw we find 

dw = —wA ᾿Αἴω = —w'w = wow 
since ὦ is skew-symmetric. But this 15 just the second structural equation 


dw; = > wiz © we; In matrix notation. | 


8.4 Example Structural equations for the spherical frame field (Ex- 
ample 6.2). The dual forms and connection forms are 


θι = dp W122 = COS ᾧ dé 
6. = pcos g dd w13 = de 
6; = pdo wo3 = Sing dv. 


Let us check, say, the first structural equation 
αθς = baer A 6; = ὧδ᾽ A θ᾽ + W392 A Oo. 


Using the skew-symmetry ως; = —w,; and the general properties of forms 
developed in Chapter I, we get 


wy A & = —dp A dp=dp A ἀφ 
wy A 0. = (—singdd’d) A (pcosgdd) = 0 


(the latter since dd A dd = 0). The sum of these terms is, correctly, 
dé; =  α(ρ ἀφ) = dp A ἀφ. 


Second structural equations involve only one wedge product. For ex- 
ample, since wy = we = 0, 


doy, = δ wie A wee = a3 A wee. 
In this case, 
oi3 A we = ἀφ A (— singd’) = — singdyg A dd 
which is the same as 


dw. = d(cosg dd) = d(cos¢g) A dd = — singdyg A ade. 
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FIG. 2.25 


To derive the expressions given above for the dual 1-forms, first compute 
dx,, dx2, ας by differentiating the well-known equations 


αι = pcosyg cos 0 
Ye = pcosg sind 
x3 = psing. 


Then substitute in the formula 6; = δ΄, αἱ; dx;, where A = (a,;) is the 
attitude matrix to be found in Example 6.2. 

We shall later find a more efficient computational technique related to 
the following reliable nonsense from elementary calculus: If at each point 
the spherical coordinates p, 3, φ are altered by dp, dd, ἀφ, then the sides of 
the resulting infinitesimal box are dp, p cos v dd, p dy (Fig. 2.25). But these 
are precisely the formulas for the dual forms 6;, 62, 63. 

As we mentioned earlier, our main use of the Cartan structural equations 
is in studying the geometry of surfaces (Chapters VI and VII). A wider 
variety of applications is given by Flanders [1]. 


EXERCISES 
1. For a 1-form¢ = δ᾽ f6;, prove that 


ἀφ = DU df; + Diifwisd A 85. 


(Compare Ex. 5 of II.7.) 
2. For the toroidal frame field in Ex. 4 of II.6, show that 
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θ᾽ = dp wy = COSY add 
θ5) = (Rk + pcos φ)αϑ a3 = ἀφ 
6; = ρ ἀφ wo3 = Sing αὖ. 


(Hint: Find 6; by the scheme described at the end of 1.8. No computa- 
tions are necessary to find w,;;!) 


3. Check the first structural equations in the case of the toroida] frame 
field. 


4. For the cylindrical frame field Κ᾿, Ἐς, Ες: 
(a) Prove that 6, = dr, 6 = r dd, 6; = dz by evaluating on U,, U2, U3. 
(Ὁ) Deduce that #,[r] = 1, 12[8] = 1/r, Ε3[2] = 1 and that the other 
six possibilities £,[8], --- are all zero. 
(c) For a function f(r, 3, z) expressed in terms of cylindrical coordi- 
nates, show that 
of 1 of of 
Elf] ΞΞ ae ΕΠ} = r Oo ΕΠ ποι τς 
5. Frame fields on E’. For a frame field E,, Ες on the plane E’: 
(a) Find the connection equations. 
(b) If 


E, = cosg U, + sin ῳ U2 
EE, = —sing U, + cos ¢ U2 


where ¢ is an arbitrary function, express the dual 1-forms θι, 62 
and the connection form w 2 in terms of φ. 
(c) Prove the structural equations for this case. 


9 Summary 


We have accomplished the aims set at the beginning of this chapter. The 
idea of a moving frame has been expressed rigorously as a frame field—either 
on a curve in E’, or on an open set of Εὖ itself. In the case of a curve, we 
used only the Frenet frame field 7, N, B of the curve. Expressing the 
derivatives of these vector fields in terms of the vector fields themselves, 
we discovered the curvature and torsion of the curve. It is already clear 
that curvature and torsion tell a lot about the geometry of a curve; we 
shall find in Chapter III that they tell everything. In the case of an open 
set of E’, we dealt with an arbitrary frame field Εἰ, ἔς, £3. Cartan’s gener- 
alization (Theorem 7.2) of the Frenet formulas followed the same pattern 
of expressing the (covariant) derivatives of these vector fields in terms of 
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the vector fields themselves. Omitting the vector field V from the notation 
in Theorem 7.2 we have 


Cartan Fyenet 
VE, = (ies Gls Τ' = κΝ 
VE. = -- 2 Εὶ τον ἢ; N = --κτ' + 7B 
VE; = — wy hy ae Woz hte Β΄ = -- τὰ 


Cartan’s equations are not conspicuously more complicated than Fre- 
net’s because the notion of 1-form is available for the coefficients ως)» the 
connection forms. 


CHAPTER [Il 


Euclidean Geometry 


We recall some familiar features of plane geometry. First of all, two tri- 
angles are congruent if there is a rigid motion of the plane which carries 
one triangle exactly onto the other. Corresponding angles of congruent 
triangles are equal, corresponding sides have the same length, the areas 
enclosed are equal, and so on. Indeed, any geometric property of a given 
triangle is automatically shared by every congruent triangle. Conversely, 
there are a number of simple ways in which one can decide if two given 
triangles are congruent—for example, if for each the same three numbers 
occur as lengths of sides. 

In this chapter we shall investigate the rigid motions (isometries) of 
Euclidean space, and see how these remarks about triangles can be extended 
to other geometric objects. 


1 lsometries of FE’ 


An isometry, or rigid motion, of Euclidean space is a special type of map- 
ping which preserves the Euclidean distance between points (Defini- 
tion 1.2, Chapter II). 


1.1 Definition An isometry of ΕΠ is a mapping F: Εὖ > E? such that 


for all points p, q in Εὖ 
1.2 Example 


(1) Translations. Fix a point ain Εὖ and let T be the mapping that adds 
a to every point of Εὖ, Thus T(p) = p + a for all points p. T is called 
translation by a. It is easy to see that T is an isometry, since 


98 
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d(T (p), Tq)) =d(p+a,q+a) 
ΠΡ +a) -- (4 -Ὁ 4)} 


= ||p -- q|| = ἀφ, 4). 


(2) Rotation around a coordinate axis. A rotation 
of the xy plane through an angle @ carries the 
point (pi, pe) to the point (4ι, 42) with coordi- 
nates (Fig. 3.1) 


qi = pi 005 ὃ — po sind 
G2 = pi Sin ὃ + pe cos ὃ. 


Thus a rotation C of E* around the z axis (through an angle 8) has the 
formula, 


C(p) = C(pi, po, ps) = (pi cos ϑ — po sin &, ρι Sin ὃ + ρὲ 608 V, ps3) 


for all points p. Evidently, C is a linear transformation, hence, in particular, 
a mapping. A straightforward computation shows that C preserves Euclid- 
ean distance, so C is an isometry. 


Recall that if F and G are mappings of Εὖ, the composite function GF 
is a mapping of E* obtained by applying first F, then G. 


1.3 Lemma If F and G are isometries of Εὖ then the composite mapping 
GF is also an isometry of E’. 


Proof. Since G is an isometry, the distance from G(F(p)) to G(F(q)) 
is d(F(p), F(q)). But since F is an isometry, this distance equals d(p, 4). 
Thus GF preserves distance, hence is an isometry. 


In short, a composition of isometries is again an isometry. 

We also recall that if F: Εὖ — E* is both one-to-one and onto, then F 
has a unique inverse function F ’: Εὖ — Εὖ which sends each point F (p) 
back to p. The relationship between F and Κ΄ is best described by the 
formulas 


BES = 7, FF =I] 


where 1 is the tdentity mapping of Εὖ that is, the mapping such that 
I(p) = p for all p. 
The translations of ΕἾ (as defined in Example 1.2) are the simplest 


type of isometry. 


1.4 Lemma (1) If S and 7 are translations, then S7T = 7'S is also a 
translation. 
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(2) Τὸ T is translation by a, then T has an inverse Τ᾿, which is trans- 
lation by —a. 

(3) Given any two points p and q of Εἷ, there exists a unique transla- 
tion T such that T(p) = q. 


Proof. To prove (3), for example, note that translation by q — p cer- 
tainly carries p to q. This is the only possibility, since if 7 is translation 
by a and T(p) = q, thenp + a = q; hence a = 4 — p. | 


A useful special case of (3) is that if T is a translation such that for some 
one point T(p) = p, then T = J. 

The rotation in Example 1.2 is an example of an orthogonal transforma- 
tion of ἘΠ. that is, a linear transformation C: E? 9 Ε΄ which preserves 
dot products in the sense that 


C(p)-Cq) =p-q for allp,q. 


1.5 Lemma If C: Εὖ > Εὖ is an orthogonal transformation, then C is 
an isometry of Εὖ 


Proof. First we show that C preserves norms. By definition |p |? = pep; 
hence 


| C(p)|? = C(p)-C(p) = pp = [» |’. 


Thus || C(p)|| = ||p || for all points p. Since C is linear, it follows easily 
that C is an isometry: 


d(C (p), Cq)) 


| C(p) — C@)|l = || C(@ —q)]] = lp — a] 
=d(p,q) for allp, q. i 


Our goal now is Theorem 1.7, which asserts that every isometry can 
be expressed as an orthogonal transformation followed by a translation. 
The main part of the proof is the following converse of Lemma 1.5. 


1.6 Lemma If F is an isometry of Εὖ such that F (0) = 0, then F is 
an orthogonal transformation. 


Proof. First we show that F preserves dot products; then we show that 
F is a linear transformation. Note that by definition of Euclidean distance, 
the norm || p || of a point p is just the Euclidean distance d(0, p) from the 
origin to p. By hypothesis, F preserves Euclidean distance, and F(0) = 0; 
hence 


| F(p)|| = d, F(p)) = d(F@), F(p)) = d,p) = |p |. 


Thus F preserves norms. Now by a standard trick (‘polarization’) we 
shall deduce that it also preserves dot products. Since F is an isometry, 
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for any pair of points. Hence 


| F(@) — Fq@)|| = lp -- ᾳ!, 


which, by definition of norm, implies 
(F(p) — F@))-(F(p) — F@)) = ᾧ -- 4): -- 4). 
Hence 
| F@)IP — 2F(p)-F@) + || F@|P = lp |? — 2p-a + Hall. 


The norm terms here cancel, since F preserves norms, and we find 


F(p)*F(q) = peg, 
as required. 
It remains to prove that F is linear. Let w,ue,u3 be the unit points 
(1,0,0), (0,1,0), (0,0,1), respectively. Then we have the identity 
p τ (pr, P2; Ds) a Σ, Pili. 


Also, the points τῶι, uz, us are orthonormal; that is, u;-u; = 6,;. 
We know that F preserves dot products, so F(u;), F (ue), F (us) must 
also be orthonormal. Thus orthonormal expansion gives 


F(p) = ΣΣ F(p)-F (ui) F (ui). 
But 
F(p)-F(u;) = peu; = pi, 
SO 
F(p) = Σ; pi F(u;). 
Using this identity, it is a simple matter to check the linearity condition 
F (ap + bq) = aF (p) + Ὁ} (ἃ). a 
We now give a concrete description of what an arbitrary isometry is like. 


1.7 Theorem If F is an isometry of E’, then there exist a unique trans- 
lation 7 and a unique orthogonal transformation C such that 


F = TC. 


Proof. Let T be translation by F(0). We saw in Lemma 1.4 that Τ᾿ 
is translation by —F' (0). But 7 ’F is an isometry, by Lemma 1.3, and 
furthermore, 


(ΤΕΥ) = T'(FO)) = ΓΟ) — FO) = 0. 
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Thus by Lemma 1.6, T”’F is an orthogonal transformation, say TF = C. 
Applying T on the left, we get F = TC. 

To prove the required uniqueness, we suppose that F can also be ex- 
pressed as 7'C, where T is a translation and Ο an orthogonal transformation. 
We must prove 7’ = T and C = C. Now TC = TC: hence C = Τ ΤΟ. 
Since C and C are linear transformation, they of course send the origin to 
itself. It follows that (7 7)(0) = 0. But since TT is a translation, 
we conclude that Τ Τ' = J; hence 7 = Τὶ, Then the equation 7C = TC 
becomes TC = TC. Applying Τ᾿, we get C = C. ἢ 


Thus every isometry of ΕΠ can be uniquely described as an orthogonal trans- 
formation followed by a translation. When F = TC as in Theorem 1.7, we 
call C the orthogonal part of F, and T the translation part of F. Note that 
CT is generally not the same as TC (Exercise 1). | 

The decomposition theorem above is the decisive fact about isometries 
of E* (and its proof holds for E” as well). For example, we shall now find 
explicit formulas for an arbitrary isometry F = TC. If (c;;) is the ma- 
trix of the linear transformation C, we have the explicit formula 


C (pi, Po, Ps) = (D2 οἱ»; Dy C2jDjy >. C355) 


for all points p = (pi, po, p3). We are using the column-vector conventions, 
under which q = C(p) means 


41 Cu τ (13 P1 
G2] = [| Co. Coo C3 Pe 
43 (ὧι Οφὴ) (83 D3 


Since C' is an orthogonal linear transformation, it is easy to show that its 
matrix (c;;) is orthogonal in the sense: inverse equals transpose. 

Returning to the decomposition F = TC, suppose that Τ' is translation 
by a = (αι, @,a3). Then 


ἔφ) = TC(p) = a+ Cop). 
Using the above formula for C(p), we get 
F(p) = F(pi, pa, ps) = (αι + DE epi ce + Σ᾽ cospj, as + Do c3;p5). 
Alternatively, using the column-vector conventions, q = F(q) means 
᾽ι αι Cu Ce C13 ρι 
Qo} = ας] Ἢ 1 Co Coo Cas ΠΣ 


ἢ3 (3 C31 (832 (88 P3 
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EXERCISES 


Throughout these exercises, A, B, and C denote orthogonal transforma- 
tions (or their matrices), and 7, is translation by a. 
1. Prove that CT, = Τοωσ. 
2. Given isometries F = ΤΑ and G = 7,B, find the translation and 
orthogonal part of FG and GF. 


3. Show that an isometry F = T.C has an inverse mapping F ἢ, which is 
also an isometry. Find the translation and orthogonal parts of Γ΄. 


4. If 
= (3,1, —6 
C= 2 1 — 2 d p 7.5} ᾽ 
CEs) wm reas 


show that C is orthogonal; then compute C(p) and C(q), and, check 
that C(p)-Cq) = peq. 
5. Let F = T.C, where a = (1,3,—1) and 


ὯΝ 0 0} 
Οσ -0 1 0 : 
20 I/vV2 


If p = (2, —2, 8), find the coordinates of the point ᾳ for which 


(a)q=F(p), (b)q=F'(p). ()q= (CT.)@). 
6. In each case decide whether F is an isometry of Εὖ. If so, find its trans- 
lation and orthogonal parts. 
(a) F(p) = —p. 
(Ὁ) F(p) = pea a, where || a || = 1. 
(6) F(p) = (ps — 1, pe — 2, m — 3). 
(d) F(p) (pi, Do, 1). 


A group G is a set furnished with an operation that assigns to each 
pair 9.1, g2 of elements of G an element 6192, subject to these rules: (1) 
associative law: (gig2)9s3 = 91(gog3), (2) there is a unique identity 
element e such that eg = ge = g for all g in G, and (3) inverses: For 
each g in G there is an element g ‘ in G such that gg’ = σ᾽ g= 6. 

Groups occur naturally in many parts of geometry, and we shall men- 
tion a few in subsequent exercises. Basic properties of groups may be 
found, for example, in Birkhoff and MacLane [2]. 


I 


7. Prove that the set & of all isometries of Εὖ forms a group—with compo- 
sition of functions as the operation. & is called the Euclidean group (of 
order 3), or the group of Euclidean motions of ΕΝ. 
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A subset Η of a group G is a subgroup of G Proviges (1) if σι and ge 
are in H, then so is gigs, (2) if g is in H, so is g“', and (3) the identity 
element 6 of G is in H. A subgroup H of Gis automatically a group. 


8. Prove that the set 3 of all translations of Εὖ and the set O(3) of all 
orthogonal transformations of Εὖ are each subgroups of the Euclidean 
group δ. O(8) is called the orthogonal group of order 3. Which isometries 
of ΕἾ are in both these subgroups? 


2 The Derivative Map of an lsometry 


In Chapter I we showed that an arbitrary mapping F: E* — Εὖ has a 
derivative map F's which carries each tangent vector v at p to a tangent 
vector F’'y(v) at F(p). If F is an isometry, its derivative map is remarkably 
simple. (Since the distinction between tangent vector and point is crucial 
here, we temporarily restore the point of application to the notation.) 


2.1 Theorem Let F be an isometry of Εὖ with orthogonal part C’. Then 
Fx(vp) = (Cv) ep 


for all tangent vectors v, to E’. 


Verbally: To get F(v,), first shift the tangent vector v, to the canoni- 
cally corresponding point v of E’, then apply the orthogonal part C of F, 
and finally shift this point C(v) to the canonically corresponding tangent 
vector at F(p) (Fig. 3.2). Thus all tangent vectors at all points p of ἘΠ are 
“rotated” tn exactly the same way by F'x—only the new point of application 
F (p) depends on p. 


Proof. Write F = TC as in Theorem 1.7. Let 7 be translation by a, 
so F(p) = a + C(p). If vp is a tangent vector to Ε“, then by Definition 
7.4 of Chapter I, F'4(v,p) is the initial velocity of the curve t > F(p + ἐν). 
But using the linearity of C, we obtain 


F(p + tv) = TC(p + tv) = T(C(p) + tC(v)) = a+ C(—p) + tC(v) 
F(p) + tC(v). 


-- 
- 


on 
- 
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Thus F'(vp) is the initial velocity of the curve t - F(p) + tC(v), which 
is precisely the tangent vector (CV) rp). 


Expressed in terms of Euclidean coordinates, this result becomes 
F4(22 0jUi) = do ciniUi 
7 by) 


where C = (¢;;) is the orthogonal part of the isometry F, and if U; is 
evaluated at p, then U; is evaluated at F(p). 


2.2 Corollary Isometries preserve dot products of tangent vectors. 
That is, if v, and w, are tangent vectors to Εὖ at the same point, and F 
is an Isometry, then 


F's (Vp)*F%(Wp) = Vp*Wo. 


Proof. Let C be the orthogonal part of F, and recall that C, being an 
orthogonal transformation, preserves dot products in Ε΄. By Theorem 2.1, 


F'x(vp)*Fx(Wp) = (Cv) rye (Cw) ea = CveCw 
= γοῦν = Vo*Wep 


where we have twice used Definition 1.3 of Chapter II (dot products of 
tangent vectors). | i 


By proving this fundamental corollary and the following theorem, the 
initial result (Theorem 2.1) has largely accomplished its mission. Thus 
it should be safe to drop the point of application from the notation once 
again, and write simply Fs(v)*Fs(w) = vew. In fancier language, the 
corollary asserts that for each point p, the derivative map Fx, at p is an 
orthogonal transformation of tangent spaces (differing from C only by 
the canonical isomorphisms of Εὖ). 

Since dot products are preserved, it follows automatically that derived 
concepts such as norm and orthogonality are preserved. Explicitly, if F 
18 an isometry, then || F'4(v)|| = || v ||, and if v and w are orthogonal, so 
are F',(v) and F',(w). Thus frames are also preserved: if δι, €2, 65 is a frame 
at some point p of E* and F is an isometry, then F'4(e,), F'x(e2), Fx (e3) 
is a frame at F(p). (A direct proof is easy: e;-e; = δὼ), 580 by Corollary 2.2, 
F,(e;)*F'x(e;) = €;°e; = δι.) 

Assertion (3) of Lemma 1.4 shows how two points uniquely determine a 
translation. We now show that two frames uniquely determine an isometry. 


2.3 Theorem Given any two frames on E’, say δι, e:, 65 at the point p 
and fi, fe, ἔς at the point q, there exists a unique isometry F of E* such that 
F,(e;) = f;forl <7 < 3. | 


Proof. First we show that there is such an isometry. Let 61, 62, 65, and 
fi, fo, fs be the points of Ε΄ canonically corresponding to the vectors in 
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the two frames. Let C be the unique linear transformation of Εὖ such that 
C(e;:) = f, for 1 Ξ i S ἃ. It is easy to check that C is orthogonal. Then 
let T be a translation by the point q — C (p). Now we assert that the isome- 
try F = TC carries the e frame to the f frame. First note that 


F(p) = T(Cp) =q -- C(p) + C(p) Ξᾳ. 
Then using Theorem 2.1 we get 


Fy (e;) = (Ce:) rp) = (fi)r@) = fide = ἔ; 
forl 71S 3. 

To prove uniqueness, we observe that by Theorem 2.1 this choice of C 
is the only possibility for the orthogonal part of the required isometry. 
The translation part is then completely determined also, since it must carry 
ΟΦ) toq. Thus the isometry F = TC is uniquely determined. | 


Explicit computation of the isometry in the theorem is not difficult. 
Let ¢: = (a, Ge, ais) and f; = (ba, bx, bis) for 1 S ὁ S$ 3. Thus the (or- 
thogonal) matrices A = (α;;) and B = (b,;) are the attitude matrices of 
the frames δι, e2, 65 and ἢ, fo, f;, respectively. We claim that C in the theo- 
rem (or, strictly speaking, its matrix) is ‘B-A. It suffices to show that 
‘BA(e;) = fj, since this uniquely characterizes C’. But using the column- 
vector conventions, we have 


ai 1 Ou 


‘BA a12 = (8[0]} = bie ; 


Q13 0 bis 


that is, “BA(e.) = fi (the cases i = 2, 3 are similar). Thus C = ‘BA. 
As noted above, T is then necessarily translation by q — C(p). 


EXERCISES 


1. If T is a translation, then for every tangent vector v show that Τ',(ν) 
is parallel to v (same Euclidean coordinates). 


2. Prove the general formulas (GF)»x = GsF% and (Κ΄ ἢ), = (Fx)” 
in the special case where F and G are isometries of E’. 


3. (a) Let δι, 65, es be a frame at p with attitude matrix A. If F is the 
isometry that carries the natural frame at 0 to this frame, show 
that F = T,A (A = ‘A). 
(b) Now let fi, fo, fs be a frame at q with attitude matrix B. Use Ex- 
ercise 2 to prove the result in the text that the isometry which 
carries the e frame to the f frame has orthogonal part Β ΤΑ. 
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4. (a) Prove that an isometry F = TC carries the plane through p or- 
thogonal to q to the plane through F(p) orthogonal to C(q). 
(b) If P is the plane through (4, —1,0) orthogonal to (0,1,0) find an 
isometry F = TC such that F(P) is the plane through (1, —2,1) 
orthogonal to (1,0, —1). 


5. Given the frame αι = (2,2,1)/3, e. = (—2,1,2)/3, e3 = (1, —2,2)/3 
at p = (0,1,0) and the frame 


ἢ = (1,0,1)/V2, fe = (0,1,0), ὦ = (1,0, -1)/V2 


at q = (3,—1,1), find the isometry F = TC which carries the 
e frame to the f frame. 


3 Orientation 


We now come to one of the most interesting and elusive ideas in geometry. 
Intuitively, it is orventation that distinguishes between a right-handed glove 
and a left-handed glove in ordinary space. To handle this concept mathe- 
matically, we replace gloves by frames, and separate all the frames on E° 
into two classes as follows. Recall that associated with each frame δι, e2, €3 
at a point of ΕΖ is its attitude matrix A. According to the exercises for Sec- 
tion 1 of Chapter IT, 


616) X 65 = det A = +1. 


When this number is +1, we shall say that the frame δι, e2, e3 is positively 
oriented (or, right-handed); when it is —1, the frame is negatively oriented 
(or, left-handed ). 

We omit the easy proof of the following facts. 


3.1 Remark (1) At each point of Εὖ the frame assigned by the natural 
frame field U,, U2, Us is positively oriented. 

(2) A frame δι, 6), e3 is positively oriented if and only if δι Χ δὲ = δ. 
Thus the orientation of a frame can be determined, for practical purposes, 
by the “‘right-hand rule” given at the end of Section 1 of Chapter II.Pic- 
torially, the frame (P) in Fig. 3.3 is positively oriented, whereas the frame 
(N ) is negatively oriented. In particular, Frenet frames are always positively 
ortented, since by definition B = T Χ N. 

(3) For a positively oriented frame ei, 65, 62, the cross products are 


δι = @2 X 6) = —e3 Χ & 
6. = @3 Xe, = —e) X 63 
δ: = οἰ X @; = —e2 Χ 6. 


For a negatively oriented frame, reverse the vectors in each cross product. 
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6: 6: 


(ΡῚ) (NV) 


FIG. 3.3 


(One need not memorize these formulas—the right-hand rule will give 
them all correctly. ) 


Having attached a sign to each frame on Ε΄, we next attach a sign to 
each isometry F of E’. In Chapter II we proved the well-known fact that 
the determinant of an orthogonal matrix is either +1 or —1. Thus if C is 
the orthogonal part of the isometry F, we define the sign of F to be the 
determinant of C, with notation 


sgn F = det C. 


We know that the derivative map of an isometry carries frames to 
frames. The following result tells what happens to their orientations. 


3.2 Lemma If e1, e2, e3 is a frame at some point of Εὖ and F is an isome- 
try, then 


Fy(e,)*F'4(e) x Fy (e3) = sgn [ e,-e, xX 3. 


Proof. If e; = >. aj,Uz, then by the coordinate form of Theorem 2.1 
we have 


F,(e;) = > Cindi εἴ, 


where C = (¢,;) is the orthogonal part of F. Thus the attitude matrix of 
the frame Fy (e,), Fx(e:), 1 κ (65) is the matrix 


(Σ Οικα 7} = (Σ Cik ‘dn;) = ( ‘A, 
k 
But the triple scalar product of a frame is the determinant of its attitude 
matrix, and by definition sgn F = det C. Consequently, 
Fy(e,)*Fx(ex) Χ Fx(es) det (C ‘A) 
det C-det ‘A = det C-det A 


= sgn F 6.56) X 63. i 


This lemma shows that if sgn F = +1, then F’, carries positively oriented 
frames to positively oriented frames, and carries negatively oriented to 
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negatively oriented frames. On the other hand, if sgn F = —1, positive 
goes to negative, and negative to positive. 


3.3 Definition An isometry F of ἘΞ is said to be 
orientation-preserving if sgn F = det C = +1 
ortentation-reversing if sgn F = det C = —1 

where C is the orthogonal part of F. 

3.4 Example 


(1) Translations. All translations are orientation-preserving. Geometrically 
this is clear, and in fact the orthogonal part of a translation T is just the 
identity mapping [, so sgn 7 = det J = +1. 

(2) Rotations. Consider the orthogonal transformation C given in Example 
1.2, which rotates ΕΠ through angle @ around the z axis. Its matrix is 


cosé —sin@ 0 
sin 6 cos@ 0 
0 01 


Hence sgn C = det C = +1, 50 C is orientation-preserving (see Exercise 4). 


(3) Reflections. One can (literally) see reversal of orientation by using a 
mirror. Suppose the yz plane of Ἐπ is the mirror. If one looks toward that 
plane, the point p = (p1,p2,p3) appears to be located at the point 


Rip) = (—Ppi, pa, ps) 


(Fig. 3.4). The mapping R so defined is called reflection in the yz plane. 
Evidently it is an orthogonal transformation with matrix 


—-1 0 0 
0 1 0 
0 0 1 


Thus # 1s an orientation-reversing isom- 

etry, as confirmed by the experimental 

fact that the mirror image of a right hand P _PR(p) 
is a left hand. oe 


Both dot and cross product were orig- 
inally defined in terms of Fuclidean co- 
ordinates. We have seen that the dot 
product 15 given by the same formula, 


edge view of yz plane’ 


vow = (>> v,e;)° (>> We; ) = Σ VW, FIG. 3.4 
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no matter what frame δι, e2:, e3 is used to get coordinates for v and νυν. 
We have almost the same result for cross products, but orientation is now 
involved. 


3.5 Lemma Let δι, €2, 6: be a frame at a point of Εὖ. If v = Σ ve; 
and w = δὴ w,e;, then 


where ε = 61:56) Χ 65 = +1. 
Proof. It suffices merely to expand the cross product 
Vv X w = (ve, + ve. + v3e3) X (wie1 - Wee, + Ws ) 


using the formulas (3) of Remark 3.1. For example, if the frame is posi- 
tively oriented, for the e; component οὖν X w, we get 


26) XK Wze3 + v3e3 Χ 1026) = (VeW3 —VzWe )eL. 


Since ε = ] in this case, we get the same result from the right side of the | 
equation to be proved. i 


It follows immediately that the effect of an isometry on cross products 
also involves orientation. 


3.6 Theorem Let v and w be tangent vectors to E’ at p. If F is an isome- 
try of Εὖ, then 


εν X w) = sgn αὶ Fs(v) Χ δ' κ(ν). 
Proof. Write v = Σὺ v;U;(p) and w = >» w,U;(p). Now let 
e; = F,(Ui(p)). 
Since Fy is linear, 
Fx(v) = Dove; and Fs(w) = Σ᾽ wei. 
A straightforward computation using Lemma 3.5 shows that 
Fi(v) X Fe(w) = € Fa(v X w), 
where 
€ = ere, X 65 = Fy (Ui(p)) Px (U2(p)) Χ Fa(U3(p)). 


But U,, U2, Us is positively oriented, so by Lemma 3.2, ε = sgn F. i 
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EXERCISES 
1. Prove 
sen (FG) = sgn F-sgn G = sgn (GF). 
Deduce that sgn F = sgn (Γ΄). 


2. If Hy is an orientation-reversing isometry of ΕΝ, show that every orien- 
tation-reversing isometry has a unique expression ἢ}, where F is 
orientation-preserving. 

3. Let v = (3,1, --1) andw = (—3, —3,1) be tangent vectors at some 
point. If C is the orthogonal transformation given in Exercise 4 of 
Section 1, check the formula 


Ca(v Χ νὴ) = send Ca(v) X Ce(w). 
4. A rotation is an orthogonal transformation C' such that det C = +1. 
Prove that C does, in fact, rotate ἘΠ around an axis. Explicitly, given a 


rotation C, show that there exists a number @ and points δι, e:, 65 with 
e,;-e; = δι; such that (Fig. 3.5) 


( (ει) = cosde, + sinde, 
C (e2) = —sin ὃ οἱ + COS ὃ 6. 
C(e3) = 63. 


(Hint: The fact that the dimension of E° 
is odd means that C has a characteristic 
root +1, so there is a point p ~ 0 such that 
C(p) =p.) 


5. Let a be a point of Ε΄ such that || a || = 1. Prove that the formula 


FIG. 3.5 


C(p)=aXp+praa 
defines an orthogonal transformation. Describe its general effect on E’. 


6. Prove 
(a) The set O* (3) of all rotations of ΕΝ is a subgroup of the orthogonal 
group O(3) (see Ex. 8 of III.1). 
(Ὁ) The set &* of all orientation-preserving isometries of E* is a subgroup 
of the Euclidean group &. 


7. Find a single formula for all isometries of the real line Ε΄. Do the same 
for the plane Εὖ (use « = +1). Which of these isometries are orienta- 
tion-preserving? 
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4 Euclidean Geometry 


In the discussion at the beginning of this chapter, we recalled a fundamental 
feature of plane geometry: If there is an isometry carrying one triangle 
onto another, then the two (congruent) triangles have exactly the same 
geometric properties. A close examination of this statement will show 
that it does not admit a proof—it is, in fact, just the definition of “ρᾳρο- 
metric property of a triangle.” More generally, Euclidean geometry can be 
defined as the totality of concepts that are preserved by isometries of 
Euclidean space. For example, Corollary 2.2 shows that the notion of dot 
product on tangent vectors belongs to Euclidean geometry. Similarly 
Theorem 3.6 shows that the cross product is preserved by isometries (ex- 
cept possibly for sign). 

This famous definition of Euclidean geometry is somewhat generous, 
however. In practice, the label “Euclidean geometry” is usually attached 
only to those concepts that are preserved by isometries, but not by arbi- 
trary mappings, or even the more restrictive class of mappings (diffeo- 
morphisms) that possess inverse mappings. An example should make this 
distinction clearer. If a = (a,a2,a3) is a curve in Εὖ, then the various 
derivatives 


a = (Hes, 80), gr = (ζω, δα δας 

dt’ dt’ dt/]’ dt?’ di?’ de 7; 
look pretty much alike. Now, we interpreted Theorem 7.8 of Chapter I 
as saying that velocity is preserved by arbitrary mappings F: E* > Εὖ, That 
is, if 8 = F(a), then B’ = F(a’). But it is easy to see that acceleration 
ts not preserved by arbitrary mappings. For example, if a(é) = (t,0,0) and 
F = (2’,y,z), then a” = 0; hence F4(a”) = 0. But β = F(a) has the 
formula S(t) = (¢°,0,0), so β΄ = 2U,. Thus in this case, B = F(a), but 
β’ #~ F,4(a”). We shall see in a moment, however, that acceleration is 
preserved by zsometries. 

For this reason, the notion of velocity belongs to the calculus of Euclid- 
ean space, while the notion of acceleration belongs to Euclidean geometry. 
In this section we examine some of the concepts introduced in Chapter II 
and prove that they are, in fact, preserved by isometries. (We leave largely 
to the reader the easier task of showing that they are not preserved by 
diffeomorphisms. ) 

Recall the notion of vector field on a curve (Definition 2.2 of Chapter 
II). Now if Y is a vector field on a: J > Εὖ, and F: Ε΄ > E’ is any mapping, 
then Y = F,(Y) is a vector field on the image curve ἃ = F(a). In fact, 
for each ¢ in J, Y(¢) is a tangent vector to ἘΠ at the point a(t). But then 
Y(t) = Fs(Y(t)) is a tangent vector to Εὖ at the point F(a(t)) = &(t). 
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Y(t) 


Y(t) τ, .ὺΨἬ AG 


FIG. 3.6 


(These relationships are illustrated in Fig. 3.6.) Isometries preserve the de- 
rivatives of such vector fields. 


4.1 Corollary Let Y be a vector field on a curve a in E’, and let F be 
an isometry of Εὖ. Then Y = F(Y) is a vector field on ἃ = F(a), and 


Y’ = F,(Y’). 
Proof. We compute ΚΕ (γ΄) and γ΄ starting from the expression 
Y = doy; 


for Y in terms of its Euclidean coordinate functions. To differentiate such 
a vector field Y, one simply differentiates its Euclidean coordinate functions, 
50 


͵ dy; 
Y= =u, 


Thus by the coordinate version of Theorem 2.1, we get 


ἀν; 75 
dt ie 


F,( Y’) = ») Ci 
On the other hand, 
Y=F,(Y) = Σὺ οὗν, Ui. 


But each c;; is constant, being by definition an entry in the matrix of the 
orthogonal part of the isometry F. Hence 


Tal d = dy; - 
Y= > di (cisy;) U; = » Cij wd U;. 
Thus the vector fields F4(Y’) and Y’ are the same. i 


We claimed earlier that isometries preserve acceleration: If ἃ = F(a), 
where F is an isometry, then ἃ = F(a”). This is an immediate conse- 
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quence of the preceding result, for if we set Y = a, then by Theorem 7.8 
of Chapter I, Y = &; hence 


a” = Y = Fy(Y’) = Fx(a”). 


Now we show that the Frenet apparatus of a curve is preserved by 
isometries. This is certainly to be expected on intuitive grounds, since a 
rigid motion ought to carry one curve into another that turns and twists 
in exactly the same way. And this is what happens when the wsometry 18 
orientation-preserving. 


4.2 Theorem Let 8 be a unit-speed curve in Εὖ with positive curvature, 
and let 8 = F(8) be the image curve of β under an isometry F of Εὖ. Then 


K=K T = F,(T) 
7 =senFr N = F,(N) 
B = sgn F F,(B) 
where sgn F = +1 is the sign of the isometry F. 
Proof. Note that 6 is also a unit-speed curve, since 
|B Il = || F*(6)|] = |] 6" || = 
Thus the definitions in Section 3 of Chapter II apply to both 8 and 8, so 
T= B68 = F,(@) = F(T). 


Since Fy preserves both acceleration and norms, it follows from the 
definition of curvature that 


k= |B" || = || Px@")|] = [1 6" || = «. 


To get the full Frenet frame, we now use the hypothesis x > 0 (which 
implies k > 0, since k = κ). By definition, N = 8”/x; hence using preceding 
facts, we find 


It remains only to prove the interesting cases B and τ. Since the defini- 
tion B = T X N involves a cross product, we use Theorem 3.6 to get 


B=TXWN = (ΤῊ X Fe(N) = sen FF,(T XN) = sen F F,(B), 


The definition of torsion is essentially 7 = —B’eN = B-N’. Thus using 
the results above for B and N, we get 


τ = BN = sen F F,(B)-Fs(N’) = sgn F BN’ τ βρῃι [τ ἢ 


The presence of sgn F in the formula for the torsion of F (8) shows that 
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the torsion of a curve gives a more subtle description 
of the curve than has been apparent so far. The sign 
of τ measures the orientation of the twisting of the 
curve. If F is orientation-reversing, the formula 7 = 
—r proves that the twisting of the image of curve 
F (8) is exactly opposite to that of β itself. 

A simple example will illustrate this reversal. 


4.3 Example Let 8 be the unit-speed helix 
β(8) = (cos, sin °, : : 
ς c 


C 


FIG. 3.7 


gotten from Example 3.3 of Chapter II by setting 

a = b = 1;hencec = +~/2. We know from the general formulas for helices 
that x = τ = 4. Now let R be reflection in the zy plane, so F is the isom- 
etry R(x,y,z) = (2,y, -- 2). Thus the image curve 8 = R(8) is the mirror 
image 


of the original curve. One can see in Fig. 3.7 that the mirror has its usual 
effect: 8 and 8 twist in opposite ways—if β is “right-handed,” then 8 is 
“left-handed.” (The fact that 8 is going up and 6 down is, in itself, irrele- 
vant.) Formally: The reflection R is orientation-reversing; hence the 
theorem predicts k = « = 4 and7 = --τ = —#. Since β is just the helix 
gotten in Example 3.3 of Chapter II by taking a = 1 and b = —1, this 
may be checked by the general formulas there. 


EXERCISES 


1. Let F = TC be an isometry of Εὖ, 6 a unit speed curve in Εὖ Prove 
(a) If β is a cylindrical helix, then F (@) is a cylindrical helix. 
(b) If β has spherical image B, then F'(8) has spherical image C (8). 


2. Let Y = ((1 — ?,1+ 2) bea vector field on the helix 
a(t) = (cos ἐ, sin ἐ, 2¢), 
and let C be the orthogonal transformation 
-10 oO 
C=| ον -l1/V2 
0 12  1/vV2 
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Compute ἃ = C(a) and Y = C,(Y), and check that 
ΟΣ = YY’, Cela”) = δ, Ysa” = Yow”. 
3. Sketch the triangles in ΕΖ that have vertices 
Δι: (3,1), (7,1), (7,4) Ae: (2,0), (2,5), (—#, 15) 


Show that these triangles are congruent by exhibiting an isometry F 
that carries A; to ΔΩ. (Hint: the orthogonal part of F is not altered if 
the triangles are translated. ) 


4. If F: ἘΠ — E’ is a mapping such that F's preserves dot products, show 
that F is an isometry. (Hint: Use Ex. 11 of II.2.) 


5. Let F be an isometry of E’. For each vector field V let V be the vector 
field such that (Κρ) = V(F(p)) for all p. Prove that isometries pre- 
serve covariant derivatives; that is, show VyW = ViW. 


5S Congruence of Curves 


In the case of curves in ἘΠ, the general notion of congruence takes the 
following form. 


5.1 Definition Two curves α,β: I — Εὖ are congruent provided there 
exists an isometry F of E* such that 8 = F(a); that is, β() = F(ae(t)) 
for all ¢ in 1. 


Intuitively speaking, congruent curves are the same except for position 
in space. They represent trips at the same speed along routes of the same 
shape. For example, the helix a(t) = (cos ἐ, sin ἔ, ¢) spirals around the 
z axis in exactly the same way the helix β(ἐ) = (é, cos é, sin ¢) spirals 
around the x axis. Evidently these two curves are congruent, since if F 
is the isometry such that 


F (pi, pe, ps) = (ps, Pi, P2); 


then F(a) = β. 

To decide whether given curves a and β are congruent, it is hardly 
practical to try all the isometries of ΕΠ to see if there is one that carries 
a to 8. What we want is a description of the shape of a unit-speed curve so 
accurate that if a and 8 have the same description, then they must be 
congruent. The proper description, as the reader will doubtless suspect, 
is given by curvature and torsion. To prove this we need one preliminary 
result. 

Curves whose congruence is established by a translation are said to be 
parallel. Thus curves «, 8: J — Εὖ are parallel if and only if there is a point 
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p in E* such that B(s) = a(s) + p for all 8 in J, or, in functional nota- 
tion, 8 = a +p. 

5.2 Lemma Two curves α,β: ] — ΕΠ are parallel if their velocity vectors 
a (s) and β΄ (5) are parallel for each 8 in J. In this case, if a(so) = B (80) 
for some one 80 in J, then a = 8. 


Proof. By definition, if a (5) and β΄ (s) are parallel, they have the same 
Euclidean coordinates. Thus 

(οὶ 

ds 

where a; and #; are the Euclidean coordinate functions of a and β. But 

by elementary calculus, the equation da;/ds = d8;/ds implies that there isa 

constant p,; such that 8B; = a; + p:;. Hence β = a + p. Furthermore, if 

a (So) = B(s0), we deduce that p = 0; hence a = 8B. ἕ 


5.3 Theorem If α,β: I — Εὖ are unit-speed curves such that κα = xg 
and τὰ = +7, then α and β are congruent. 


_ 4B; <ji< 
(nec (s) forl <i <3 


Proof. There are two main steps: 

(1) Replace a by a suitably chosen congruent curve F(a). 

(2) Show that F(a) = 8 (Fig. 3.8). 

Our guide for the choice in (1) is Theorem 4.2. Fix a number, say 0, 
in the interval J. If τὰ = 7g, then let F be the (orientation-preserving ) 
isometry that carries the Frenet frame 7 (0), Na(O), Ba(O) of a at a(0) 
to the Frenet frame T (0), N (0), B(O), of B at B(0). (The existence of this 
isometry is guaranteed by Theorem 2.3.) Denote the Frenet apparatus of 
ἃ = F(a) byx, τ, T, N, B; then it follows immediately from Theorem 4.2 
and the information above that 


a(0) = β(0) T(0) = Τ᾽) 
K = kg N (0) = N(0) (f) 
7 = 7% B(0) = BO). 


a(0) 


FIG. 3.8 
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On the other hand, if τὰ = —7s, we choose F to be the (orientation- 
reversing ) isometry that carries Τ᾽ «(0), N.«(0), B.(0) at a(0) to the frame 
T(0), N(O), —B(O) at β(0). (Frenet frames are positively oriented; 
hence this last frame is negatively oriented: This is why F is orientation- 
reversing.) Then it follows from Theorem 4.2 that the equations (f) hold 
also for ἃ = F(a) and β. For example, 


ΒΩ) = —Fs(B.(0)) = BO). 


For step (2) of the proof, we shall show 7’ = Τ: that is, the unit tangents 
of ἃ = F(a) and 8 are parallel at each point. Since a(0) = β(0), it will 
follow from Lemma 5.2 that F(a) = β. On the interval J, consider the 
real-valued function f = T7-T + N-N + B-B. Since these are unit vector 
fields, the Schwarz inequality (Section 1, Chapter 11) shows that 


T-T <1; 


furthermore 7'-7' = 1 if and only if 7 = T. Similar remarks hold for the 
other two terms in ἢ. Thus τ suffices to show that f has constant value 3. 
By (1), (0) = 3. Now consider 


f=f T4+T-T +N N+ NN + BB+ BB’. 


A simple computation completes the proof. Substitute the Frenet formu- 
las in this expression and use the equations Κα = x, 7 = τ from ({). The 
resulting eight terms cancel in pairs, 50 Κ7΄ = 0, and f has, indeed, constant 
value 3. i 


Thus a untt-speed curve 1s determined but for position in Εὖ by its curvature 
and torsion. 

Actually the proof of Theorem 5.3 does more than establish that a and 6 
are congruent; it shows how to compute explicitly an isometry carrying 
a to 6. We illustrate this in a special case. 


5.4 Example Consider the unit-speed curves a, 8: R — Εὖ such that 
a(s) = (cos : , sin 2 ; *) 
c δ ὁ 


8 . 8 $s 
8), = {cos-,SsImNmMN-,— - 
a(s) = (cos®, sin’, ~ ὁ) 


where c = +/2. Obviously these curves are congruent by means of a 
reflection—they are the helices considered in Example 4.3—but we shall 
ignore this in order to describe a general method for computing the re- 
quired isometry. According to Example 3.3 of Chapter 11, a and 8 have the 
same curvature, κα = 4 = xg; but torsions of opposite sign, τὰ = 3 = -- τρ. 
Thus the theorem predicts congruence by means of an orientation-revers- 
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ing isometry 1΄. From its proof we see that F must carry the Frenet frame 
T.(0) = (0,4, a) 
N.(0) = (—1, 0, 0) 
B,(0) = (0, —a, a) 


to the frame 


T3(0) (0, a, —a) 
Ng(0) = (—1, 0, 0) 
— Bs(0) = (0, —a, —a) 


where a = 1/+/2. (These explicit formulas also come from Example 3.3 of 
Chapter II.) By the remark following Theorem 2.3, the isometry F has 
orthogonal part C = ‘BA, where A and B are the attitude matrices of the 
two frames above. Thus 


0. --1 0 0 aa 1 
C= a 0 —a —1 0 0] -Ξ [0 
—a 0 -a 0 -a a 0 


0 
1 
0 -1 

since a = 1/+/2. These two frames have the same point of application 
a(0) = 8(0) = (1, 0, 0). But C does not move this point, so the transla- 


tion part of F is just the identity map. Thus we have (correctly) found 
that the reflection F = C carries a to β. 


From the viewpoint of Euclidean geometry, two curves in Εὖ are “the 
same” if they differ only by an isometry of Εὖ, What, for example, is a helix? 
Not just a curve that spirals around the z axis as in Example 3.3 of Chapter 
11, but any curve congruent to one of these special helixes. One can give 
general formulas, but the best characterization follows. 


5.5 Corollary Let α be a unit speed curve in Εὖ, Then a is a helix if and 
only if both its curvature and torsion are nonzero constants. 


Proof. For any numbers a > Ὁ and ὃ ¥ 0, let Ba» be the special helix 
given in Example 3.3 of Chapter 11. If a is congruent to 6.5, then (changing 
the sign of ὃ if necessary) we can assume the isometry is orientation- 
preserving. Thus, a has curvature and torsion 


"ἫΝ eee 
e+e " @ +R 


—- 
— 


Conversely, suppose a has constant nonzero x and τ. Solving the pre- 
ceding equations, we get 
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K T 


se a a ee 


Thus a and £. have the same curvature and torsion, hence they are 
congruent. , i 


a 


Our results so far demand unit speed, but it is easy to weaken this re- 
striction. 


5.6 Corollary Let a, 8: 1 > E’ be arbitrary-speed curves. If 
Va = vg > 0, Ka = Kg > Ὁ, and Ta = +7,, 
then the curves a and 8 are congruent. 


Proof. Let ἃ and # be unit-speed reparametrizations of a and 8, both 
based at, say, ἐ = 0. Since a and 6 have the same speed function, it follows 
immediately that they also have the same arc length function s = s(t) 
and hence the same inverse function ¢ = ¢(s). But since 


κα = Κα and τα = +73, 


we deduce from the general definitions of curvature and torsion in that Sec- 
tion 4 of Chapter IT 


κα (8) = ka(t(s)) = xa(é(s)) = xa(s) 
ta(s) = ta(t(s)) = tra(t(s)) = -Ετβ(8). 


Hence the congruence theorem (5.3) shows that ἃ and β are congruent 
—say, F(a) = B. But then the same isometry carries a to 8, since 


F(a(t)) = F(@(s@))) = FB(s@))) = F@@)). i 

The theory of curves we have presented applies only to regular curves 

with positive curvature, because only for such curves is it generally pos- 

sible to define the Frenet frame field. However, a completely arbitrary 

curve a in E* can be studied by means of an arbitrary frame field on a, 

that is, any three unit-vector fields 11, 12, HE; on a that are orthogonal at 
each point (Fig. 3.9). 


FIG. 3.9 
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For example, the congruence theorem 5.3 can easily be extended to arbi- 
trary curves. 


5.7 Theorem Let α,β: 1 — ἘΠ be arbitrary curves, and let Ey, E2, Ες be 
a frame field on a; F,, F2, F3 a frame field on β. If 


(1) a +E; = β΄ .Ὁ; (si Ξ 9) 
(2) Β΄.Ε,- Fi-F; (1 Ξ 2) S 3), 
then a and β are congruent. 


Proof. We need only generalize the argument in Theorem 5.3. Fix a 
number, say 0, in J. Then let F be the isometry that carries 


E, (0), (0), Ε4(0) to F,(0), F.(0), F3;(0). 


Since Fy preserves dot products, it follows that E; = F,(E;) (1 Ξ 7 < 3) 
is a frame field on ἃ = F(a). Since Fs preserves velocities and derivatives 
of vector fields as well, we deduce 

a(0) =80) a-E; = 86°F, τ 
E,0)=F;0) E;-E;=F;-F; for 1S ij $3. 


This last equation means we can write EF; = Σ᾽ a;,H;andF; = >» αι; 
with the same coefficient functions a:;. Note that αι; + ἂρ. = 0. (Differ- — 
entiate Εἰ,» Ε; = δι.) If f = Σ᾽ E;-F., we then prove f = 3 just as before, 
since | 

f or Σ, (Ey; +F; + Ey F;) = Σ; (ai; + αν) ΒΕ,» Ἐπ = 0. 
Thus FE; = ᾿ς (parallelism!) and it follows from ({) that 
a@= >)ia-E;E; and β' = >. 6'-F; F; 
are parallel at each point. But 2(0) = 6(0); hence by Lemma 5.2, 
F(a) = a= 8. ἢ 
We shall need this degree of generalization in Section 8 of Chapter VI. 


A more elegant (but slightly less general) version of this theorem is given 
in Exercise 3. 


EXERCISES 


1. Given a curve a = (a, a, a3): 1 — Εὖ, prove that 8: 1 -- ἘΠ is con- 
gruent to a if and only if B can be written 


B(t) =p + a(tjer + ar(t)es + az (t)es, 


where 6;9.6; = ὃ;). 
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. Let a be the curve in Example 4.4 of Chapter IJ. Find a (congruent ) 


curve of the form y(t) = (at, bt’, ct’) and an isometry F such that 
F(a) = γ. 


. Let £,, E:, Ες be a frame field on Ε΄ with dual forms θ; and connection 


forms w;;. Prove that two curves a, 8: [ > E’ are congruent if we have 
6:(a ) = 6;(8') and w;;(a’) = w;;(6’) for 1 S$ ij < 3. 


. Show that the curve 


B(t) = (t + V3 sin t, 2 cost, 7/3 t — sin t) 


is a helix by computing its curvature and torsion. Find a helix α of 
the form (a cos ἐ, a sin ἐ, δέ) and an isometry F such that F(a) = 8. 


. Let a, 8: I - ἘΠ be congruent curves with x > 0. Show that there is 


only one isometry F such that F(a) = 8—unless 7 = 0, in which case 
there are exactly two. 


. (Continuation). Find the two isometries carrying the parabola a(t) = 


(νι, t’, 0) to the parabola B(t) = (--, ¢, ¢’). 


. If 8 is a unit-speed curve in Εὖ, then every unit-speed reparametriza- 


tion B of β has the form B(s) = B(+s + so). If β and B are congruent, 
this represents a symmetry in the common route of 8 and β. Prove that 
helical routes are completely symmetric. Explicitly, show that the 
helix β in Example 3.3 of Chapter II is congruent to every unit-speed 
reparametrization 8 by explicitly finding the isometry F = TC such 
that F (8) = β. 


. Two curves a: J — E’ and g: I — Εὖ have congruent routes provided 


there is an isometry F such that F(a) is a reparametrization of 8. 

(a) Show that unit-speed curves a and β have congruent routes if 
and only if there is a number 80 such that ka(s) = xg(es + 80) and 
Ta(S) = -erg(es + 80), where ¢ is either +1 or —1. 

(b) If a is the curve in Ex. 2 of II.4 show α and B = (ε΄, 6 72, t) 
have congruent routes. Exhibit the isometry F = TC and the re- 
parametrization needed to fulfill the definition. 

The following three exercises deal with curves in Εἰ. 


. Given any differentiablet function « on an interval J, prove that there 


is a unit-speed curve a in E’ such that κ is the curvature function of a. 
(Hint: Find an integral formula for a by reversing the order of results 
in Ex. 8 of II.3.) 


10. Find plane curves—in any convenient parametrization—for which 


t Even if « is merely continuous, we obtain a twice-differentiable curve. Sim- 
ilar results can be proved for curves in ΕΞ using systems of ordinary differential 
equations. See Willmore [3]. 
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(a) x(s) = 1/(1 + 8°), (b) x(s) = 1.5 (s > 0), where s is the 
are length. 


11. Prove that two unit-speed curves α and 8 in Εὖ are congruent if and 
only if κα = xg. 


6 Summary 


The basic result of this chapter is that an arbitrary isometry of Euclidean 
space can be uniquely expressed as an orthogonal transformation followed 
by a translation. Its main consequences are that the derivative map of an 
isometry F is at every point essentially just the orthogonal part of F, and 
that there is a unique isometry which carries any one given frame to 
another. Then it is a routine matter to test the concepts introduced earlier 
and discover which belong to Euclidean geometry, that is, which are pre- 
served by isometries of Euclidean space. Finally, we proved an analogue 
for curves of the well-known “side-angle-side,” “‘side-side-side”’ theorems 
on triangles from elementary plane geometry. Namely, we showed that 
curvature and torsion (and speed) provide a necessary and sufficient con- 
dition for two given curves to be congruent. Furthermore, the required 
isometry can be explicitly computed. 


CHAPTER IV 


Calculus on a Surface 


This chapter begins with the definition of a surface in E*® and with some 
standard ways to construct surfaces. Although this concept is a more-or- 
less familiar one, it is not as widely known as it should be that each surface 
has a differential and integral calculus strictly comparable with the usual 
calculus on the Euclidean plane E’. The elements of this caleulus—func- 
tions, vector fields, differential forms, mappings—belong strictly to the 
surface and not to the Euclidean space E’ in which the surface is located. 
Indeed, we shall see in the final section that this calculus survives un- 
damaged when ἘΠ is removed, leaving just the surface and nothing more. 


1. Surfaces in E° 


A surface in ἘΠ is, to begin with, a subset of Εὖ, that is, a certain collection 
of points of Ε΄. Of course, not all subsets are surfaces: We must certainly 
require that a surface be smooth and two-dimensional. We shall express 
this requirement in mathematical terms by the next two definitions. 


1.1 Definition A coordinate patch x: D — EF’ is a one-to-one regular 
mapping of an open set D of Εὖ into Ἐς. 


The image x(D) of a coordinate patch x—that is, the set of all values of 
x—is a smooth two-dimensional subset of ἘΠ (Fig. 4.1). Regularity (Defi- 
nition 7.9 of Chapter 1), for a patch as for a curve, is a basic smoothness 
condition; the one-to-one requirement is included to prevent x(D) from 
cutting across itself. Furthermore, in order to avoid certain technical 
difficulties (Example 1.7), we shall sometimes use proper patches, those 


for which the inverse function x ‘: x(D) -- D is continuous (that is, has 
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FIG. 4.1 


continuous coordinate functions ). If we think of D as a thin sheet of rubber, 
we can get x(D) by bending and stretching D in a not too violent fashion. 

To construct a suitable definition of surface we start from the rough 
idea that any small enough region in a surface M resembles a region in the 
plane E”. The discussion above shows that this can be stated somewhat 
more precisely as: Near each of its points, M can be expressed as the image of 
a proper patch. (When the image of a patch x is contained in M, we say 
that x is a patch in M.) To get the final form of the definition, it remains 
only to define a neighborhood NX of p in M to consist of all points of M whose 
Euclidean distance from p is less than some number e > 0. 


1.2 Definition A surface in ἘΠ is a subset M of ΕΠ such that for each point 
p of M there exists a proper patch in M whose image contains a neighbor- 
hood of p in M (Fig. 4.2). 


The familiar surfaces used in elementary calculus satisfy this definition; 
for example, let us verify that the unit sphere Σ in E’ is a surface. By defi- 
nition, = consists of all points at unit distance from the origin—that 1s, all 
points p such that 


Ip ll = ΟἹ, + pe? + ps’)? = 1. 


To check the definition above, we start by finding a proper patch in 2 
covering a neighborhood of the north pole (0, 0, 1). Note that by dropping 
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(u, v) «» (u, υ, 0) 


FIG. 4.3 


each point (qi, g2, 44) of ‘the northern hemisphere of 2 onto the zy plane 
at (q1, G2, 0) we get a one-to-one correspondence of this hemisphere with 
a disc D of radius 1 in the zy plane (see Fig. 4.3). If we identify this plane 
with E’ by means of the natural association (q:, g2, 0) «Ὁ (φι, q2), then ἢ 
becomes the disc in ΕΖ consisting of all points (u, v) such that εὖ + υἱ < 1. 


Expressing this correspondence as a function on D we find the formula 
x(u,v) = (u,v, ΨΊ — w — v?). 


Thus x is a one-to-one function from D onto the northern hemisphere 
of 2. We claim that x is a proper patch. The coordinate functions of x are 
differentiable on D, so x is a mapping. To show that x is regular, we com- 
pute its Jacobian matrix (or transpose) 


du ὃν of of 
du du du ou 
ou ὃν of of 
ὃν ὃν av av 


where f = ΨΊ — wu? — v®. Evidently the rows of this matrix are always 
linearly independent, so its rank at each point is 2. Thus by the criterion 
following Definition 7.9 of Chapter I, x is regular, and hence is a patch. 
Furthermore x is proper, since its inverse function x ':x(D) — D is given 
by the formula 


x (pi, D2, ps) = (Pi, Pe), 


hence is certainly continuous. Finally we observe that the patch x covers 
a neighborhood of p = (0,0,1) in S. Indeed it covers a neighborhood of 
every point q in the northern hemisphere (Fig. 4.4). 

In a strictly analogous way, we can find a proper patch covering each 


Sec. 1] 127 


ΡΙΟ. 4.4 


of the other five coordinate hemispheres of Z, and thus verify, by Definition 
1.2, that Σ is a surface. Our real purpose here has been to illustrate Defi- 
nition 1.2—we shall soon find a much quicker way to prove (in particular) 
that spheres are surfaces. 

The argument above shows that if f is any differentiable real-valued 
function on an open set D in E?, then the function x: ἢ — E’ such that 


x(u,v) = (u, v, f(u, v)) 


is a proper patch. We shall call patches of this type Monge patches. 

We turn now to some standard methods of constructing surfaces. Note 
that the image M = x(D) of just one proper patch automatically satisfies 
1.2; M is then called a simple surface. (Thus Definition 1.2 says that any 
surface in ΕΠ can be constructed by gluing together simple surfaces. ) 


1.3 Example The surface M: z = f(a, y). Every differentiable real- 
valued function f on Εὖ determines a surface M in E’: the graph of f, 
that is, the set of all points of Εὖ whose coordinates satisfy the equation 
z = f(z, y). Evidently M is the image of the Monge patch 


x(u,v) = (u,v, f(u, v)); 
hence by the remarks above, Μ is a simple surface. 


If g is a real-valued function on ΕΠ and ς is a number, denote by M: 
g = c the set of all points p such that g(p) = c. For example, if g is a tem- 
perature distribution in space, then M: g = c consists of all points of 
temperature c. There is a simple condition that tells when such a subset of 
Εὖ is a surface. 


1.4 Theorem Let g be a differentiable real-valued function on Εὖ, and c 
a number. The subset M: σία, y,z) = c of ἘΠ is a surface if the 
differential dg is not zero at any point of M. 

(In Definition 1.2 and in this theorem we are tacitly assuming that M 
has some points in it; thus the equation αὖ + y’ + Ζῇ = —~1, for example, 
does not define a surface. ) 
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ΟΝ Αϑο 


Ce? 


(pi, p2,0) «» (pi, p2) 


FIG. 4.5 


Proof. All we do is give geometric content to a famous result of advanced 
calculus—the implicit function theorem. If p is a point of M, we must find 
a proper patch covering a neighborhood of p in M (Fig. 4.5). Now 


_ 9 og og 
dg = ag + ay Ὁ Ἔ ae dz. 


Thus the hypcthesis on dg is equivalent to assuming that at least one of 
these partial derivatives is not zero at p, say (dg/dz)(p) = 0. In this case, 
the implicit function theorem says that near p the equation g(z, y, 2) = c¢ 
can be solved for z. More precisely, it asserts that there is a differentiable 
real-valued function A defined on a neighborhood D of (p1, po) such that 

(1) For each point (u, v) in D, the point (u, v, h(u, v)) lies in M; that 
is, g(u, v, h(u,v)) = c. 

(2) Points of the form (u, v, h(u, v)), with (uw, v) in D, fill a neighbor- 
hood of p in M. 

It follows immediately that the Monge patch x: ἢ — Εὖ such that 


x(u,v) = (u, v, h(u, v)) 


satisfies the requirements in Definition 1.2. Since p was an arbitrary point 
of M, we conclude that M 15 a surface. Ι 


When M: ᾳ = ς is a surface, M is said to be defined zmplicitly by the 
equation g = c. It is now very easy to prove that spheres are surfaces. The 
sphere Σ in E’ of radius r > Ὁ and center 6 = (c, Cz, 65) is the set of all 
points at distance r from ec. If g = Σ(; — c;)°, then Σ is defined impli- 
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citly by the equation g = τ΄. Now dg = 
ὩΣ (x; — c;)dx;, hence dg is zero only at 
the point c, which is not in 2. Thus Σ is 
a surface. 


Using this theorem and the notion of 
curve defined on page 20 we derive two 
well-known types of surfaces. 


1.5 Example Cylinders. As a line ZL, 
perpendicular to a plane P, moves along 
a curve C in P, it sweeps out a cylinder. For definiteness, let P be, say, 
the zy plane, so that L is always parallel to the z axis as in Fig. 4.6. If the 
curve Ο is given by 


C:f(z,y) =e in Ε΄, 


let f be the function on ΕΠ such that f(p1, p2, ps) = f(p1, po). Then the 
resulting cylinder is evidently given by 


M: f(x, y, 2) =e in Εὖ. 


The definition of curve on page 20 requires that at each point of C either 
of/dx or Of/dy is nonzero. Since 


af _ of 
ae (p1, D2, P3) = an (pi, D2); 


and similarly for 0/dy, it follows that dg is never zero at a point of M. 
Thus Μ is a surface. 


When C is a circle, we obtain a circular cylinder M: αὖ + y’ = r’ in Ἐς. 
In Example 1.5 we constructed a surface essentially by translating a 
curve; now we get one by rotating a curve. 


1.6 Example Surfaces of revolution. Let C be a curve in a plane P, 
and let A be a line in P which does not meet C. If this profile curve C is 
revolved around the axis A, it sweeps out a surface of revolution M in ἘΝ. 
We now check, using Theorem 1.4, that M really is a surface. For sim- 
plicity, assume that P is a coordinate plane and A is a coordinate axis— 
say the zy plane and zx axis, respectively. Since C must not meet A, we 
assume it is in the upper half (y > 0) of the zy plane. As C is revolved, 
each point (q1, gz, 0) of C gives rise to a whole circle of points 


(41, G2 COS V, 42 Sin v) in M, for Os v S 2π. 


Put in reverse, a point pp = (pi, po, p3) 18 in M τ and only 1 the point 
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p= (pr, νὰ + p;, 0) 
isin C (Fig. 4.7). 

If the profile curve is C: f(z, y) = c, we define a function g on E® by 
g(x, y, 2) = f(x, Vy? + 2). Then the argument above shows that the re- 
sulting surface of revolution is exactly M: σία, y, z) = c. Using the chain 
rule, it is not hard to show that dg is never zero on M, so M is a surface. 


The circles in M generated, under revolution, by each point of C are 
called the parallels of M, the different positions of C as it is rotated are 
called the meridians of M. This terminology derives from the geography of 
the sphere; however, a sphere is not a surface of revolution as defined above. 
Its profile curve must twice meet the axis of revolution, so two “parallels’’ 
reduce to single points. To simplify the statements of subsequent theorems 
we use a slightly different terminology in this case; see Exercise 12. 

The necessity of the properness condition on the patches in Definition 
1.2 is shown by the following example. 


1.7 Example Suppose that a rectangular strip of tin is bent into a fig- 
ure-8, as in Fig. 4.8. The configuration M which results does not satisfy 
our intuitive picture of what a surface should be, for along the axis A, M 
is not like the plane Εὖ but is instead like two intersecting planes. To ex- 
press this construction in mathematical terms, let D be the rectangle 
—x <u<17,0 <v <1in E’ and define x: ἢ -" ΕἾ by x(u, v) = (sin τ, 
sin 2u, v). It is easy to check that x is a patch, but its image M = x(D) is 


y 


FIG. 4.7 


FIG. 4.8 
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not a surface: x is not a proper patch. Continuity fails for x‘: M — ἢ 
since, roughly speaking, to restore M to D, x—' must tear M along the axis 
A (the z axis of Εὖ). 


By Example 1.6, the familiar torus of revolution T 1s a surface (Fig. 4.19). 
With somewhat more work, one could construct double toruses of various 
shapes, as in Fig. 4.9. By adding “‘handles” and “‘tubes”’ to existing surfaces 
one can—in principle, at least—construct surfaces of any desired degree 
of complexity (Fig. 4.10). 


EXERCISES 


1. None of the following subsets M of Εὖ are surfaces. At which points p 
is it impossible to find a proper patch in M that will cover a neighbor- 
hood of p in M? (Sketch M—formal proofs not required. ) 

(a) Cone M:2 = 2° + γ΄. 
(Ὁ) Closed dise M: 2° + y’ S$ 1,z = 0. 
(c) Folded plane M: zy = 0,2 = 0, y = 0. 
2. A plane in Ἐπ is a surface M: ax + by + cz = d, where the numbers a, 


ὃ, c are necessarily not all zero. Prove that every plane in ΕΠ may be 
described by a vector equation as on page 60. 


3. Sketch the general shape of the surface M: z = ax’ + by’ in each of 
the cases: 
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I 
Θ 


(a)}a>b>0 (ec) a>b 
(b)a>O>b (d)a=b=0. 


. In which of the following cases is the mapping x: Εὖ > Εὖ a patch? 


(a) x(u,v) = (u,w,v). (ec) χίῴω,υ) = (urwyo t+’). 

(Ὁ) x(u,v) = (wv, uv). (ἃ) x(u, v) = (cos 2ru, sin 2ru, v). 
(Recall that x is one-to-one if and only if x(u, v) = x(w, v,) implies 
(u, v) = (uu, v,).) 


. (a) Prove that M: (2? + y’)? + 32° = 1 is a surface. 


(Ὁ) For which values of c is M: z(z2 — 2) + zy = c a surface? 


. Determine the intersection z = 0 of the monkey saddle 


M:z = f(x,y), f=y’ — 3ye’, 


with the zy plane. On which regions of the plane is f > 0? f < 0? 
How does this surface get its name? 


. Let x: DE” be a mapping, with 


x(u, v) = (αι (u, v), v2 (u, v), X3(u, v)). 


(a) Prove that a point p = (pi, pe, ps) of E’ is in the image x(D) if 

and only if the equations 
ρι = 1(U, v) Po = Xo(uU, v) p3 = X3(U, v) 
can be solved for u and v, with (u, v) in D. 

(b) If for every point p in x(D) these equations have the unique 
solution: u = fir, 02; Ds), ie fal, P2; Ps), with (u, v) in D, 
prove that x is one-to-one and that x ':x(D) — D is given by the 
formula 


x (p) = (filp), fe(p)). 


. Let x: D > E’ be the function given by 


x(u, v) Ξ- (u’, Uv, v’) 


on the first quadrant D: u > 0, v > 0. Show that x is one-to-one and 
find a formula for its inverse function x‘: x(D) — D. Then prove 
that x is a proper patch. 


. Let x: ΕΞ > ΕἾ be the mapping 


x(u,v) = (ὦ - συ, — v, Uv). 


Show that x is a proper patch, and that the image of x is the surface 
M:2= (x — y’)/4. 
If F is an isometry of E* and M is a surface in E’, prove that the image 
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F(M) is also a surface in Ε΄. (Hint: If x is a patch in M, then the 
composite function F(x) is regular, since F(x)s = Fs» χὰ by Ex. 12 
of 1.7.) 


11. The assertion in Exercise 10 remains true when F is merely ἃ diffeo- 
morphism. Prove this special case: If F is a diffeomorphism of Ε΄, then 
the image of the surface M: g = cis M: g = c, where g = σί  ")-- 
and M is a surface. (Hint: If dg(v) ¥ 0 at pin M, show by using Ex. 9 
of 1.7 that dj (Fs νὴ) ¥ 0. 


12. If f is a differentiable function and f(z, y°) = e defines a curve C in 
the xy plane, then C is symmetric about the x axis and must cross this 
axis once (if C is an arc) or twice (if C is closed). Prove that revolving 
C about the x axis gives a surface M in Εὖ We call M an augmented 
surface of revolution: If the points on the axis are deleted, it becomes 
an ordinary surface of revolution (Fig. 4.11). 


2 Patch Computations 


In Section 1, coordinate patches were used to define a surface; now we con- 
sider some properties of patches that will be useful in studying surfaces. 

Let x: D — ΕΞ be a coordinate patch. Holding wu or v constant in the 
function (u, v) — x(u, v) produces curves. Explicitly, for each point 
(uo, vc) in D the curve 


u— x(uU, Vo) 
is called the u-parameter curve, v = vo, of x; and the curve 
υ — x(uo, Vv) 
is the v-parameter curve, u = uo (Fig. 4.12). | 
Thus the image x(D) is covered by these two families of curves, which 


are the images under x of the horizontal and vertical lines in D, and one 
curve from each family goes through each point of x(D). 
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v-parameter curves 


v 
uU = Uo 
E? (tuo , U9) u-parameter 
a curves 
x(D) ΕΣ 
x (Uo » Uo) vegies 
FIG. 4.12 
Xu(Uo , Yo) 2.1 Definition If x: ἢ - " Εὖ is 


a patch, for each point (uo, vo) in 
D: 

(1) The velocity vector at wu 
of the u-parameter curve, v = v9, 
is denoted by x,, (wo, vo). 

(2) The velocity vector at vu 

FIG, 4.13 of the v-parameter curve, u = Up, 
is denoted by x, (uo, vo). 

The vectors x, (uo, %) and x, (uo, vo) are called the partial velocities of x 
at (uo, vo) (Fig. 4.13). 


Thus x, and x, are actually functions on D whose values at each point 
(uo, vo) are tangent vectors to Ε΄ at x(uo, v0). The subscripts wu and v are 
intended to suggest partial differentiation. Indeed if the patch is given in 
terms of its Euclidean coordinate functions by a formula 


Xe (tho , Vo) 


x (u, v) = (αι (u, v), t2(U, v), x3 (u, v)), 
then it follows from the definition above that the partial velocity functions 


are given by 


νι = (288, 8 
“Neu ’ du’ du/s 


= Otte =) 

ΠΝ δυν᾽ dv’ dvJx 
The subscript x (frequently omitted ) is a reminder that x, (u, v) and x, (u, v) 
have point of application x(u, v). 


2.2 Example The geographical patch in the sphere. Let 2 be the sphere 
of radius r > 0 centered at the origin of E*. Longitude and latitude on the 
earth suggest a patch in Σ quite different from the Monge patch used on 
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Σ in Section 1. The point x(u, v) of Σ with longitude ὦ (--π < u < 7) 
and latitude v (—2/2 < v < 2/2) has Euclidean coordinates (Fig. 4.14). 


x(u, v) = (r cos v 605 U, 7 COS Ὁ SiN τ, Τὶ SiN v). 


With the domain D of x defined by these inequalities, the image x(D) 
of x is all of = except one semicircle from north pole to south pole. The 
u-parameter curve, v = Uo, is a circle—the parallel of latitude v. The 
v-parameter curve, u = Up, is a semicircle—the meridian of longitude wo. 

We compute the partial velocities of x to be 


x,(u, v) = r(—COs v sin 10, cos v cos U, 0) 
x,(u, v) = r(—sin v cos τὲ, —Ssin v sin U, COS v) 


where r denotes a scalar multiplication. Evidently x, always points due 
east, and x, due north. In a moment we shall give a formal proof that x is 
a patch in 2 (Fig. 4.15). 


To test whether a given subset M of ΕΠ is a surface, Definition 1.2 de- 
mands proper patches (and Example 1.7 shows why). But once we know 
that M is a surface, the properness condition need no longer concern us 
(Exercise 14 of Section 3). Furthermore, in many situations the one-to-one 
restriction on patches can also be dropped. 


2.3 Definition A regular mapping x: ἢ) — ΕΠ whose image lies in a surface 
M is called a parametrization of the region x(D) in M. 


(Thus a patch is merely a one-to-one parametrization.) In favorable 
cases this image x(D) may be the whole surface 1/7, and we have then the 
analogue of the more familiar notion of parametrization of a curve (p. 20). 
Parametrizations will be of first importance in practical computations with 
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X, (Uo , Yo) 


FIG. 4.15 


surfaces, so we consider some ways of determining whether a mapping 
x: D — E’ is a parametrization of (part of) a given surface M. 

The image of x must, of course, lie in Μ΄. Note that if the surface is given 
in the implicit form M:g = c, this means that the composite function g(x) 
must have constant value c. 

To test whether x is regular, note first that parameter curves and partial 
velocities x, and x, are well-defined for an arbitrary differentiable mapping 
x: ἢ - Εὖ Now the last two rows of the cross product 


U, Us. Us; 
OX, OX, O23 
x, Xx, =|du du du 
OX: O22 O23 
ov ὃν ὃυ 


give the (transposed) Jacobian matrix of x at each point. Thus the regu- 
larity of x is equivalent to the condition that x, X x, 7s never zero, or, by 
properties of the cross product, that at each point (u, v) of D the partial ve- 
locity vectors of x are linearly independent. 

Let us try out these methods on the mapping x given in Example 2.2. 
Since the sphere is defined implicitly by g = 2? + y’? + 2 = 7’, we must 
show that g(x) = 7’. Substituting the coordinate functions of x for x, y, and 
Ζ, we get 


Ι 


r—? g(x) = (cosv cos μ) + (cosy sin u)’ + sin’ u 


cos’v + sin’v = 1. 


A short computation using the formulas for x, and x, given in Example 
2.2 yields 


2 . 2 8 
r x, X x, = cosucosv U, + sin u οοϑν Up. + cos v sin v U3. 
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Since —x/2 < v < x/2 for the domain D of x, cos » is never zero there; 
but sin wu and cos wu are never simultaneously zero, so x, X Χυ 1S never zero 
on D. Thus x is regular, and hence is a parameterization. 

To show that x is a patch, we prove it is one-to-one, that is, show that 


x(u, v) = x(t, υι) implies (u,v) = (um, 1). If x(u, v) = χίωι, 0), then 
the definition of x gives three coordinate equations: 
r COS V COS U = 1 COS 2; COS Uy 
rcosvsinu = r COS 2, SIN % 
rsinv =r sin 2. 


Again, since —1/2 < v < x/2 for all points of D, the last equation 
implies that v = v,. Thus r cos v = r cos », > Ὁ may be cancelled from the 
first two equations and we conclude that u = w also. 

For this particular function x in 2, these results might almost be con- 
sidered obvious from the discussion in Example 2.2, but the methods used 
above will serve in more difficult cases. 

We shall now see how to find natural parametrizations in cylinders and 
surfaces of revolution. 


2.4 Example Parametrization of a cylinder M. Suppose, as in Ex- 
ample 1.5, that M is the cylinder over a curve C: f(z, y) = α in the ry 
plane (Fig. 4.16). If a = (αι, ας, 0) is a parametrization of C’, we assert 
that 


x (U, v) ay (αι (u), αὐ (1), v) 


(a1(u), o2(u), 0) 
FIG. 4.16 
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is a parametrization of M. Clearly x lies in M, covers all of M, and is differ- 
entiable. Furthermore x is regular, for at each point (u, v) the partial 


velocities 
ΓΟ 
“ Ἀάμ ’? du’ 


Xy = (0, 0, 1) 


are linearly independent (x, is never zero, since a is by definition regular). 
If the curve a is defined on an interval J, the domain of x is the vertical 
strip D: u in I, v arbitrary. (Thus if J is the whole real line, D is Εὖ.) The 
u-parameter curves of x are merely translates of C and are called the 
cross-sectional curves of the cylinder. The v-parameter curves follow the 
straight lines called the rulings (or ‘‘elements’’) of the cylinder. If C is not 
a closed curve, then a—and hence also x—is one-to-one, so x is a patch. 
But if C is closed, x wraps D an infinite number of times around C. 


2.5 Example Parametrization of a surface of revolution. Suppose that 
M is obtained, as in Example 1.6, by revolving a curve C in the upper half 
of the xy plane about the z axis. Now let 


a(u) = (g(u), h(u), 0) 


be a parametrization of C (note that h > 0). As we observed in Example 
1.6, when the point (g(u), h(u), 0) on the profile curve C has been rotated 
through an angle v, it reaches a point x(u, v) with the same x coordinate 
g(u), but new y and z coordinates h(u) cos v and h(u) sin v, respectively 
(Fig. 4.17). Thus 


x(u,v) = (g(u), h(u) cos v, h(u) sin v) 


(g(u), h(u), 0) 


FIG, 4.17 
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Evidently this formula defines a mapping into M whose image is all of M. 
A short computation shows that x, and x, are always linearly independent, 
so x is a parametrization of M. As in Example 2.4, the domain D of x con- 
sists of all points (u, v) for which wu is in the domain of a. The u-parameter 
curves of x parametrize the meridians of M; the v-parameter curves, the 
parallels. (Thus the parametrization x: D — M is never one-to-one.) 


Obviously we are not limited to rotating curves in the zy plane about 
the x axis. But with other choices of coordinates, we maintain the same 
geometric meaning for the functions g and h: g measures distance along 
the axis of revolution, while h measures distance from the axis of revolu- 
tion. 

Actually the geographical patch in the sphere is one instance of Example 
2.5 (with uw and v reversed); here is another. 


2.6 Example Torus of revolution T. This is the surface of revolution 
obtained when the profile curve C is a circle. Suppose that C is the circle 
in the zz plane with radius r > Ὁ and center (R, 0, 0). We shall rotate 
about the z axis; hence we must require R > r to keep C from meeting 
the axis of revolution. A natural parametrization (Fig. 4.18) for C is 


a(u) = (R+recosu,rsinu). 


Thus by the remarks above we must have g(u) = r sin τι, distance along 
the z axis, and h(u) = R - r cos τι, distance from the z axis. The general 
argument in Example 2.5—-with coordinate axes permuted—then yields the 
parametrization 


x(u,v) = (h(u) cos v, h(u) sin v, g(u)) 
= ((R+7rcosu) cosv, (R + r cos u) sin v, r sin wu). 


The domain of x is the whole plane E’, and (as always when the profile 
curve is closed) x is periodic in both u and v. Here 


x(u + 27,0 + 27) = x(u, v) for all (u, v). 
There are infinitely many different parametrizations (and patches) in 


Ζ 


R 


FIG 4.18 FIG, 4.19 
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any surface. Those we have discussed have been singled out by the natural 
way they are fitted to their surfaces. 


EXERCISES 


1]. Find a parametrization for the entire surface obtained by revolving: 
(a) C: y = cosh x around the z axis (catenoid). 
(b) C: (ὦ — 2) + y’ = 1 around the y axis (torus). 
(c) C: 2 = 2’ around the z axis (paraboloid of revolution). 
2. Partial velocities x, and x, are defined for an arbitrary mapping x: 
D -- E’, so we may consider the real-valued functions | 
E = Xy,°Xy, F = Xy,°Xy G = Xy*Xy 
on D. Prove 
|x. X x, |’ = EG — FP’. 


Deduce that x is a regular mapping if and only if EG — Γ᾿ is never 
zero. (This is often the easiest way to check regularity. The geometric 
significance of these functions is discussed in V.4). 
3. Show that 
M:(Ve+y—4) +2 =4 

is a torus of revolution: Find a profile circle and the axis of revolution. 

A ruled surface is a surface swept out by a straight line L moving 
along a curve 8. The various positions of the generating line LZ are 
called the rulings of the surface. Such a surface thus always has a 
parametrization in ruled form 


x(u,v) = B(u) +vd(u) or Biv) + usr) 
where we call 8 the base curve, ὃ the director curve. Alternatively we 
may vizualize 6 as a vector field on 8. Frequently it is necessary to 
restrict v to some interval, so the rulings may not be entire straight 
lines. 
4. Show that the saddle surface M: z = xy is doubly ruled: Find two 
ruled parametrizations with different rulings. 
5. A cone is a ruled surface with parametrization of the form 
x(u,v) =p +vd(u). 
Thus all rulings pass through the vertex p (Fig. 4.20). Show that the 
regularity of x is equivalent to both v and ὃ X δ΄ never zero. (Thus the 
vertex is never part of the cone.) 
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FIG. 4.20 FIG. 4.21 


6. A cylinder is a ruled surface with parametrization of the form 
x(u,v) = B(u) + vq. 


Thus the rulings are all parallel (Fig. 4.21). Prove that the regularity 
of x is equivalent to β΄ Χ q never zero. Show that this definition 
generalizes Example 2.4. 


7. A line L is attached orthogonally to an axis A (Fig. 4.22). If L moves 
along A and rotates—both at constant speed—then L sweeps out a 
helicoid Η. 

If A is the z axis, then H is the image of the mapping x: E? > E’ such 
that 


x(u,v) = (u cos v, u sin v, bv) 
(ὃ ¥ 0). Ζ 


(a) Prove that x is a patch. 
(b) Describe the parameter curves 


of x. | 
(6) Express the helicoid inimplicit (θ, 0, ὃν 
form g = 6. 


8. (a) Show that x: ἢ - Εὖ isa reg- 
ular mapping, where 


x(u,v) = (u cos v, τι, sin v) 


ψ 
D: ΓΝ ὁ 
on D:u > 0. (u cos v, usin v, 0) 
(0) Find a function σία, y, 2) such z 


that the image of x is the sur- FIG. 4.22 
face M:g = 0. 

(c) Show that ΠΗ͂ is a ruled surface and sketch M. (Hint: Begin with 
the curve sliced from M by the plane y = 1.) 


9. Let 6 be a unit-speed parametrization of the unit circle in the zy plane. 
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Construct a ruled surface as follows: Move a line L along 8 in such a 
way that L is always orthogonal to the radius of the circle and makes 
constant angle 1/4 with β΄ (Fig. 4.23). 

(a) Derive this parametrization of the resulting ruled surface M: 


x(u,v) = B(w) + υ(β΄ (ω) + Us). 


(Ὁ) Express x explicitly in terms of v 
and coordinate functions for 8. 

(c) Deduce that M is given implicitly 
by the equation 

α΄ - υἱ -- ' - 1. 

(d) Show that if the angle 7/4 above 
is changed to —2/4, the same surface M results. Thus M is 
doubly ruled. 


(e) Sketch this surface M showing the two rulings through each of 
the points (1, 0, 0) and (2, 1, 2). 


A quadric surface is a surface M: g = Ο for which g involves at most 
quadratic terms in 2, x2, x3—that is, 


g = De i σι) Γ >; δὲ AP: 
1,2 a 


FIG, 4.23 


Trivial cases excepted, there are just five types of quadric surfaces, repre- 
sented by the familiar surfaces in the next three examples (see Theorem 
2.2, p. 280, Birkhoff and MacLane [2]). 


10. In each case, (i) prove that M is a surface and sketch its general 
shape, (11) show that x is a parametrization and find its image in M. 
2 2 


2 
(a) Hllipsoid, Μ: 7+ ἐς πε =1 


x(u, v) = (a cos u cos v, ὃ cos u sin v, ¢ sin uv) 
on D: —7r/2 <u < π72. 
xr yf 2° 

(b) Elliptic hyperboloid, M: a + a πὰ 1 

x(u, v) = (a cosh u cos v, ὃ cosh ὦ sin », 6 sinh u) on E’, 

2 2 2 

(c) Elliptic hyperboloid (two sheets), M: a ++ a -- ᾿ = -- 

x(u,v) = (asinh τ cos ν, ὃ sinh wu sin v, 6 cosh u) on D:u ¥ 0. 


2 2 
11. Klliptic paraboloid, M: z = “3 + a ; 


(a) Show that M is a surface, and that 
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x(u,v) = (aucos», busin», εὖ), u> Od, 


is ἃ parametrization that omits only one point of M. 
(b) Describe the parameter curves of x in general, and sketch this 
surface fora = 1, ὃ = 4, showing some parameter curves. 


2 2 
12. Hyperbolic paraboloid, M: z = 5 — ἊΣ 


(a) Show that x: E? > E’ is a proper patch covering all of Μῖ, where 
x(u,v) = (a(u + v), b(u — v), 4ur). 


(Ὁ) Show that M is a doubly ruled surface by rewriting x in ruled 
form in two different ways. 
(c) Same as (Ὁ) of Exercise 11. 


. Let Μ be the surface of revolution obtained by revolving the curve 
t— (g (t), h(t), 0) about the z axis (h > 0). Show that 
(a) If σ΄ is never zero, M has a parametrization of form 


x(u,v) = (u, f(u) cos νυ, f(u) sin v). 
(Ὁ) If h’ is never zero, M has a parametrization of form 


x(u,v) = (f(u), u cos v, u sin v). 


393 Differentiable Functions and Tangent Vectors 


We now begin an exposition of the calculus on a surface M in Ε΄. The 
space Εὖ will gradually fade out of the picture, since our ultimate goal is a 
calculus for M alone. Generally speaking, we shall follow the order of topics 
in Chapter I, making such changes as are necessary to adapt the calculus 
of the plane Εὖ to a surface M. 

Suppose that f is a real-valued function defined only on a surface M. 
If x: D — M is a coordinate patch in M, then the composite function 
f(x) is called a coordinate expression for f; it is an ordinary real-valued 
function (u,v) — f(x(u, v)). We define f to be differentiable provided all its 
coordinate expressions are differentiable in the usual Euclidean sense 
(Definition 1.3 of Chapter I). 

For a function F': Εὖ — M, each patch x in M gives a coordinate expres- 
ston x (F) for F. Evidently this composite function is defined only on the 
set © of all points p of Ε΄ such that F(p) is in x(D). Again we define F 
to be differentiable provided all its coordinate expressions are differentiable 
in the usual Euclidean sense. [We must understand that this includes the 
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requirement that © be an open set of E”, so that the differentiability of 
x '(F): © -- E’ is well-defined, as in Section 7 of Chapter I.] 

In particular, a curve a: | — M in a surface M is, as before, a differentia- 
ble function from an open interval J into M. 

To see how this definition works out in practice, we examine an important 
special case. 


3.1 Lemma If a is a curve a: 7 — M whose route lies in the image x(D) 
of a single patch x, then there exist unique differentiable functions a1, ας 
on J such that 


a(t) = x(a, (t), ae(t)) for all ¢ 
or, in functional notation, a = χίαι, a2). (See Fig. 4.24. ) 
Proof. By definition, the coordinate expression x ‘a: J -- ἢ is differentia- 


ble—it is just a curve in ΕΠ whose route lies in the domain D of x. If a1, a 
are the Euclidean coordinate functions of x ‘a, then 


5:0} 
a = Xx a = x(q, a). 
These are the only such functions, for if a = x(b1, be), then 
(a1, Ae) = x ἴα = x x(by, be) = (b1, be). i 


These functions a, a2 are called the coordinate functions of the curve a 
with respect to the patch x. For example, the curve α given in (3) of Exam- 
ple 4.2, Chapter I, lies in the part of the sphere Σ of radius 2 that is covered 
by the patch x given in Example 2.2. Observe that this curve moves so as 
to have equal longitude and latitude at each point. In fact its coordinate 
functions with respect to x are a,(t) = a(t) = ἐ, since by the formula 
for x, 


x(a, (t), a2(t)) = x(t, t) = 2(cos’t, cos ἐ sin ἐ, sin t) = a(t). 


For an arbitrary patch x: D — M (as in the case just considered ) it is 


υ a(t)= χ(αι(ἐ), a2(¢)) 
(a,(t), ae(t)) : ate My 
- | ee el 
(αι ᾿ a2 a . 
as a 
( 7 ) 


FIG. 4.24 
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natural to think of the domain D as a map of the region x(D) in M. The 
functions x and x establish a one-to-one correspondence between objects 
in x(D) and objects in D. If a curve a in x(D) represents the voyage of a 
ship, the coordinate curve (αι, a2) plots its position on the map D. 

A rigorous proof of the following rather technical fact requires the meth- 
ods of advanced calculus, and we shall not attempt to give a proof here. 


3.2 Theorem Let M be asurface in Εὖ. If F: E” > E’ is a (differentiable) 
mapping whose image lies in M, then considered as ἃ function F: E” > M 
into M, F is differentiable (as on p. 143.) 


This theorem links the calculus of M tightly to the calculus of Εὖ. For 
example, it implies the “obvious” result that a curve in Εὖ which lies in 
M is a curve of M. 

Since a patch is a differentiable function from (an open set of) E’ into 
Ε΄ it follows that a patch is a differentiable function into M. Hence its 
coordinate expressions are all differentiable, so patches overlap smoothly. 


3.3 Corollary If x and y are patches in a surface M in Εὖ whose images 
overlap, then the composite functions x ‘y and y x are (differentiable) 
mappings defined on open sets of E’. 


(The function y ‘x, for example, is defined only for those points (u, v) 
in D such that x(u, v) lies in the image y(£) of y (Fig. 4.25). 
By an argument like that for Lemma 3.1, Corollary 3.3 can be rewritten. 


3.4 Corollary If x and y are overlapping patches in M, then there exist 
unique differentiable functions ὦ and 6 such that 
y(u,v) = x(u(u,v), 5(u,v)) 
for all (u,v) in the domain of x ‘y. In functional notation: y = x(d, δ). 


There are, of course, symmetrical equations expressing x im terms of y. 
Corollary 3.3 makes it much easier to prove differentiability. For exam- 
ple, if f is a real-valued function on M, instead of verifying that all coordi- 


x 
1 


| JZ 


x 
2 


FIG. 4.25 
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nate expressions f(x) are Euclidean differentiable, we need only do so for 
enough patches x to cover all of M (so a single patch will often be enough). 
The proof is an exercise in checking domains of composite functions: 
For an arbitrary patch y, fx and x “y differentiable imply fxx ‘y differen- 
tiable. This function is in general not fy, because its domain is too small. 
But since there are enough x’s to cover M, such functions constitute all 
of fy, and thus prove it is differentiable. 

It is intuitively clear what it means for a vector to be tangent to a 
surface M in E’. A formal definition can be based on the idea that a curve in 
M must have all its velocity vectors tangent to M. 


3.5 Definition Let p be a point of a surface M in Εὖ A tangent vector 
v to Εὖ at p is tangent to M at p provided v is a velocity vector of some 
curve in M (Fig. 4.26). 


The set of all tangent vectors to M at p is called the tangent plane of M 
at p, and is denoted by 7, (771). The following result shows, in particular, 
that at each point p of M the tangent plane Τ', (1) is actually a two-dimen- 
sional vector subspace of the tangent space T,, (E’). 


3.6 Lemma Let p be a point of a surface M in E’, and let x be a patch 
in M such that x(uo, v) = p. A tangent vector vy to Εὖ at p is tangent 
to M if and only if v can be written as a linear combination of x,,(uo, 9) 
and Xy (tbo, Uo). 


Since partial velocities are always linearly independent, we deduce that 
they provided a basis for the tangent plane of M at each point of x(D). 


Proof. Note that the parameter curves of x are curves in M, so these 
partial velocities are tangent to M at p. 

First suppose that v is tangent to M at p; thus there is a curve a in M 
such that a(0) = p and a (0) = v. Now by Lemma 3.1, a may be written 
a = x(q, de); hence by the chain rule 


FIG. 4.26 
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a = x, (a1, a2) a Ἕ Xp (a1, az) dt 


But since a(0) = p = x(uo, vo), we have a,(0) = wo, a2(0) = v. Hence 
evaluation at ¢ = 0 yields 


om os 


a’ (0) = (0) Xx,( Uo, Uo) + --- (0) X» (to, Uo). 


Conversely, suppose that a tangent vector v to Εὖ can be written 
V = CXu(to, Vo) + CeXy (to, V0). 
By computations as above, v is the velocity vector at t = 0 of the curve 
t — x(uo + te, vo + ter). 
Thus v is tangent to M at p. | 


A reasonable deduction, based on the general properties of derivatives, 
is that the tangent plane 7", (7) is the linear approximation of the surface 
M near p. 


3.7 Definition A Euclidean vector field Z on a surface M in E’ is a func- 
tion that assigns to each point p of M a tangent vector Z(p) to Εὖ at p. 


A Euclidean vector field V for which each vector V (p) is tangent to M 
at p is called a tangent vector field on M (Fig. 4.27). Frequently these vector 
fields are defined, not on all of M, but only on some region in M. As usual, 
we always assume differentiability (Exercise 12). 

A Euclidean vector z at a point p of M is normal to M if it is orthogonal 
to the tangent plane 7, (7 )—that is, to every tangent vector to VM at p. 
And a Euclidean vector field Z on M is a normal vector field on M provided 
each vector Z(p) is normal to M. 

Because Τ, (Μὴ is a two-dimensional subspace of Τ' (ΕἾ), there is only 
one direction normal to M at p: All normal vectors z at p are collinear. 


Z(p) 


FIG. 4.27 
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Thus if z is not zero, it follows that 7,(M) consists of Dieeey those vectors 
in Τ, (ΕἾ that are orthogonal to z. 

It is particularly easy to deal with tangent and normal vector fields on a 
surface given in implicit form. 


es 8 Lemma If M:g = c is a surface in Εὖ then the gradient vector field 
= ΣᾺ (dg/dx;)U; (considered only at ποίει of M) is a nonvanishing 
aa vector field on the entire surface M. 


Proof. The gradient is nonvanishing (that is, never zero) on M since by 
Theorem 1.4 the partial derivatives dg/dx; cannot simultaneously be 
zero at any point of M. 

We must show that (Vg)(p)-v = 0 for every tangent vector v to M 
at p. First note that if a is a curve in M, then g(a) = g(a, a2, a3) has 
constant value c. Thus by the chain rule 


0g da; _ 
» ax, (a) ae = 0. 
Now choose a to have initial velocity 


α΄ (0) = v = (u%, %, 03) 


at a(0) = p. Then 


0= © (a(o)) (0) = 58 


= (Vg)(p)-v =0. J 


2 


3.9 Example Vector fields on the sphere 3: g = 22; = τ΄. 
shows that 


The lemma 


X= 35Vg = 22U; 


is a normal vector field on Σ (Fig. 4.28). This is geometrically evident, since 
ΧΑ) = 2 p:U;(p) is the vector p with point of application p! It follows 
by a remark above that v, is tangent to Σ if and only if the dot product 


X(p) = pp 


FIG. 4.28 
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Vp*Pp = vep is zero. Similarly a vector field V on Σ is a tangent vector 
field if and only if V-X = 0. For example, V(p) = (— pz, ρι, 0) defines 
a tangent vector field on 2 that points “due east’’ and vanishes at the north 
and south poles (0, 0, ΞΕ 7). 

We must emphasize that only the tangent vector fields on M belong to 
the calculus of M itself, since they derive ultimately from curves in M 
(Definition 3.5). This is certainly not the case with normal vector fields. 
However, as we shall see in the next chapter, normal vector fields are quite 
useful in studying M from the viewpoint of an observer in ΕΝ, 

Finally, we shall adapt the notion of directional derivative to a surface. 
Definition 3.1 of Chapter I uses straight lines in Εὖ, thus we must use the 
less restrictive formulation based on Lemma 4.6 of Chapter I. 


3.10 Definition Let v be a tangent vector to M at p, and let f be a differ- 
entiable real-valued function on M. The derivative v[f] of f with respect to v 


is the common value of (d/dé) (fa) (0) for all curves a in M which have 
initial velocity v. 


Directional derivatives on a surface have exactly the same linear and 
Leibnizian properties as in the Euclidean case (Theorem 3.3 of Chapter I). 


EXERCISES 


1. Let x be the geographical patch in the sphere = (Ex. 2.2). Find the 
coordinate expression f(x) for the following functions on 2: 
(8) Ὁ) =p +p, (b) 70) = Gi — m)’ + ps. 
2. Let x be the parametrization of the torus given in Example 2.6. 
(a) Find the Euclidean coordinates a, ας, a3 of the curve a(t) = x(t, t). 
(b) Show that a is periodic, and find its period (see p. 20). 
3. (a) Prove Corollary 3.4. 
(b) Derive the “chain rule” 
Ou Ov Ou Ov 


Yu = a Xu Τ δι, δ’ Ye = τὸ Xu tah 


where x, and x, are evaluated on (%,5). 


(6) Deduce that y. X y, = Jx. X x,, where J is the Jacobian of the 
mapping x y = (a,5): DOE’. 
4. Let x be a patch in M. 
(a) If xs is the derivative map of x (1.7), show that 
Xt (13) = x. =x (U2) = xy 


where U,, U2 is the natural frame field on E’. 
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(b) If f is a differentiable function on M, prove 


δ δ 


. Prove that: 


(a) v is tangent to M: z = f(z, y) at a point p of M if and only if 
ὁ ὃ 
U3 = ΟἹ (ps, p2) V1 + δ᾽ (Pu D2) V2. 


(b) if x is a patch in an arbitrary surface M, then v is tangent to M 
at x(u, v) if and only if 


vex, (u,v) X x,(u,v) = 0. 


. Let x and y be the patches in the unit sphere = that are defined on the 


unit disc ἢ: u* + υ < 1 by 
x(u,v) = (u,v, fluy)) yuo) = (v, fur), u) 

where f = ΨΊ — μὲ — 0°. 

(a) On a sketch of Σ indicate the images x(D) and y(D), and the 
region on which they overlap. 

(Ὁ) At which points of D is y ‘x defined? Find a formula for this 
function. 

(6) At which points of D is x ‘y defined? Find a formula for this 
function. 


. Find a nonvanishing normal vector field on 777: z = xy and two tangent 


vector fields that are linearly independent at each point. 


. Let C be the right circular cone parametrized by 


x(u,v) = v(cos u, sin u, 1). 


If a is the curve a(t) = x(v/2t, οἷ) 

(a) Express a’ in terms of x, and x,. 

(Ὁ) Show that at each point of a, the velocity a bisects the angle 
between x, and x,. (Hint: Verify that a’ «x,/|| x, || = α΄ +x,/|| x, |], 
where x, and x, are evaluated on (+/2t, e’).) 

(6) Make a sketch of the cone C showing the curve a. 


. If z is a nonzero vector normal to M at p, let T7,(M) be the plane 


through p orthogonal to z (see page 60). Prove: 

(a) If each tangent vector v, to M at p is replaced by its tip p + v, 
then T,(M) becomes 7,(M). (Thus 7,(M) gives a concrete 
representation of Τ', (J) in Εὖ) 

(b) If x is a patch in M, then Ty.) (M) consists of all points r in ΕΠ 
such that (τ — x(uy))*x,(u,v) X x,(u,v) = 0. 
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(c) If M is given implicitly by g = ς, then T,(M ) consists of all 


(M 

points r in E* such that (r — p)+(Vg) (p) = 0. 

10. In each case find an equation of the form ar + by 
plane 7',(M). 


(a) p = (0, 0, 0) and M is the sphere 
x+y + %z-1) = 
(b) p = (1, —2, 3) and M is the ellipsoid 


+ cz = d for the 


aie 


yy Zz 
£ ig ag 


(6) p = x(2, 1/4), where M is the helicoid parametrized by 


x(u, v) = (ὦ cos v, u sin », 2v). 


11. (Continuation of Exercise 2). 

(a) If m and n are integers with greatest common divisor 1, show that 
a(t) = x(mt, nt) is a simple closed curve on the torus, and find 
its period. 7 

(b) If g is an irrational number, show that the curve a: R — T such 
that a(t) = x(t, gt) is one-to-one. 

This curve, called a winding line on the torus T, is dense in 

T; that is, given any number ec > 0, a comes within distance e 
of every point of 7. 


12. A Euclidean vector field Z = δ᾽ z;U; on M is differentiable provided 
its coordinate functions 2, 22, 2; (on M) are differentiable. If V is a 
tangent vector field, show that 
(a) For every patch x: ἢ — M, V can be written as 


V(x(u,v)) = f(u,v)xu (u,v) + g(u, v)x» (u,v) 


(b) V is differentiable if and only if the functions f and g (on D) are 
differentiable. 


The following exercises require some knowledge of point-set topology. 
They deal with open sets in a surface M in E’, that is, sets αἱ in M which 
contain a neighborhood in M of each of their pointe 


13. Prove that if y: Καὶ -- M is a proper patch, then y carries open sets in 
& to open sets in M. Deduce that if x: ἢ — M is an arbitrary patch, 
then the image x(D) is an open set in M. (Hint: To prove the latter 
assertion, use Corollary 3.3.) 


t That is, show a(t’) = a(é) if and only if t’ — tis a multiple of the period p. 
Roughly speaking, this means the route of a is O-shaped rather than, say, 8-shaped. 
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14. Prove that every patch x: ἢ — M in a surface M in ἘΠῚ 15 proper. 
(Hint: Use Exercise 13. Note that (x ‘y)y~ is continuous and agrees 
with x * on an open set in x(D).) 


15. If U is a subset of a surface M in E’, prove that αἰ is itself a surface 
in FE’ if and only if u is an open set of M. 


4 Differential Forms on a Surface 


In Chapter I we discussed differential forms on ΕΠ only in sufficient detail 
to take care of the Cartan structural equations (Theorem 8.3 of Chapter 
IT). In the next three sections we shall give a rather complete treatment of 
forms on a surface. 

Forms are just what we need to describe the geometry of a surface 
(Chapters VI and VII), but this is only one example of their usefulness. 
Surfaces and Euclidean spaces are merely special cases of the general notion 
of manifold (Section 8). Every manifold has a differential and integral 
calculus—expressed in terms of forms—which generalizes the usual ele- 
mentary calculus on the real line. Thus forms are fundamental to all the 
many branches of mathematics and its applications that are based on cal- 
culus. In the special case of a surface, the calculus of forms is rather easy, 
but still gives a remarkably accurate picture of the most general case. 

Just as for Εὖ, a 0-form f on a surface M is simply a (differentiable) real- 
valued function on M, and a 1-form @ on M is a real-valued function on 
tangent vectors to M that is linear at each point (Definition 5.1 of Chapter 
I). We did not give a precise definition of 2-forms in Chapter I, but we shall 
do so now. A 2-form will be a two-dimensional analogue of a 1-form: a real- 
valued function, not on single tangent vectors, but on pairs of tangent 
vectors. (In this context the term “pair” will always imply that the tangent 
vectors have the same point of application.) 


4.1 Definition A 2-form ἡ on a surface M is a real-valued function on all 
ordered pairs of tangent vectors v,w to M such that 

(1) 7(v,w) is linear in v and in w. 

(2) nl(v,w) = —7(w,v). 


Since a surface is two-dimensional, all p forms with p > 2 are zero, by 
definition. This fact considerably simplifies the theory of differential forms 
on a surface. 

At the end of this section we will show that our new definitions are con- 
sistent with the informal exposition given in Chapter I, Section 6. 

Forms are added in the usual pointwise fashion; we add only forms of 
the same degree p = 0, 1, 2. Just as we evaluated a 1-form ¢ on a vector 
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field V, we now evaluate a 2-form 7 on a pair of vector fields V, W to get a 
real-valued function »(V,W) on the surface M. Of course we shall always 
assume that the forms we deal with are differentiable—that is, convert 
(differentiable) vector fields into differentiable functions. 

Note that the alternation rule (2) in Definition 4.1 implies that 


n(v,v) = 0 


for any tangent vector v. This rule also shows that 2-forms are related to 
determinants. 


4.2 Lemma Let » be a 2-form on a surface M, and let v and w be (line- 
arly independent) tangent vectors at some point of Μ΄. Then 


a 
n(av + bw, cv + dw) = 
ς 


b 
n(v, w) 
d 


Proof. Since 7 is linear in its first variable, its value on the pair of tangent 
vectors av + bw, cv + dw is an(v, cv + dw) + dn(w, cv + dw). Using 
the linearity of ἡ in its second variable, we get 


ac n(v,v) + adn(v,w) + be n(w,v) + bd n(w,w). 
Then the alternation rule (2) gives 


n(av + bw, cv + dw) = (ad — bc) n(v,w). 7 


Thus the values of a 2-form on all pairs of tangent vectors at a point 
are completely determined by its value on any one linearly independent pair. 
This remark is used frequently in later work. 

Wherever they appear, differential forms satisfy certain general proper- 
ties, established (at least partially) in Chapter I for forms on E®. To begin 
with, the wedge product of a p-form and a q-form is always a (p + q)-form. 
If p or q is zero, the wedge product is just the usual multiplication by a 
function. On a surface, the wedge product is always zero if p+q> 2. ὅο 
we need ἃ definition only for the case p = ᾳ = 1. 


4.3 Definition If and y are 1-forms on a surface M, the wedge product 
@ A wis the 2-form on M such that 
(φ A ¥)(v,w) = o(v) YW) — o(w) ¥(v) 
for all pairs v, w of tangent vectors to M. 
Note that ¢ A yw really is a 2-form on M, since it is a real-valued function 
on all pairs of tangent vectors and satisfies the conditions in Definition 4.1. 


The wedge product has all the usual algebraic properties except commuta- 
tivity; in general, if ἕξ is a p-form and ἡ is a q-form, then 


EA = (—-1)"  ξ. 
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On a surface the only minus sign occurs in the multiplication of 1-forms, 
where just as in Chapter I, we haved A Wy = —YPa φ. 

The differential calculus of forms is based on the exterior derivative d. 
For a 0-form (function) f on a surface, the exterior derivative is, as before, 
the 1-form df such that df(v) = v[f]. Wherever forms appear, the exterior 
derivative of a p-form is a (p + 1)-form. Thus for surface the only new 
definition we need is that of the exterior derivative d¢ of a 1-form φ. 


4.4 Definition Let ¢ be a 1-form on a surface M. Then the exterior de- 
rivative dp of φ is the 2-form such that for any patch x in M, 


ἀφίχ,, Χυ) =o = (o(x,)) τ τ ᾿ (o(x,)). 


As it stands, this is not yet a valid definition; there is a problem of con- 
sistency. What we have actually defined is a form d,¢ on the image of each 
patch x in M. So what we must prove is that on the region where two patches 
overlap, the forms d,¢ and dy¢ are equal. Only then will we have obtained 
from ¢ a single form ἀφ on M. 


4.5 Lemma Let ¢ be a 1-form on M. If x and y are patches in M, then 
dx = dy on the overlap of x(D) and y(£). 


Proof. Because y,, and y, are linearly independent at each point, it suf- 
fices by Lemma 4.2 to show that 


(dy) (Yuyv) = (deb) (Yusyo). 


Now as in Corollary 3.4, we write y = x(%d,d) and, as in an earlier exercise, 
deduce by the chain rule that 


Ou Ov 


Vu a ti 
"ὦ as (1) 
U v 

yo = ay X* + By 


where x, and x, are henceforth evaluated on (u,v). Then by Lemma 4.2, 


(dO) (Ywyo) = J (dx) (Xu,Xv) (2) 


where J is the Jacobian (d%/du)(d0/dv) — (d%/dv)(d0/du). Thus it is 
clear from Definition 4.4 that to prove (dy) (yu,yo) = (ἀ,Φ) (ywy), all we 
need is the equation 


6 6 δ δ 
τ (φγ.) eo ( dy.) Ξε ὦ9 ‘2 (φχ,) — 3 (oxs)| . (3) 


It suffices to operate on (0/du) (y,), for merely reversing wu and v will 
then yield (0/dv) (@y,). Since (3) requires us to subtract these two deriva- 
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tives, we can discard any terms that will cancel when u and v are everywhere 
reversed. 
Applying ¢ to the second equation in (1) yields 


Ou Ov 
b( yo) τες φίχ,) ap + φίχ, a 
Hence by the chain rule, 
δ 8 Ou δ δῦ 
ἢ (φν.) ΞΞ au (φχ,) ap + 55 (φχ,) ay > Fs (4) 


where in accordance with the remark above we have discarded two sym- 
metric terms. Next we use the chain rule—and the same remark—to get 


6) 6) OD Ou 0 δὰ OD 

au (φν.) ΞΞ (2 (x, ea xl ) ὃν +(2 (φχ.) τ + ΘῈΣ (5) 

Now reverse u and v in (5) (and also @ and δ) and subtract from (5) 
itself. The result is precisely equation (3). i 


It is difficult to exaggerate the importance of the exterior derivative. We 
have already seen in Chapter I that it generalizes the familiar notion of dif- 
ferential of a function, and that it contains the three fundamental deriva- 
tive operations of classical vector analysis (Exercise 8 of Chapter I, Section 
6). In Chapter II it is essential to the Cartan structural equations (Theorem 
8.3). Perhaps the clearest statement of its meaning will come in Stokes 
theorem (6.5), which could actually be used to define the exterior deriva- 
tive of a 1-form. 

On a surface, the exterior derivative of a wedge product displays the 
same linear and Leibnizian properties (Theorem 6.4 of Chapter I) as in 
E’; see Exercise 3. For practical computations these properties are apt to 
be more efficient than a direct appeal to the definition—compare the dis- 
cussion of the Euclidean case on page 25. Examples of this technique appear 
in subsequent exercises. 

The most striking property of this notion of derivative is that there are 
no second exterior derivatives: Wherever forms appear, the exterior deriva- 
tive applied twice always gives zero. For a surface, we need only prove this 
for 0-forms, since even for a 1-form ¢, the second derivative d(d@) is a 
3-form, hence is automatically zero. 


4.6 Theorem If f is a (differentiable) real-valued function on M, then 
d(df) = 0. 


Proof. Let y = df, so we must show dy = 0. It suffices by Lemma 4.2 
to prove that for any patch x in M we have (dw) (x,,x,) = 0. Now using 
Exercise 4 of Section 3 we get 
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ὃ 
ψίχ,) = df(x,) = x,[f] = = (fx) 


and similarly 


0 
ψίχ,) = ov (fx). 


Hence 


_ ὃ ὃ _ a°(fx)  d°(fx) _ 
dy (x,, Xp ) = aa (yx, ) 7 av (yx,) = δὲ ϑὺ = δυ ϑὲ = 0 i 

Many computations and proofs reduce to the problem of showing that 
two forms are equal. As we have seen, to do so it is not necessary to check 
that the forms have the same value on all tangent vectors. In particular, 
if x is a coordinate patch, then 

(1) for 1-forms on x(D): φ = y if and only if ¢(x,) = w(x.) and 

φίχ.) = (xp); 

(2) for 2-forms on x(D): μ = » if and only if μίχι, x») = νίχ,, xy). 
(To prove these criteria we express arbitrary tangent vectors as linear 
combinations of x, and x,.) More generally, x, and x, may be replaced by 
any two vector fields that are linearly independent at each point. 

Let us now check that the rigorous results proved in this section are con- 
sistent with the rules of operation stated in Chapter I, Section 6. 


4.7 Example Differential forms on the plane Εὖ. Let wm = wand uw = v 
be the natural coordinate functions, and U,,U2 the natural frame field on 
Ε΄. The differential calculus of forms on ΕΠ is expressed in terms of μι and 
Uy as follows: 

If f is a function, φ a 1-form, and 7 a 2-form, then 


(1) @ =fi du + fe dm, where f; = (U;). 
(2) ἡ = g dum dw, where g = 7(U,,U2). 
(3) for Ψψ = σι du, + ge due and ¢ as above, 

oA w= (fige — fogi dm dur. 


_ Of of 
(5) ἀφ = f=: - =) du; dus (φ as above). 
Ou, δι 
For the proof of these formulas, see Exercise 4. 


Similar definitions and coordinate expressions may be established on any 
Euclidean space. In the case of the real line Ε΄, the natural frame field 
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(Definition 2.4 of Chapter I) reduces to the single unit vector field U, for 
which U,[f] = df/dt. All p-forms with p > 1 are zero, and if ¢ is a 1-form, 
then φ = $(U;) dt. 

Some examples of forms will appear in subsequent exercises; however, 
many more will occur naturally throughout Chapters VI and VII, where 
their properties have direct geometric meaning. 


aad 


EXERCISES 


- If ¢ and y are 1-forms on a surface, prove that ¢ A y = —WaA φ. 


Deduce that φΦ a ¢ = 0. 


. A form ¢ such that df = 0 is said to be closed. A form @ such that 


¢ = dé for some form ¢ is exact. (So if @ is a p-form, ξ is necessarily a 
(p — 1)-form.) Prove 

(a) Every exact form is closed. 

(b) No 0-form is exact, and on a surface every 2-form is closed. 

(6) Constant functions are closed 0-forms. 


. Prove the Leibnizian formulas 


d(fg)=dfg+fdg ἀ() - α Δ φ- 1 ἀφ 


where f and g are functions on M, and φ is ἃ 1-form (Hint: By definition 
(fo) (vp) = f(p)o (vp); hence fp evaluated on x, is F(x)b(xu).) 


. (a) Prove formulas (1) and (2) in Example 4.7 using the remark pre- 


ceding Example 4.7. (Hint: Show (du dus) (Ui, U2) = 1.) 
(b) Derive the remaining formulas using the properties of d and the 
wedge product. 


. If f is a real-valued function on a surface, and g is a function on the 


real line, show that 


velg (f)] = σ΄ ()ν,[Π. 
Deduce that 


d(g(f)) = g'(f) df. 


. If f, g, and ἢ are functions on a surface M, and ¢ is a 1-form, prove: 


(a) d(fgh) = gh df + fhdg + fg dh, 
(Ὁ) d@f) =fdp—oerdf @f = fo), 
(c) (df A dg)(v, w) = viflwlg] — νἱρ)ν [Π. 


. Suppose that M is covered by open sets UW, --- , Ux, and on each 4, 


there is defined a function f; such that f; — f; is constant on the overlap 
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of U; and u;. Show that there is a 1-form ¢ on M such that ¢ = df; 
on each U;. Generalize to the case of 1-forms ¢; such that ¢; — φ; 15 
closed. 


8. Let y: E — M be an arbitrary mapping of an open set of ἘΠ into a 


surface M. If ¢ is a 1-form on M, show that the formula 


6 ὃ 
do(yu; Yr) = ju (φ yo) τὸ av (φ yu) 


is still valid even when y is not regular or one-to-one. 
(Hint: In the proof of Lemma 4.5, check that equation (3) 1s still 
valid in this case. ) 


A patch x in M establishes a one-to-one correspondence between an 
open set D of E’ and an open set x(D) of M. While we have empha- 
sized the function x: D — x(D), there are some advantages to empha- 
sizing instead the inverse function x *: x(D) — ἢ. 


9. If x: ἢ > M is a patch in M, let ἃ and 0 be the coordinate functions 


of x, sox (p) = (&(p), 6(p)) for all p in x(D). Show that 
(a) ἃ and ὕ are differentiable functions on x(D) such that 


i(x(u,v)) =u, O(x(u,v)) = υ. 


These functions constitute the coordinate system associated with x. 
(b) di(x,) = 1 di(x,) = 0 

dd(x,) = 0 dd(x,) = 1. 
(c) If ¢ is a 1-form and 7 is a 2-form, then 


¢=fdi+gdd where f(x) = (xu), g(x) = o(x) 
n = hdidd where h(x) = (Xu, Xv). 
(Hint: For (b) use Ex. 4(b) of IV.3.) 


. Identify (or describe) the associated coordinate system %, 0 of 


(a) The polar coordinate patch x(u, v) = (u cos υ, u sin v) defined 
on D:u> 0,0 «υ « 2rn. 

(0) The identity patch x(u,v) = (u,v) in E’. 

(c) The geographical patch x in the sphere. 


5 Mappings of Surfaces 


To define differentiability of a function from a surface to a surface, we follow 
the same general scheme used in Section 3, and require that all its coordi- 
nate expressions be differentiable. 
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y Fx 


β 


ΕΙΟ. 4.29 


5.1 Definition A function F: M — N from one surface to another is dif- 
ferentiable provided that for each patch x in M and y in N the composite 
function y “Fx is Euclidean differentiable (and defined on an open set of 
E’). F is then called a mapping of surfaces. 


Evidently the function y ‘Fx is defined at all points (u, v) of D such that 
F(x(u, v) ) lies in the image of y ( Fig. 4.29). As in Section 3 we deduce 
from Corollary 3.3 that, in applying this definition, it suffices to check 
enough patches to cover both M and N. 


5.2 Example (1) Let = be the unit sphere in E* (center at 0) but 
with north and south poles removed, and let C be the cylinder based on the 
unit circle in the xy plane. So C is in contact with the sphere along the 
equator. We define a mapping F': 2 — C as follows: If p is a point of 2, 
draw the line orthogonally out from the z azis through p, and let F (p) be 
the point at which this line first meets C, as in Fig. 4.30. To prove that F 
is a mapping, we use the geographical patch x in 2 (Example 2.2), and for 
C we use the patch y(u, v) = (cos wu, sin u, v). Now 
x(u, v) = (COS v COS τὲ, COS V SiN μὲ, Sin Vv), 
so from the definition of F, we get 

F(x(u, v)) = (cos u, sin τὲ, sin v). 
But this point of C is y(u, sin v); hence 
F(x(u, v)) = yy, sin v). 


Applying y to both sides of this equation, we 
find 


(y Fx) (u,v) = (u, sin v) 


so y Fx is certainly differentiable. (Actually x 
does not entirely cover 2, but the missing semicircle 
can be covered by a patch like x.) We conclude FIG. 4.30 
that F is a mapping. 
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(2) Stereographic projection of the punctured sphere 2 onto the plane. 
Let 2 be a unit sphere resting on the xy plane at the origin, so the center of 
Σ is at (0,0, 1). Delete the north polen = (0,0,2) from 2. Now imagine that 
there is a light source at the north pole, and for each point p of Σ, let 
P (p) be the shadow of p in the zy plane (Fig. 4.31). As usual, we identify 
the zy plane with ΕΠ by (pi, p2, 0) «Ὁ» (φι, pe). Thus we have defined a 
function P from = onto E’. Evidently P has the form 


Ρῴ,, D2; D3) = es ) ἔρὴ ᾽ 


r r 


where r and F are the distances from p and P (p), respectively, to the z axis. 
But from the similar triangles in Fig. 4.32, we see that R/2 = r/(2 — ps); 
hence 


2p1 2}. 
Ρ = 
(pr, P2, D3) (. ue D3 ) 2 ἘΣ cs) 
Now if x is any patch in 2, the composite function Px is Euclidean dif- 
ferentiable, so P: = — E’ is a mapping. 


Just as for mappings of Euclidean space, each mapping of surfaces has a 
derivative map. 


5.3 Definition Let F: M — N be a mapping of surfaces. The derzvative 
map ἔκ of F assigns to each tangent vector v to M the tangent vector F's (v) 
to N such that: If v is the initial velocity of a curve a in M, then Fx (v) is 
the initial velocity of the image curve F(a) in N (Fig. 4.33). 


Furthermore, at each point p, the derivative map F is a linear trans- 
formation from the tangent plane 7',(M) to the tangent plane Trp) (N) 
(see Exercise 13). It follows immediately from the definition that Ff’ pre- 
serves velocities of curves: If ἃ = F(a) is the image in N of a curve a in 
M, then Fy (α΄) = α΄. As in the Euclidean case, we deduce the convenient 
property that the derivative map of a composition is the composition of 
the derivative maps (Exercise 14). 


FIG. 4.31 
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Fy (v) 


FIG. 4.33 


FIG. 4.34 


The derivative map of a mapping F': M — N may be computed in terms 
of partial velocities as follows. If x: ἢ -- M is a parametrization in M, let 
y be the composite mapping F(x): ἢ — N (which need not be a parametri- 
zation ). Obviously F carries the parameter curves of x to the corresponding 
parameter curves of y. Since Fy preserves velocities of curves, it follows at 
once that 


Fy (x, ) = Yu Fy (x,) = Yo 


Since x, and x, give a basis for the tangent space of M at each point of 
x(D), these readily computable formulas completely determine Fx. 

The discussion of regular mappings in Section 7 of Chapter I translates 
easily to the case of a mapping of surfaces F: M — N. F is regular provided 
all of its derivative maps 5»: Τ,(Μὴ — Trp)(N) are one-to-one. Since 
these tangent planes have the same dimension, we know from linear algebra 
that the one-to-one requirement is equivalent to Fs being a linear iso- 
morphism. A mapping F: M — N that has an inverse mapping ΓΝ — ΜΓ 
is called a diffeomorphism. We may think of a diffeomorphism F as smoothly 
distorting M to produce N. By applying the Euclidean formulation of the 
inverse function theorem to a coordinate expression y Fx for F, we can 
deduce this extension of the inverse function theorem (7.10 of Chapter I). 


5.4 Theorem Let Ff: M — N be a mapping of surfaces, and suppose that 
Fp: Tp(M) — Tr (Νὴ is a linear isomorphism at some one point p of M. 
Then there exists a neighborhood U of p in ΠΗ such that the restriction of F 
to U is a diffeomorphism onto a neighborhood Ὁ of F(p) in N (Fig. 4.34). 
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-parameter curve of 


FIG. 4.35 


An immediate consequence is that a one-to-one regular mapping F of M 
onto N is a diffeomorphism. For since F is one-to-one and onto, it has a 
unique inverse function F’, and F* is a (differentiable) mapping, since 
on each neighborhood U, as above, it coincides with the inverse of the 
diffeomorphism U -- Ὁ. 


5.5 Example Stereographic projection P: Σὺ — ΕΠ is a diffeomorphism. 

It is clear from Example 5.2 that P is a one-to-one mapping from the 
punctured sphere Σὺ to the plane Εὖ. Thus we need only show that Ps is 
one-to-one at each point. A minor modification of the geographical patch 
in Example 2.2 yields a parametrization 


x(u,v) = (cos v cos u, cos v sin u, 1 + sin v) 


of all of 2» except the south pole, located at the origin 0. 

Now its geometric definition shows that P carries the u-parameter curves 
of x (circles of latitude) to circles in the plane, centered at the origin, and 
that P earries the v-parameter curves (meridians of longitude) to straight 
lines radiating out from the origin, as shown in Fig. 4.35. 

Indeed these two families of image curves are just the parameter curves 
of y = P(x), and from the formula for P in Example 5.2 we get 


2 cosvcosu 2 cosv sin u 
y(u,v) = P(x(u,v)) = (Ξ 1559 855: . 2 ons? sins) 
1 — sinv 1 — sinv 


Since Ps (x,) = yu, Pe (x») = γυ, the regularity of P, may be proved by 
computing y, and y,, which turn out to be orthogonal and nonzero, hence 
linearly independent. (At the south pole 0 a different proof is required, 
since x is not a parametrization there (see Exercise 15).) We conclude that 
P is a diffeomorphism. 


Differential forms have the remarkable property that they can be moved 
from one surface to another by means of an arbitrary mapping.t Let us 
experiment with a 0-form, that is, a real-valued function ἡ. If F: M — N is 


1 This is not the case with vector fields. 
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a mapping of surfaces and f is a function on M, there is simply no reasonable 
general way to move f over to a function on N. But if instead f is a function 
on N, the problem is easy; we pull f back to the composite function f(F’) on 
M. The corresponding pull-back for 1-forms and 2-forms 15 accomplished as 
follows. 


5.6 Definition Let F: M — N be a mapping of surfaces. 
(1) If ¢ is a 1-form on N, let F*¢ be the 1-form on M such that 


(F*$)(v) = (Fev) 


for all tangent vectors v to M. 
(2) If ἡ is a 2-form on N, let F*n be the 2-form on M such that 


(F*n)(v, w) = n(Pev, Pew) 
for all pairs of tangent vectors v, w on M (Fig. 4.36). 


When we are dealing with a function f in its role as a 0-form, we shall 
sometimes write F*f instead of f(F’), in accordance with the notation for 
the pullback of 1-forms and 2-forms. 

The essential operations on forms are sum, wedge product, and exterior 
derivative; all are preserved by mappings. 


5.7 Theorem Let F: M — Ν be a mapping of surfaces, and let ἕξ and ἡ 
be forms on N. Then 

(1) F*(E4+ n) = F*E + F*n, 

(2) P*(E A n) = F*E A F*n, 

(3) F*(dé) = 4(Ρ Ἐξ). 


Proof. In (1), ξ and ἡ are both assumed to be p-forms (degree p = 0, 1, 2) 
and the proof is a routine computation. In (2), we must allow & and ἡ to 
have different degrees. When, say, ξ is a function f, the given formula means 
simply F* (fn) = f(F)F*(m). In any case, the proof of (2) is also a straight- 
forward computation. But (3) is more interesting. The easier case when ἕ 
is a function is left as an exercise (Exercise 8), and we address ourselves to 
the difficult case when ¢ is a 1-form. 


FIG. 4.36 
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It suffices to show that for every patch x: ἢ — M 
(d (F*E)) (xu, Xv) = (F*(dE)) (Xu, Χυ). 


Let y = F(x), and recall that Fy (χ.) = yu. and Fx (χυ) = γυ. Thus using 
the definitions of d and F*, we get 


A F*E) (xa, χο = S (CFE) ὦ}} — 2 (CP) (xu)} 
0 ὃ 
= ou {E(Fexe)} — av {E( Fax.) } 
0 


ὃ 
τῇ (E(y.)) -- ai (é(y.)). 


Even if y is not a patch, Exercise 8 of Section 4 shows that this last expres- 
sion is still equal to dé(y., y,). But 


dE (Yu, Yo) = dé (Pe Xu, Fx, ) (F* (dé)) (x, Χο 
Thus we conclude that ἀ ([ ᾽ξ) and F* (dé) have the same value on x,, χυ.ι 


The elegant formulas in Theorem 5.7 are the key to the deeper study of 
mappings. In Chapter VI we shall apply them to the connection forms of 
frame fields to get fundamental information about the geometry of mappings 
of surfaces. 


EXERCISES 


1. Let M and N be surfaces in ἘΠ. If F: Εὖ > E’ is a mapping such that 
the image F(M) of M is contained in N, then the restriction of F to 
M is a function F | M: M — N. Prove that F | M is a mapping of sur- 
faces. (Hint: Use Theorem 3.2.) 


2. Let = be the sphere of radius r with center at the origin of Εὖ. Describe 
the effect of the following mappings F: 2 — Σ on the meridians and 
parallels of 2. 

(a) ἔφ) = —p. () F (pr, pz, Ds) = (3, Pi, Pe). 
Pi t+ Pe pi — Po 
(c) F(pr, pz, ps) = (ase ’ 4/2 ’ -ps) 

3. Let M be a simple surface, that is, one which is the image of a single 
proper patch x: ἢ > Εὖ If y: ἢ -- N is any mapping into a surface N, 
show that the function F: M — N such that 


F(x(u, v)) = γίω, v) for all (u, v) in D 


is a mapping of surfaces. (Hint: Write F = yx ᾿, and use Corollary 3.3.) 
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4. Use Exercise 3 to construct a mapping of the helicoid H (Ex. 7, IV.2) 


10. 


onto the torus 7 (Example 2.6) such that the rulings of H are carried 
into meridians of T. 


. If Z is the sphere || p || = r, the function A: 2 — Σ such that A (p) = —p 


is called the antipodal mapping of Σ. Prove that A is a diffeomorphism 
and that 4. (ν;) = (—v)-_». 


. Let x: D — M be a coordinate patch in a surface M. For any form 


y on M, the form x*(y) on D is called a coordinate expression for y. 
(When y is a 0-form, that is, a function, then x*(¥) = (x), so this 
terminology is consistent with that of IV.3.) 

If ¢ is a 1-form and ν a 2-form, prove 
(a) x*@) = o(x,)du + $(x,)dv. (b) x*(v) = v(x,, x,)du dv. 


(6) ads) (2 (x) —2 (4 x.)) en 


(In practice, instead of substituting in the formula (c), it is usually 
easier to apply the exterior derivative to the formula (a).) 


(Continuation). Let x be the geographical patch in the sphere 2. 

(a) If @ is the 1-form on 2 such that ¢(v,) = pive — pom, show that 
o(Xu) = τῇ cosy and ¢(x,) = 0. Then find the coordinate expres- 
sions for ¢ and ἀφ. 

(Ὁ) Prove that the formula v(v,, wp) = ps(viwe — vw) defines a 2- 
form on > and find its coordinate expression. 


. Let F: M — N be a mapping, and g a function on N. 


(a) Prove that F preserves directional derivatives in this sense: If v 
is a tangent vector to M, then vi[g(F)] = (Fsv){g]. 
(b) Deduce that F* (dg) = d(F*(g)). 


. If x: D — Μ is a parametrization, prove that the restriction of x to a 


sufficiently small neighborhood of a point (uo, vo) in D is a patch in M. 
(Thus a parametrization may be cut into patches. ) 


ΠΟ: P > M is a regular mapping onto M, and H: P > N is an arbitrary 
mapping, then the formula F(G(p)) = H(p) is consistent provided 
G(p) = G(q) implies H(p) = H(q) for all p, q in P. Prove that in 
this case F is a well-defined (differentiable) mapping. 


M pay 
ὃς 2 


We shall frequently apply this result in the case where G is a para- 
metrization of M. 
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Let x: Εὖ — T be the parametrization of the torus given in Example 2.6. 
In each case below, show that the formula 


F(x(u, v)) = x(f(u, v), g(u, v)) 


is consistent (Exercise 10), and describe the resulting mapping 


F:T — T. (For example, give its effect on the meridians and parallels 
of T.) 
(a) f = 3u,g = v. (6) f=a,9 =u. 
(b)f=ut+ag =v 2π. (d)f=utog=u-—v. 

Which of these mappings are diffeomorphisms? 
Let F: M— N be a mapping. Let x be a patch in M and let y = F(x). 
(Note that y lies in N, but need not be a patch.) If 


a(t) = x(a,(t), ae(t)) 
is a curve in M, prove that the image ἃ = F(a) in N has velocity 


, a da 
a= Yuli, de) + 7 Yv( 1, Ge). 


Deduce from Exercise 12: 

(a) The invariance property needed to justify definition (5.3) of Fx. 

(b) The fact that derivative maps Fx: T,(M) — Trp (N) are linear 
transformations. 


Given mappings M eS Ny as P, let GF: M — P be the composite 
function. Show that 

(a) GF is a mapping, (b) (GF )x = αν x, (c) (GF)* = F*G*, 
that is, for any form ἕξ on N, F*(G*E) = (GF)*(E). (Note the reversal 
of factors for (GF )*; forms travel in the opposite direction from points 
and tangent vectors. ) 


. For stereographic projection P: Σὸ — E’, show that the derivative map 


at the origin 0 is essentially just an identity mapping. (H7nt: Express 
P near 0 in terms of a Monge patch. ) 


(a) Prove that the inverse mapping of stereographic projection 
P: Σου — E’ is given by the formula 


(4u, 40, 2f) 
fae 


where f = εὖ + v’. (Show that both PP“ and P 'P are identity 
mappings. ) 

(b) Deduce that the entire sphere Σ can be covered by only two 
patches. (The scheme in IV.1 requires six.) 


P™'(u, v) τι- 
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6 Integration of Forms 


Differential forms have yet another role in the calculus, which the reader 
probably noticed when they first appeared in Chapter I. In, say, a double 
integral {{f(u, v) du dv, it is a 2-form on Εὖ that appears after the integral 
signs. In a sense, it is only on Euclidean space that forms are actually 
integrated. But we can easily extend this notion of integration to forms on 
an arbitrary surface—by pulling them back to Euclidean space and then 
integrating. 

Consider first the one-dimensional case. By a curve segment (or 1-seg- 
ment) in a surface M we shall mean a ‘‘curve” a: [a, Ὁ] — M defined on a 
closed interval in the real line Ε΄. (Differentiability for a means that it 
can be extended to a genuine curve on a larger open interval as required by 
Definition 4.1 of Chapter I.) 

Now let φ be a 1-form on M. The pull-back a*¢ of φ to the interval 
(a, Ὁ] has the expression f(t) dt, where by the remarks following Example 
4.7, 


f(t) = (a%)(Uilt)) = ¢(ax (Ui(t))) = o(@' (t)). 
Thus the scheme described above yields the following definition. 


6.1 Definition Let ¢ be a 1-form on M, and let a: [α, ὃ] — M bea 1-seg- 
ment (Fig. 4.37). Then the integral of φ over a 1s 


[¢ = i. ath = [ 6’) dt. 


In engineering and physics, the integral [ἃ φ is called a line integral, and 
it has a wide variety of uses. For example, let us suppose that a vector field 
V on a surface is a force field, so for each point p of M, V(p) is a force 
exerted at p. Returning to our original idea of curve, we further suppose 
that a: [a, b] — M describes the motion of a mass point—with a(t) its 
position at time t. What is the total amount of work W needed to move a 
from p = a(a) tog = a(b)? The discussion of velocity in Chapter I, 


α΄ (() 


graph ¢(a’) 


FIG. 4.37 
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Section 4, shows that for At small, the route of the curve a from a(t) to 
a(t + At) is approximately the straight line segment described by At a (t). 
Now the moving point is opposed only by the component of force tangent 
to a, that is, 


V(a)+-~— = |] V(a) || cos8 
I] a” || 
(Fig. 4.38). Thus the work done against the force during time At is (ap- 
proximately ) force —V (a (t))+[a’ (t)/|| α΄ (t)||] times distance || a’ (t)|| At. 
Adding these contributions over the whole time interval [a, b] and taking 
the usual limit, we get 


W = -[ V(a(t)) +a’ (ὃ) αἱ. 


To express this more simply, we introduce 
the dual 1-form ¢ such that for each tangent 
vector w at p, ¢6(w) = w-V(p). Then, by 
Definition 6.1, the total work is just 


a(t + At) = | ¢ 


a(t) 


We emphasize that this notion of line in- 
tegral—like everything we are doing with 
FIG. 4.38 forms—applies without change if the surface 
M is replaced by a Euclidean space or, in- 

deed, by any manifold (Section 8). , 
When the 1-form ¢ is an exterior derivative df, the line integral fad has 
an interesting property which generalizes the fundamental theorem of 

calculus. 


6.2 Theorem Let f be a function on M, and let a: [a, b] > M be a 1-seg- 
ment in M from p = a(a) tog = a(b). Then 


[ a = f(q) — f(p). 
Proof. By definition, 
| a7 - [ aja’) dt. 
But 


af(a’) = a'lf] = 5 (fa). 
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Hence by the fundamental theorem of calculus, 


[ a= [2 (ὦ at = Καί) -- fla(a)) = fla) -- 7). 1 


The integral [« df is thus said to be path-independent. In the language 
used above, if the force field V has dual 1-form df, the work done depends 
not on where the point a(é) moves, but only on where it starts and finishes. 
In particular, if it follows a closed curve, p = a(a) = a(b) = q, it does no 
(total) work at all. 

Mathematically we look at the preceding theorem roughly as follows: 
the “boundary” of the segment a from p to q is q — p, where the purely 
formal minus sign indicates that a goes from p and to q. Then the integral 
of df over a equals the “integral” of f over the boundary q — p; that is, 
fq) — fp). This interpretation will be justified by the analogous theorem 
(6.5), in dimension 2. 

Now a two-dimensional interval is just a closed rectangle R:a S τ S ὃ, 
c<v<dinE’. And a2-segment in M is a differentiable mapping x: R > M 
of a closed rectangle into M (Fig. 4.39). (As before, differentiability means 
one can extend x differentiably to an open set containing FR.) 

Although we use the patch notation x, we do not assume that x is either 
regular or one-to-one. The partial velocities x, and x, are still available, 
however, even when x is not a patch. 

If ἢ is a 2-form on M, then the pullback x*»y of ἡ has, using Example 4.7, 
the coordinate expression h du dv, where 


h = (x*n) (Ui, Us) = (xx Ui, χα U2) = (Xu; Xv). 
Thus by strict analogy with Definition 6.1 we establish 


6.3 Definition Let 1 be a 2-form on M, and let x: R — M be a 2-segment. 
Then the integral of ἡ over x is 


[ δες I x*y = [ [nx x,) du dv. 


The physical applications of this notion of integral are perhaps richer 


FIG. 4.39 
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than those of Definition 6.1, but we must proceed without delay to the 
two-dimensional analogue of Theorem 6.2. 


6.4 Definition Let x: R - M be a 2-segment in M with R the closed rec- 
tangleea SuSb,c Su Sd (Fig. 4.40). The edge curves (or edges) of x 
are the 1-segments a, 8, y, 6 such that 


a(u) = x(u, c) 


Biv) = x(b, v) 
y(u) = x(u, 4) 
5(v) = x(a, v) 


FIG, 4.40 


Then the boundary dx of the 2-segment x is the formal expression 
Ox=at+B-—-y- 6. 


These four curve segments are what we get by considering the function 
x: & — M only on the four line segments that comprise the boundary of the 
rectangle R. The formal minus signs before y and ὃ in dx remind us that Ύ 
and 6 must be “reversed’’ to give a consistent trip around the rim of R, and 
thus of x (Fig. 4.41). Then if ¢ is a 1-form on M, the untegral of ¢ over the 
- boundary of x is defined to be 


[“- [ore [55 [a 


The two-dimensional analogue of Theorem 6.2 is then 


6.5 Theorem (Stokes’ Theorem) If ¢ is a 1-form on M, and x:R — M 


is a 2-segment, then 
[le 6 
x Ox 


Proof. We shall work on the double integral and show that it turns out 


FIG. 4.41 
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to be the integral of ¢ over the boundary of x. Combining Definitions 6.3 
and 4.4 we have 


[fae = ff (as) (wu, x0) dude = ff (2 Com) — 2 (xs) du ὦ 


Let f = ¢(x,) and g = ¢$(x,); this equation then becomes 


[[ a9 = [f%% au dv — ff Sau a» (1) 


Now we treat these double integrals as iterated integrals. Suppose the 
rectangle R is given by the inequalities a Ξ ὦ S b,c S v Ξ d. Then inte- 
grating first with respect to u, we find 


og 4 δ ag 
-5 dudv = I(v)dv, | where I(v) = — (u,v) du. 
R OU c a OU 


In the partial integral defining J (v), v is constant, so the integrand is Just 
the ordinary derivative with, respect to u. Thus the fundamental theorem 
of calculus applies to give 


I(v) = g(b, υ) — g@, v). 
(Fig. 4.42). Hence 


ΠΕΣ ΞΞ [ «,.) dv -- [«0 dv. (2) 


Again we work on the first integral. Now by definition 


g(b, v) = φίχυ(ὖ, »)). 


But x,(b, v) is precisely the velocity 8 (v) of the “right side’ curve β in 
dx. Hence by Definition 6.1, 


[ ae, v)dv = [ ¢(8'(v))dv = Jo 


FIG. 4.42 
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A similar argument shows that the second integral in (2) is [5 ¢; hence 


[[ aud = fo- fo. (3) 


In the same way—but integrating first with respect to v!—we find 


[52 au - [4-- [ὁ (4) 


Assembling the information in (1), (3), and (4) we obtain the required 


νὴ δ νι οὴν ! 


Stokes’ theorem may be considered a two-dimensional formulation of 
the fundamental theorem of calculus; it ranks as one of the most useful 
results in mathematics. Alternative formulations of the theorem and ex- 
tensive applications may be found in texts on advanced calculus or applied 
mathematics; we shall use it to study the geometry of surfaces. 

The line integral {. is not particularly sensitive to reparametrization of 
a; all that matters is the direction in which the route of a is traversed. 
The following lemma uses the notation of Exercise 10, II.2. 


6.6 Lemma Let a(h): [a, ὃ] — M be ἃ reparametrization of a curve seg- 
ment a: [c, d} --ὁ M. For any 1-form ¢ on M@ 


i ? 


Proof. Since a(h) has velocity 


i φ if h is orientation-preserving 


= [ φ if h is orientation-reversing 
a 


ath)! = Sai (h), 


we have 


b b 
6= | o(a(h)’) du = [ (al (h)) Fd 


a(h) U 


Now we use the theorem on change of variables in an integral. If ἢ is 
orientation-preserving, then h(a) = c and h(b) = d, so the integral above 


becomes 
[ 62’ du = [ « 
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But in the orientation-reversing case, h(a) = d and h(b) = c, which gives 


f(a’) au = —f (a) au = - [Ὁ i 


This lemma lets us give a concrete interpretation to the formal minus 
signs in the boundary 0x = a + 6 — y — ὃ of a 2-segment x. For any 
curve &: [f, i] — M, let —& be any orientation-reversing reparametrization 
of & say 


(--᾿ξ) () = EG +4 — ὁ). 


[ φΦ Ξ - [ φ 
-ξ ξ 
and if x is ἃ 2-segment, then 


po=[or+fo-fo-Jo-fo+fot+] o+fo 


Thus by the lemma, 


EXERCISES 


1. If α = (αι, a2) is a curve in Εὖ and ¢ is a 1-form, prove this computa- 
tional rule for finding ¢(a ) dt: Substitute wu = a(t) and v = α((ὦ 
in a coordinate expression φ = f(u, v) du + g(u, v) dv. 


2. Consider the curve segment a: [—1, 1] - E’ such that a(t) = (ἐ, 2’). 
(a) If = υ' du + Quy dv, compute f. ¢. 
(Ὁ) Find a function f such that df = ¢ and check Theorem 6.2 in this 
case. 


3. Let φ be a 1-form on a surface MU. 
(a) If φ is closed, show that fa, ¢@ = 0 for every 2-segment in M. 
(b) If @ is exact, show (more generally) that 


for any ‘“‘cycle’”’ of curve segments ai, --- , 
ας (x41 = αι) such that ας ends at the start- 
ing point of α;.: (Fig. 4.43). (Closed means 
dp = 0, exact means @ = df; see Ex. 2 of 
IV.4.) 


4. The 1-form FIG. 4.43 
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udv — v du 

ae τῇ 

is well-defined on the plane E’ with the origin (0, 0) removed. Show: 

(a) y is closed, but not exact. (Hint: Integrate around the unit circle 
and use Exercise 3.) 

(Ὁ) if y is restricted to, say, the right half-plane, u > 0, then yw be- 
comes exact. 


y= 


. (Continuation). It follows from Ex. 12 of II.1 that every curve a@ in 


ἘΠ that does not pass through the origin can be written in the polar 
form ; 


a(t) = (r(t) cos δ (), r() sin ὃ (£)). 


Prove that for every closed curve a, (1/27) [« Ψ is an integer. This 
integer is called the winding number of a; it represents the total alge- 
braic number of times a has gone around the origin in the counter- 
clockwise direction. 


- Let x be a patch in a surface M. For a curve segment 


a(t) = x(a (t), a2(t)), a < t < b, 


[4- [(φ + φῦ @) a 


where x, and x, are evaluated on (αι, a2). (This generalizes Ex. 1, since 
we can use the identity patch x(u, v) = (u,v) on E’.) 


show that 


Let a be the closed curve 
a(t) = x(mt, nt), Os ts 2 


in the torus T (see Ex. 11 of IV.3.) Compute 
(a) [« ἕ, where δ is the 1-form on T such that &(x,) = 1, and E(x.) = 0, 
(Ὁ) fa, where ἡ is the 1-form such that 7(x,) = 0 aad n(x,) = 1. 
If y is an arbitrary closed curve, f,é/27 gives the total number of 
times y travels around the torus in the general direction of the parallels, 
while [γη͵2π gives a similar measurement for the direction of the 
meridians. This suggests the commonly used notation ἕ = dd, ἡ = dg, 
where # and ¢ are the (multivalued!) longitude and latitude functions 
on 7; however, see Exercise 13. 


. Let F: M — N be a mapping. Prove: 


(a) If a is a curve segment in M and ¢ is a 1-form on N, then 


pers 
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(b) If x is a 2-segment in M and » is a 2-form on N, then 


[ Fr = | ν. 
Χ F (x) 


9. Let x: R — = be the 2-segment in the sphere Σ obtained by restricting 


10. 


ΤΙ. 


12. 


13. 


the geographical patch 
x(u, v) = (r COS v COS U, F COS V SIN U, T Sin υ) 


to the rectangle R:0 < u,v S 1/2. Find explicit formulas for the edge 
curves a, 8, 7, ὃ of x, and show these curves and the image x(f) on a 
sketch of 2. 


Let x: R — M be a 2-segment defined on the rectangle 
R:0 suv Sl. 
If ¢ is the 1-form on M such that 
d(x.) =utv and (x) = τιν, 


compute {f, ἀφ and fx @ and check the results by Stokes’ theorem. 
(Hint: x* (db) = d(x*o) = (v — 1)du dv.) 


Same as Exercise 10, except that R:0 S u S 7/2,0 S v S π, and 
@(x,) = u cos v, d(x,) = vsin u. 


A closed curve a in M is homotopic to a constant provided there is a 
2-segment x: Καὶ — M for which (a) α is, in fact, the a edge curve of x, 
(b) B = δ, and (c) y is a constant curve (Fig. 4.44). (Suppose 
R:a < u< b,c Sv S d. Then as % varies from c to d, the closed 
u-parameter curve, v = v9, of x varies smoothly from a to the constant 
curve y.) Prove that every closed curve in E’ is homotopic to constant. 


FIG. 4.44 FIG. 4.45 


Let ¢ be a closed 1-form and a a closed curve. Prove that fa¢ = 0 
if either 
(a) φ is exact, or (b) α is homotopic to a constant. 

Deduce that on the torus 7 meridians and parallels are not homotopic 
to constants, and the closed forms ξ and 7 (Exercise 7) are not exact. 
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A surface M for which every closed curve is homotopic to a constant 
is said to be simply connected. Thus the plane is simply connected 
(Ex. 12), but a torus, or a plane with even a single point removed, is not 
(Ex. 7 and 5). Roughly speaking, a simply connected surface has no 
holes in it, and any four curves a, 8, 7, ὃ linked together as in Fig. 4.45 
are in fact the boundary curves of some 2-segment.} Use this assertion 
to prove: 

14. On a simply connected surface, the integral of a closed 1-form ¢ is path- 
independent. (That is, fa @ is the same for all a with the same end 
points. ) 

15. On a simply connected surface, every closed 


Po 1-form is exact. (Hint: Fix a point po in M and 
define f(p) = fs @ for any curve segment 
ὃ from po to p (Fig. 4.46). To show df(v) = 


¢(v) for a tangent vector v at p, prove that 
if a is a curve with initial velocity v, then 
P = a(0) a(t) 


ν COM cae [ ἡ Gia 


ΕΙΟ. 4.46 


7 Topological Properties of Surfaces 


We now discuss some of the very basic properties that a surface may possess. 


7.1 Definition A surface M is connected provided that for any two points 
p and q of M there is a curve segment in M from p to q. 


Thus a connected surface M is all in one piece, since one can travel from 
any point in M to any other without leaving M. Most of the surfaces we 
have discussed so far have been connected; the surface M: 2* — οὗ — y? = 1 
(hyperboloid of two sheets) is not connected. Connectedness is a mild and 
reasonable condition and might well be included in the definition of surface. 


7.2 Definition A surface M is compact provided that M can be covered 
by the images of a finite number of 2-segments in M. 


Roughly speaking, compactness means that the surface is finite in size. 
For example, spheres are compact, since if we use the formula for x(u, v) 
in Example 2.2 on the closed rectangle 

R:-xr Suz, —nr/2 S08 x/2, 


} For a systematic account of simple connectedness, see pp. 157-165 of Lefschetz 
[8], where it is shown that spheres are simply connected. 
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then Σ is the image of this single 2-segment. Similarly the torus of revolu- 
tion (Example 2.6), or any closed surface of revolution, is compact. 

The proof of the following lemma uses this fundamental fact: If f is a 
continuous real-valued function defined on a closed rectangle 


R:asusb, esved, 
then f takes on its maximum at some point of FR. 


7.3 Lemma _ If f is a continuous function on a compact surface M, then 
f takes on maximum at some point of M. (Obviously we can also replace 
maximum by minimum. ) 

Proof. By definition there exist a finite number of 2-segments 


x::R; ~ M (1 < 1k) 


whose images cover all of M. Since each x; is differentiable, it is also con- 
tinuous, so each composite function fx;: R; — R is continuous. Thus by the 
remark above, for each index 2, there is a point (u,, v;) in R; where the 
function fx; takes its maximum. Let, say, f(xi(u, υ.}} be the largest of 
this finite number k of maximum values. We assert that f takes on its 
maximum value at the point m = x, (#4, v). In fact, we shall prove that if 
p is any point of M, then f(m) 2 f(p). Since the 2-segments x, --- , xz 
cover M, there is an index 7 such that p = x;(u, v). But then by the pre- 
ceding construction, 


fim) = [(χι (μι, )) 2 f(xi(ui, v:)) 2 f(xi(u, v)) = f(p). Ι 


This very useful result can be applied to prove noncompactness. For 
example, no cylinder C (as in Example 1.5) is compact, since the coor- 
dinate function z on C’ gives the height z(p) of each point p above the zy 
plane, and thus has no maximum value on C. 

However, Definition 7.2 is a little trickier than it looks. Consider, for 
example, the open unit disc ἢ: x? + γ᾽ < 1 in the zy plane. Now, D is a 
surface and has finite area x. But D is not compact: It suffices to note that 
the continuous function f = (1 — αὖ — ν᾽) } does not have a maximum on 
D.In general, a compact surface cannot have any open edges, as D does. 
It must be smoothly closed up everywhere—as well as finite in size—like 
a sphere or torus. 

Roughly speaking, an orientable surface is one that is not twisted. Of 
the many equivalent formulations of orientability the one that follows is 
perhaps the simplest. 


7.4 Definition <A surface M is orientable provided there exists a 2-form μ 
on M which is nonzero at each point of M. 


(A 2-form is zero at a point p if it is zero on every pair of tangent vectors 
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at p.) Thus the plane E’ is orientable, since du dv is a nonvanishing 2-form. 
Although simple, this definition is somewhat mysterious, so we shall prove 
a more intuitive criterion. 


7.5 Theorem A surface M in E’ is orientable if and only if there exists a 
normal vector field Z on M that is nonzero at each point of M. 


Proof. We use the cross product of E* to convert normal vector fields into 
2-forms, and vice versa. For Z as above, define a 2-form μ on M as follows: 
For any pair v, w of tangent vectors to M at p, let 


u(v,w) = Z(p)ev X w. 


Standard properties of the cross product show that u is, in fact, a nonvanish- 
ing 2-form on M. Thus M is orientable. 

Conversely, suppose that M is orientable, with u a nonvanishing 2-form. 
If v, w is a linearly independent pair of tangent vectors at p, then 


μίν, w) #0, 
for otherwise, » would be zero at p. Now define 


Vvxw 


END ig aay 


This formula has the remarkable property that it is independent of the 
choice of v, w at p. Explicitly, for any other such pair v, w, it follows from 
Lemma 4.2 and the analogous formula for cross products that 


We have thus obtained a well-defined Euclidean vector field on all of ἢ. 
Again the properties of the cross product show that Z is everywhere normal 
to M, but never zero. i 


Thus it follows from Lemma 3.8 that every surface in ΕΠ that can be 
defined implicitly is orientable. For example, all cylinders, surfaces of 
revolution, and spheres (in fact, all quadric surfaces) are orientable. How- 
ever, nonorientable surfaces do exist in Ε΄. The simplest example is the 
famous Mobius band M, which can be made from a strip of paper by giving 
it a half twist, then gluing its ends together. (The formal construction of a 
particular M6bius band is given in Exercise 7.) M is nonorientable, since 
every normal vector field Z on M must somewhere be zero. To see this, 
let y be a closed curve as indicated in Fig. 4.47, with y(0) = y(1) = p. If 
we assume that Z 1s never zero, then the twist in ΠΗ͂ forces the contradiction 
Z(y(1)) = —Z(y(O)), since the function ἐ — Z(y(t)) is differentiable 
(that is, Z varies smoothly as it moves around yj). 
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The three properties discussed in this section—connectedness, compact- 
ness, and orientability—are topological properties: It is possible to define 
them using only open sets and continuous functions, with no differentiabil- 
ity considerations at all. Using these more general definitions, a more con- 
ceptual proof can be given of the following result. 


7.6 Theorem Let M and N be surfaces in E® such that M is contained in 
N. If M is compact, and N is connected, then M = N. 


(If N were not connected, it might consist of two surfaces, of which M 
is one. Similarly the result fails if 17 is not compact; consider the case of 
an open disc M in the zy plane N.) 


Proof. Exercise 15 of Section 3 shows that M is an open set of N. We 
assume that M does not fill all of N, and deduce a contradiction. By assump- 
tion there is a pointn of N that is not in M. Let m be a point of M. Since 
N is connected, there is a curve segment a in N from 


a(0) =m to a(1) =n. 


Let ¢* be the least upper bound of those numbers ¢ such that a(t) is in M. 
We assert that the point μ᾽ = a(t”) is in M (Fig. 4.48). 
To prove this, consider the real-valued function f on M such that at each 


FIG. 4.48 


180 CALCULUS ON A SURFACE (Chap. IV 


point p of M, f(p) is the Euclidean distance d(p*, p) from ρ΄ to p. Now 
f 2 0 is continuous, in the sense that for each patch x in M the composite 
function f(x) is continuous. Since M is compact, Lemma 7.3 applies to 
show that f takes ἃ minimum at some point of M. By definition of least 
upper bound, there are numbers ἐ < ¢”, arbitrarily close to ¢", such that 
a(t) is in M. Since a is continuous (being differentiable) the corresponding 
distances d(p*, a(t)) become arbitrarily small; hence the minimum value 
of f can only be zero. Thus the only possible point at which f can be a 
minimum is p” itself, which means that p” is in the domain M of f. 

Since / is an open set of N, it follows that every point of N near enough 
to p’ is also in M. Thus if ὁ > t* is near enotgh to ¢*, a(t) must still be 
in M—a contradiction to the definition of t”. i 


EXERCISES 


1. Decide which of the following surfaces are compact and which are 
connected: 
(a) A sphere with one point removed. (6) The surface in Fig. 4.10. 
(b) The region z > Oin M:z = xy. (4) M:¢et+y4+2=1. 
(6) A torus with the curve a(t) = x(t, ἐ) removed. (See Ex. 2 of IV.3.) 


2. Let F be a mapping of a surface M onto a surface N. Prove: 
(a) If M is connected, then N is connected. 
(b) If M is compact, then N is compact. 


3. Let F: M — N be a regular mapping. Prove that if N is orientable, 
then M is orientable. 


4. Let f be a differentiable real-valued function on a connected surface M. 
Prove that: 
(a) If df = 0, then f is constant. 
(b) If f is never zero, then either f > Oorf < 0. 


5. (a) Prove that a connected orientable surface has exactly two unit 
normal vector fields, which are negatives of each other. We denote 
these by +U. (Hint: Use Ex. 4.) 
(b) If M is a nonorientable surface, prove that any point of WM is 
contained in a connected orientable region. (Thus, even on a 
nonorientable surface, unit normal vector fields exist locally. ) 


6. Let F: M — N be a regular mapping. Prove this generalization of 
Theorem 7.6: If M is compact and N is connected, then F carries M 
onto N. 


7. A Mobius band M (Fig. 4.47) can be constructed as a ruled surface 


z(u,v) = Blu) + vu), —3 S052, 
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ll. 


where 


B(u) = (cos u, sin u, 0) 


δίῳ) = (cos “) B(u) + (sin 5) Us. 


(The ruling L makes only a half-turn as it traverses the circle 8 once. ) 
(a) Compute 


2 
B=>+[1 + ve0s (u/2)), F = 0, G = 1, 


and deduce as in Exercise 2 of Section 2 that x is regular. 
(Ὁ) Show the u-parameter curve, v = ᾧ, on a sketch of M. Prove that 


the u-parameter curves are closed and (8 excepted) have period 
Ar. 


. Let M* be the surface obtained by removing the central circle 8 from 


the Mdébius band in the last exercise. Is M* connected? Orientable? 


. (Counterexamples). Give examples to show that the following are all 


false: 

(a) Converses of (a) and (b) of Exercise 2. 
(b) Exercise 3 with F not regular. 

(c) Converse of Exercise 3. 


. A surface M in ἘΠ is closed in Ἐ provided the points of Εὖ not in M 


constitute an open set of Εὖ. (If p is not in M, there isan e-neighborhood 

of p that does not meet M.) Show that: 

(a) Every surface in ΕΠ that can be described in the implicit form 
M:g = cis closed in E’. 

(b) Every compact surface in ΕΠ is closed in Εὖ 

(Boundedness). A surface M in Εὖ is bounded provided there is a num- 


ber R such that || p || S Κα for all points p of M. (Thus M lies inside a 
sphere.) Prove that a compact surface in Εὖ is bounded. 


The last two exercises have shown that a compact surface in E’ is closed 
and bounded; the converse follows from a fundamental topological theorem. 


12. 


13. 


Prove Theorem 7.6 assuming M is merely closed in Ε΄ (instead of 
compact ). 

In each case, decide whether the surface M: g = 1 1s compact, or 
connected: 

(a)gev—-yteH. (ο) σ -- σ᾽ -Ἦε τἷγ΄. 

(0) 9 Ξ «' - ν Ὁ -. (d) g= 


a? + ν΄ — 4)? + (2 -- 4)". 
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14. Prove that every surface of revolution M is connected and orientable, 
but that M is compact if and only if its profile curve C is closed. 


8 Manifolds 


Surfaces in E* are a matter of everyday experience, so it is reasonable to 
try to investigate them mathematically. But examining this concept with 
a critical eye, we may well ask if there could not be surfaces in E*--- or 
ἘΠ... or even surfaces that are not in any Euclidean space at all. To devise 
a definition for such a surface, we must rely not on our direct experience of 
the real world, but on our mathematical experience of surfaces in Εὖ Thus 
we shall strip away from the basic definition (1.2) every feature that 
involves ΕΠ in any way. What is left will be just a surface. 

To begin with, a surface will be a set M: a collection of any objects 
whatsoever, not necessarily points of Εὖ, An abstract patch in M will now be 
just a one-to-one function x: D —> M from an open set ἢ) of Εὖ into the set 
M. There is, as yet, no way to say what it means for such a function to be 
differentiable. But all we need to get a workable definition of surface is the 
smooth overlap condition (Corollary 3.3). To prove this now is a logical 
impossibility, so in the usual fashion of mathematics, we make it an axiom. 


8.1 Definition A surface is a set M furnished with a certain collection @ 
of abstract patches in M such that: 

(1) The images of the patches in the collection @ cover M. 

(2) For any two patches x, y in the collection @, the composite functions 
y xand x 'y are Euclidean differentiable (and defined on open sets of Εὖ). 


This definition generalizes Definition 1.2: A surface-in-E* is a surface. 
But there are vast numbers of surfaces that can never be found in E’. 


8.2 Example The projective plane >. Starting from the unit sphere = 
in E’, we construct the projective plane 2 by identifying antipodal points of 
2; that is, by considering p and —p to be the same point (Fig. 4.49). For- 


FIG. 4.49 
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mally, this means the set = consists of all antipodal pairs {p, —p} of points 
of the sphere. (Order is not important here; that is, {p, —p} = {—p, p}.) 

To make Σ a surface—and later to study it—we use two functions: the 
antipodal mapping A(p) = —p of the sphere 2, and the projection P(p) = 
{p, —p} of Σ onto 2. Note that PA = P, and (ἢ): P(p) = P(q) if and 
buly if either q = porg = 

Let us call a patch x in 2 “small” if the Euclidean distance between any 
two of its points is less than 1. If x: ἢ) — Σ is a small patch, then the com- 
posite function P(x): ἢ) — Σ is one-to-one, and is thus an abstract patch 
in Σ. The collection of all such abstract patches makes = a surface—the first 
condition in Definition 8.1 is clear, and we merely outline the proof of the 
second. 

Suppose that P(x) and P(y) overlap in 3; that is, their images have a 
point in common. If x and y overlap in 2, show that (Py) “(Px) = y ‘x, 
which by Corollary 3.3 is differentiable and defined on an open set. (Hint: 
Use smallness and 1.) On the other hand, if x and y do not overlap, replace 
y by A(y). Then x and A(y) do overlap, so the previous argument applies. 

Conclusion: The projective plane = is a surface. f 


To emphasize the distinction between a surface in ΕΠ and the general 
concept of surface defined above, we shall sometimes call the latter an 
abstract surface. Note that E’ is an abstract surface if it is furnished with the 
single patch x(u, v) = (u,v). 

To get as many patches as possible in an abstract surface M, it is custom- 
ary to enlarge the given patch collection Φ to include all abstract patches 
in M that overlap smoothly with those in ©. In working with M, these 
are the only patches we can use. We emphasize that abstract surfaces M, 
and Με with the same set of points are nevertheless different surfaces if 
their (enlarged ) patch collections @, and @, are different. 

There is essentially only one problem to solve in establishing the calculus 
of an abstract surface M, and that is to define the velocity of a curve in M. 
For everything else—differentiable functions, curves themselves, tangent 
vectors, tangent vector fields, differential forms, and so on—the definitions 
and theorems given for surfaces in Εὖ apply without change. (It is neces- 
sary to tinker with a few proofs to take care of the new Definition 8.3, but 
no serious problems arise.) The velocity of a curve fails us in the abstract 
case, since before it consisted of tangent vectors to Εὖ, and now ἘΠ is gone. 

It makes not the slightest difference what we define the velocity a’ (é) 
to be—provided the new definition leads to the same essential properties 
as before. The directional derivative property (Lemma 4.6 of Chapter I) 
is what is needed. 


t The terminology in this example derives from projective geometry, however, 
Exercise 2 shows that = can more aptly be described as a twisted sphere. 
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8.3 Definition Let a: [ — M be a curve in an abstract surface M. For 
each ¢ in J, the velocity vector « (t) is the function such that 


a (i) f| = 22 (ty 


for every differentiable real-valued function f on M. 


Thus α΄ (t) is a real-valued function whose domain is the set of all differ- 
entiable functions on M. This is all we need to generalize the calculus for 
surfaces in ἘΠ to the case of an abstract surface. 

The reader may feel he has gone far enough in the direction of abstrac- 
tion, but in one more step we shall have gone all the way. 

We now have a calculus for E” (Chapter I) and a calculus for surfaces. 
These are strictly analogous, but analogies in mathematics (although use- 
ful at first) are, in the long run, annoying. What we need is a single calculus, 
of which these two will be special cases. The most general object on which 
calculus can be conducted is called a manifold. It is simply an abstract 
surface of arbitrary dimension n. 


8.4 Definition An n-dimensional manifold M is a set furnished with a 
collection Φ of abstract patches (one-to-one functions x: ἢ - M, D an 
open set in Εὖ) such that 

(1) M is covered by the images of the patches in the collection @. 

(2) For any two patches x, y in the collection @, the composite func- 
tions y ‘x and x ‘y are Euclidean-differentiable (and defined on open sets 
in Εὖ). 

Thus a surface (Definition 8.1) is the same thing as a two-dimensional 
manifold. The Euclidean space ἘΠῚ is a very special n-dimensional manifold; 
its patch collection consists only of the identity function. 

To keep this definition as close as possible to that of a surface in Εὖ, we 
have deviated slightly from the standard definition of manifold in which it 
is usually the inverse functions x ': x(D) — D that are axiomatized. 

The calculus of an arbitrary n-dimensional manifold M is defined in the 
same way as In the special case, n = 2, of an abstract surface. Differentiable 
functions, tangent vectors, vector fields, and mappings are gotten exactly 
as before: We need only replace ἢ = 1, 2 by i = 1, 2, --- , n. Differential 
forms on a manifold M have the same general properties as in the case 
n = 2, which we have explored in Sections 4, 5, and 6. But there are p- 
forms for Ὁ S$ p S n, so when the dimension n of Μ is large, the situation 
becomes rather more complicated than for n = 2, and more sophisticated 
techniques are called for. | 

Whenever calculus appears in mathematics and its applications, mani- 
folds will also be found, and higher-dimensional manifolds turn out to be 
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FIG. 4.50 


important in problems (both pure and applied) that initially seem to in- 
volve only dimensions 2 or 3. For example, we now describe a four-dimen- 
sional manifold that has already appeared, implicitly at least, in this 
chapter. 


8.5 Example The tangent bundle of a surface. If M is asurface, let Τ (ΜῚ 
be the set of all tangent vectors to M at all points of M. (For the sake of 
concreteness we shall think of M as a surface in E’, but M could just as well 
be an abstract surface, or indeed a manifold of any dimension.) Now M@ 
itself has dimension 2 and each tangent plane T,(M) has dimension 2, so 
T(M) will turn out to have dimension 4. To get the patch collection @ 
that will make the set 7'(M) a manifold, we shall derive from each patch 
x in M a patch & in T(M). Given x: D — M, let D be the open set in Ε΄ 
consisting of all point (pi, pe, ps, ps) for which (pi, po) is in D. Then let 
κ: D — T(M) be the function such that 


K (Pi, Po, Ps, Ps) = P3Xu(Pi, Po) + PaXn (1, Pe). 


(In Fig. 4.50 we identify Ε΄ with the 2,72 plane of ΕΠ and deal as best we 
can with dimension 4.) 

Using Exercise 3 of Section 3 and the proof of Lemma 3.6, it is not diffi- 
cult to check that (1) each such function Χ is one-to-one, hence is a patch 
in Τ᾽ (Μὴ, in the sense of Definition 8.4, and (2) the collection @ of all 
such patches satisfies the two conditions in Definition 8.4. Thus Τ (Μὴ is 
a four-dimensional manifold called the tangent bundle of M. 


EXERCISES 


1. Show that a surface VM is nonorientable if there is a closed curve 
a: [0, 1] — M and a vector field Y on a@ such that 
(a) Y and α΄ are linearly independent at each point. 
(0) YQ) = —Y(O). 


186 


CALCULUS ON A SURFACE [Chap. IV 


. Establish the following properties of the projective plane 2: 


(a) If P: 2 — Σ is the projection, then each tangent vector to = 
is the image under Ps of exactly two tangent vectors to 2—of 
the form v, and (—v)_>». 

(b) Σ is compact, connected, and nonorientable. 

(Hint: For (a), use Ex. 5 of IV.5.) Although the proof is difficult, 
every compact surface in ἘΠ is orientable—thus Σ is not diffeomorphic to 
any surface in ἘΝ. 


. Prove that the tangent bundle (8.5) is a manifold. (If x\and y are 


overlapping patches in M, find an explicit formula for 7 ‘x. 


. If M is the image of a single patch x: Εὖ > M, show that the tangent 


bundle 7'(M) is diffeomorphic to ἘΠ. 


. (Plane with two origins). Let M consist of all ordered pairs of real 


numbers (u, v) and one additional point 0°. Let x and y be the func- 
tions from ἘΠ to M such that 


x(u,v) = y(u,v) = (u,v) [ἢ (u,v) # (0, 0), 
but 
x(0,0) = 0 = (0,0) and y (0,0) = 0°. 


Prove that: 

(a) The abstract patches x and y make M a surface. 

(b) M is connected. 

(c) The function F: M — M is a mapping, where F(0) = Οὗ and 
F(0*) = 0, but F(p) = p for all other points of M. 

Surfaces such as this one are troublesome to deal with; we eliminate 
them by adding an additional hypothesis to Definition 8.1: For any 
points p ~ ᾳ of M there exist abstract patches x and y in Φ such that 
p is in x(D),q is in y(£), and x(D) and y(£) do not meet (Hausdorff 
axiom ). 


. Let V be a vector field on a surface M. A curve a in M is an tntegral 


curve of V provided a (t) = V(a(t)) for all ¢. Thus an integral curve 

has at each point the velocity prescribed by V. If a(0) = p, we say 

that α starts at p. 

(a) In the special case M = Εὖ, show that the curve t > (a(t), a2(£)) 
is an integral curve of v = ἢ ὦ + fo U2 starting at (a, δ) if 


and only if 
᾿ ΞΞ Πίαι, a2) (a, (0) = a 
and 
al = fo( ai, a2) a2(0) = ὃ 


dt 
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10. 


9 


The theory of differential equations predicts a unique solution for 
such systems. 
(b) Find the integral curve of 


v= —wU, + wl2 on E’ 


which starts at the point (1, —1). (Hint: The differential equa- 
tions in this case can be solved by elementary methods. Use the 
arbitrary constants in the solution to make the starting point 
(1, --1}.) 
Prove that every vector field V on a surface ΜΊῚ has an integral 
curve starting at any given point. (Hint: Pick a patch x in M, with 
x(a, b) = p, and let v be the vector field on ἘΠ such that xz(v) = V.) 


Prove that every surface of revolution is diffeomorphic to either a 
torus or a circular cylinder. (Similarly an augmented surface of revolu- 
tion—Ex. 12 of IV.1—is diffeomorphic to either a plane or a sphere. ) 


(Cartesian products). If M and N are surfaces, let M X N be the set 
of all ordered pairs (p,q), with p in M and q in N. If x: D— M and 
y: E—N are patches, let D X E be the region in ΕΠ consisting of 
all points (u, v, τὰ, νι) with (u, v) in D, (wu, νι) in E. Then define 
xXy:DXE—-MXNby 


(x X y)(u, v, UW, 1) = (x(u,v), y(t, %)). 


Prove that the collection @ of all such abstract patches makes MX N 
a manifold (of dimension 4). M X N is called the Cartesian product 
of M and N. 
The same scheme works for any two manifolds—for example, 
E' Χ Εἰ is precisely E’. 
If M is an abstract surface, a proper imbedding of M in ἘΠ is a one-to- 
one regular mapping F: Μ — ἘΠ᾿ such that the inverse function 
F':F(M) — M is continuous. Prove that the image F (M ) of a proper 
imbedding is a surface in ΕΠ (Definition 1.2) and is diffeomorphic to M. 
If F: M — E' is merely regular, then F is an immersion of M in Εὖ 
and the image F'(M) is sometimes called an ‘“‘immersed surface,’”’ even 
though it need not satisfy Definition 1.2. 


Summary 


In this chapter we have progressed from the familiar notion of surface in 
Εὖ to the general notion of manifold. Let us now reverse this process: An 
n-dimensional manifold M is a space that—near each point—is like the 
Euclidean space E”. Every manifold has a calculus consisting of differentia- 
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ble functions, tangent vectors, vector fields, mappings, and, above all, 
differential forms. The simplest manifold of dimension n is E” itself. A 
two-dimensional manifold is called a surface. Some surfaces appear in E*, 
some do not. This theory all comes from the usual elementary calculus on 
the best-known manifold of all, the real line. But the calculus of every 
manifold behaves in the same general way. 


CHAPTER VY 


Shape Operators 


In Chapter II we measured the shape of a curve in E’ by its curvature and 
torsion functions. Now we consider the analogous measurement problem 
for surfaces. It turns out that the shape of a surface M in E° is described 
infinitesimally by a certain linear operator S defined on each of the tangent 
planes of M. As with curves, to say that two surfaces in Εὖ have the same 
shape means simply that they are congruent. And just as with curves, we 
shall justify our infinitesimal measurements by proving that two surfaces 
with “the same” shape operators are, in fact, congruent. The algebraic 
invariants (determinant, trace, ---) of its shape operators thus have 
geometric meaning for the surface M@. We shall investigate this matter in 
detail and find efficient ways to compute these invariants, which we test 
on a number of geometrically interesting surfaces. 

From now on the notation M C ΕΠ means a connected surface M in 
Εὖ as defined in Chapter IV. 


] The Shape Operator of Mc E’ 


Suppose that Z is a Euclidean vector field (Definition 3.7 of Chapter IV) on 
a surface M in E’. Although Z is defined only at points of M, the covariant 
derivative V,Z (Chapter II, Section 5) still makes sense as long as v is 
tangent to M. As usual, V,Z is the rate of change of Z in the v direction, 
and there are two main ways to compute it. 


Method 1. Let a be a curve in M that has initial velocity a (0) = v. 
Let Z. be the restriction of Z to a, that is, the vector field t > Z(a (t)) on 
a (Fig. 5.1). Then 
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FIG. 5.1 


V.Z = (Za) (0) 
where the derivative is that of Chapter IT, Section 2. 
Method 2. Express Z in terms of the natural frame field of ἘΠ by 


Then 


V.Z Σ᾽ v[z;] U; 


where the directional derivative is that of Chapter IV, Section 3. 

It is easy to check that these two methods give consistent results. Note 
that even if Z is a tangent vector field, the covariant derivative V,Z need 
not be tangent to M. 

It follows immediately from Theorem 7.5 of Chapter IV that if M is an 
orientable surface in E’, then there is a unit normal vector field U on M. 
In fact, if Z is a nonvanishing normal vector field, then U = Z/ || Z || is 
still normal, and has unit length. Since is now assumed to be connected, 
there are exactly two unit normal vector fields U and —U defined on the whole 
surface M. But even when Μ is not orientable, unit normals U and —U 
are still available on some netghborhood of each point of p of Μ΄ (see Exer- 
cises for Chapter IV, Section 7). 

We are now in a position to find a mathematical measurement of the 
shape of a surface in ΕΝ 


1.1 Definition If pis a point of M, then for each tangent vector v to M 
at p, let 


S,(v) = —V,U 


where U is a unit normal vector field on a neighborhood of p in M. S, 1S 
called the shape operator of M at p (derived from U).+ (Fig. 5.2.) 


t The minus sign artificially introduced in this definition will sharply reduce the 
total number of minus signs needed later on. 
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U(p) 


FIG, 5.2 


The tangent plane of ΜΙ at any point g consists of all Euclidean vectors 
orthogonal to U(q). Thus the rate of change V,U of U in the v direction 
tells how the tangent planes of M are varying in the v direction—and 
this gives an infinitesimal description of the way M itself is curving in ΕΝ 

Note that if U is replaced by — U, then S, changes to — Sp. 


1.2 Lemma For each point p of M Cc Ε΄, the shape operator is a linear 
operator 
Sp: T,(M) > T,(M) 
on the tangent plane of M at p. 
Proof. In Definition 1.1, U is a unit vector field, so U-U = 1. Thus by’ 
a Leibnizian property of covariant derivatives, 


0 = v[U-U] = 2V,U-U(p) = —28,(v)-U(p) 


where v is tangent to M at p. Since U is also a normal vector field, it follows 
that S,(v) is tangent to M at p. Thus S, is a function from T,(M) to 
T,(M). (It is to emphasize this that we use the term “operator’’ instead of 
‘“‘transformation.”’ ) 

The linearity of S, is a consequence of a linearity property of covariant 
derivatives. 


S,(av + bw) 


ἘΞ pene Of =a in (aV_,U + ὃν.) 
αϑ,(ν) + ὃ, αν). E 


At each point p of M c E* there are actually two shape operators +S, 
derived from the two unit normals +U near p. We shall refer to all of 
these, collectively, as the shape operator S of M. Thus if a choice of unit 
normal is not specified, there is a (relatively harmless) ambiguity of sign. 


1.3 Example Shape operators of some surfaces in Εὖ. (1) Let = be 
the sphere of radius r consisting of all points p of Εὖ with || p || = r. Let 
U be the “outward normal” on 2. Now as U moves away from any point 
p in the direction v, evidently U topples forward in the exact direction of 
v itself (Fig. 5.3). Thus S(v) must have the form —cyv. 

In fact, using gradients as in Example 3.9 of Chapter IV, we find 
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But then 
1 
VU = - > vied Usp) = ~ 


Thus S(v) = —v/r for all v. So the shape 
operator S is merely scalar multiplication by 
—1/r. This uniformity in S reflects the round- 
FIG. 5.3 ness of spheres: They bend the same way in all 
directions at all points. 
(2) Let P bea plane in Εὖ A unit normal vector field U on P is evidently 
parallel in ἘΠ (constant Euclidean coordinates) (Fig. 5.4). Hence 


S(v) = -—V,U =0 


for all tangent vectors v to P. Thus the shape operator is identically zero 
—to be expected, since planes do not bend at all. 

(3) Let C be the circular cylinder αὖ + y’ = r’ in Εὖ At any point p 
of C, let δι and e; be unit tangent vectors, with δὲ tangent to the ruling of 
the cylinder through p, and 62 tangent to the cross-sectional circle. 

Use the outward normal U as indicated in Fig. 5.5. 

Now, when U moves from p in the e, direction, it stays parallel to itself 
just as on a plane; hence S(e,) = 0. When U moves in the 62 direction, it 
topples forward exactly as on a sphere of radius r; hence 5 (62) = —e,/r. 
In this way S describes the “‘half-flat, half-round”’ shape of a cylinder. 

(4) The saddle surface M: z = xy. For the moment we investigate S 
only at p = (0,0,0) in M. Since the z and y axes of E’ lie in M, the vectors 
u;, = (1,0,0) and πις = (0,1,0) are tangent to M at p. We use the “up- 
ward” unit normal U, which at p is (0,0,1). Along the z axis, U stays 


᾿ Κι} 6: 
Ρ 


FIG. 5.4 FIG. 5.5 


/\ 
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FIG. 5.6 


orthogonal to the x axis, and as we proceed in the wu; direction, U swings 
from left to right (Fig. 5.6). In fact, a routine computation (Exercise 3) 
shows that V.,U = — up. Similarly we find V,,U = —w. 

Thus the shape operator of M at p is given by the formula 


S(auwy + buy) = bu, + aus. 


These examples clarify the analogy between the shape operator of a 
surface and the curvature and torsion of a curve. In the case of a curve, 
there is only one direction to move, and κ and τ measure the rate of change 
of the unit vector fields T and B (hence N). For a surface only one unit 
vector field is intrinsically determined—the unit normal U. Furthermore, 
at each point, there are now a whole plane of directions in which U can 
move, so that rates of change of U are measured, not numerically, but by 
the linear operators S. 


1.4 Lemma For each point p of M C Εὖ the shape operator 
S:T,M —T7,M 
is a symmetric linear operator; that is, 
S(v)ew = S(w)ev 
for any pair of tangent vectors to M at p. 


We postpone the proof of this crucial fact to Section 4, where it occurs 
naturally in the course of general computations. 

From the viewpoint of linear algebra, a symmetric linear operator on a 
two-dimensional vector space is a very simple object indeed. For a shape 
operator, its characteristic values and vectors, its trace and determinant, 


all turn out to have geometric meaning of first importance for the surface 
Mc Εἰ. 
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1. Let a be a curve in M Cc E?’. If U is a unit normal of M restricted to 
the -eurve a, show that S(a’) = —U’. 


2. Consider the surface M: 2 = f(x,y), where 
f(0,0) = f.(0,0) = f, (0,0) = 0. 
(The subscripts indicate partial derivatives.) Show that 
(a) The vectors τὰ = U,(0) and τι. = U2(0) are tangent to M at the 
origin 0, and 
— fer - fU2 + Us 
V1 + fe +f? 
is a unit normal vector field on M. 
(b) S (uz) -- Jaz (0, 0)u, ἜΝ fey (0, 0) up 
S (uz) = Τὰ (0, 0): Τ Τὰ (0, 0) ur. 
(Note: The square root in the denominator is no real problem here be- 
cause of the special character of f at (0,0). In general, direct computa- 
tion of S is difficult, and in Section 4 we shall establish indirect ways of 
getting at it.) 


U = 


3. (Continuation). In each case, express S(au, + bue) in terms of u, and 
uz, and determine the rank of S at 0 (rank S is dimension of image S: 
0, 1, or 2). . 
(a) 2 = ay. (c) 2= (x+y). 
(Ὁ) 2 = 22° + y’. (d) z= ay’. 


4. Let M be a surface in ἘΠ oriented by a unit normal vector field 


U = σιΐλι + σεν + 9303. 


Then the Gauss mapping G: M — Σ of M sends each point p to the 
point (σι (Ρ), ge(p), gs(p)) of the unit sphere Σ. Pictorially: Move 
U (p) to the origin by parallel motion; there it points to G(p) (Fig. 5.7). 


U(p) 


FIG. 5.7 
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Thus G completely describes the turning of U as it traverses M. 
For each of the following surfaces, describe the image G(M) of the 
Gauss mapping in the sphere 2 (use either normal): 
(a) Cylinder, 2? + y’ = τ΄. 
(Ὁ) Cone, 2 = Wz? + y?. 
(c) Plane,x +y+2=0. 
(4) Sphere, (c —1)? + y+ (e+ 2) =1. 

5. Let G: T — Σ be the Gauss mapping of the torus T (as in IV. 2.6) 
derived from its outward unit normal U. What are the image curves 
under G of the meridians and parallels of ΤΆ Which points of 2 are the 
image of exactly two points of 7’? 


6. Let G: M —> Σ be the Gauss mapping of the saddle surface M: z = zy 
derived from the unit normal U obtained as in Exercise 2. What is the 
image under G of one of the straight lines, y constant, in M? How much 
of the sphere is covered by the entire image G(M)? 


7. Show that the shape operator of M is (minus) the derivative of its 
Gauss mapping: If S and G: M — Σ both derive from U, then S(v) 
and —G (v) are parallel for every tangent vector v to M. 

8. An orientable surface has two Gauss mappings derived from its two 
unit normals. Show that they differ only by the antipodal mapping of 
Σ (Ex. 5 of IV. 5). Define a Gauss-type mapping for a nonorientable 
surface in ΕΝ. 

9. If V is a tangent vector field on M (with unit normal U), then by the 
pointwise principle, S(V) is the tangent vector field on Mf whose value 
at each point p is S,(V (p) ). Show that 


S(V)-W = VyrW-U. 


Deduce that the symmetry of S is equivalent to the assertion that 
the bracket 


LV, W] = νν ΞΕ: VwV 


of two tangent vector fields is again a tangent vector field. 


2 Normal Curvature 


Throughout this section we shall work in a region of M C Εὖ which has been 
oriented by the choice of a unit normal vector field U, and we use the shape 
operator S derived from U. 

The shape of a surface in ΕΠ influences the shape of the curves in M. 
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FIG. 5.8 


2.1 lemma If ais acurvein M C E’, then 
α΄. = S(a )ea. 


Proof. Since a is in M, its velocity a is always tangent to M. Thus 
? . . . . . . 
α εἴ) = 0, where as in Section 1 we restrict U to the curve a. Differentiation 
yields 


a -U+a-U =0. 
But from Section 1, we know that S(a’) = —U’. Hence 
a” οὖ = —U'ea’ = S(a’)-a’. Ι 


Geometric interpretation: at each point a”+U is the component of accel- 
eration a” normal to the surface M (Fig. 5.8). The lemma shows that this 
component depends only on the velocity α΄ and the shape operator of M. 
Thus all curves in M with a given velocity v at point p will have the same nor- 
mal component of acceleration at p, namely, S(v)+v. This is the component 
of acceleration which the bending of M in ἘΠ forces them to have. 

Thus if we standardize v by reducing it to a unit vector u, we get a 
measurement of the way M is bent in the u direction. 


2.2 Definition Let u be a unit vector tangent to Μ C E’ at a point p. 
Then the number k(u) = S(u)-w is called the normal curvature of M in 
the w direction. 

To make the term direction precise, we define a tangent direction to M at 
p to be a one-dimensional subspace L of T,(M), that is, a line through the 
zero vector (located for intuitive purposes at p) (Fig. 5.9). Any nonzero 
tangent vector at p determines a direction L, but we prefer to use one of 


FIG. 5.9 
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FIG. 5.10 


the two unit vectors tu in L. Note that 
k(u) = S(u)e-u = S(—u)-(—u) = k(—u). 


Thus, although we evaluate k on unit vectors, it is, in effect, a real-valued 
function on the set of all tangent directions to M. 

Given a unit tangent vector to M at p, let a be a (unit speed) curve in 
M with initial velocity a (0) = u. Using the Frenet apparatus of a, the 
preceding lemma gives 


k(u) = S(u)-u = α΄ (0)-U(p) = «(0)N (O)-U(p) 
= «x(0) cos . 


Thus the normal curvature of M in the u direction is «(Q) cos 3, where 
x(0) is the curvature of a at a(0) = p, and ϑ is the angle between the 
principal normal N (0) and the surface normal U (p), as in Fig. 5.10. 
Given u, there is a natural way to choose the curve so that ὃ is Ὁ or 7. 
In fact, if P is the plane determined by u and U(p), then P cuts from M 
(near p) a curve o called the normal section of M in the u direction. If we 
give o unit-speed parametrization with σ΄ (0) = u, it is easy to see that 
N(O) = +U(p). (σ’ (0) = κ(ΟΝ (0) is orthogonal to σ΄ (0) = u and 
tangent to P.) Thus for a normal section in the u direction (Fig. 5.11), 


k(u) = κκ(Ο)Ν (0). ὕ (Ὁ) = +xo(0). 


Thus it is possible to make a reasonable estimate of the normal curva- 
tures in various directions on a surface M Cc Εὖ by picturing what the cor- 
responding normal sections would look like. We know that the principal 
normal N of a curve tells in which direction it is turning. Thus the preceding 
discussion gives geometric meaning to the sign of the normal curvature 
k(u) (relative to our fixed choice of U). 
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U(p) 


FIG. 5.11 


(1) Ifk(w) > 0, then N(0) = U(p), so the normal section ¢ is bending 
toward U(p) at p (Fig. 5.12). Thus in the u direction the surface M is 
bending toward U (p). 


U(p) 
u 
N(0) = U(p) 5 
_ 
Ρ u N(0) 
FIG. 5.12 FIG. 5.13 
(2) Ifk(u) < 0, then N(O) = —U(p), so the normal section o is 


bending away from U(p) at p. Thus in the u direction M is bending away 
from U(p) (Fig. 5.13). 

(3) If k(u) = 0, then «,(0) = 0 (Ν᾽ (0) is undefined ). Here the normal 
section o is not turning at (0) = p. We cannot conclude that in the u 
direction M is not bending at all, since x might be zero only at ¢(0) = p. 
But we can conclude that its rate of bending is unusually small. 


In different directions at a fixed point p, the surface may bend in quite 
different ways. For example, consider the saddle surface z = zy in Example 
1.3. If we identify the tangent plane of M at p = (0,0,0) with the zy plane 
of Εὖ then clearly the normal curvature in the direction of the x and y axes 
is zero, since the normal sections are straight lines. However, Fig. 5.6 shows 
that in the tangent direction given by the line y = z, the normal curva- 
ture is positive, for the normal section is a parabola bending upward. 
(U(p) = (0, 0,1) is “upward.”) But in the direction of the line y = —2, 
normal curvature is negative, since this parabola bends downward. 
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U(p) 


FIG. 5.14 


Let us now fix a point p of M C Εὖ and imagine that a unit tangent 
vector u at p revolves, sweeping out the unit circle in the tangent plane 
T,(M). From the corresponding normal sections, we get a moving picture 
of the way M is bending in every direction at p (Fig. 5.14). 


2.3 Definition Let p be a point of M Cc E’. The maximum and minimum 
values of the normal curvature k(u) of M at p are called the principal 
curvatures of M at p, and are denoted by k; and ke. The directions in which 
these extreme values occur are called principal directions of M at p. Unit 
vectors in these directions are called principal vectors of M at p. 


Using the normal-section scheme discussed above, it is often fairly easy 
to pick out the directions of maximum and minimum bending. For example, 
if we use the outward normal (U) on a circular cylinder C, then the normal 
sections of all bend away from U,sok(u) < 0. Furthermore, it is reasonably 
clear that the maximum value k; = 0 occurs only in the direction of a rul- 
ing, minimum value k. < 0 occurs only in the direction tangent to a cross 
section, as in Fig. 5.15. | 


FIG. 5.15 
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An interesting special case occurs at points p for which ki = ky. The 
maximum and minimum normal curvature being equal, it follows that k(u) 
is constant: M bends the same amount in all directions at p (and all direc- 
tions are principal). 


2.4 Definition A point p of M C Ε is umbilic provided the normal 
curvature k(u) is constant on all unit tangent vectors u at p. 


For example, what we found in (1) of Example 1.3 was that every point 
of the sphere Σ is umbilic, with k, = k, = —1/r. 


2.5 Theorem (1) If p is an umbilic point of M C Εὖ, then the shape 
operator S at p is just scalar multiplication by k = k, = ke. 

(2) If p is a nonumbilic point, δι τέ ke, then there are exactly two prin- 
cipal directions, and these are orthogonal. Furthermore, if δι and δ. are 
principal vectors in these directions, then 


S(e,) = kyey S(e2) = Koes. 
In short, the principal curvatures of M at p are the characteristic values 
of S, and the principal vectors of M at p are the characteristic vectors of S. 


Proof. Suppose that ἐς takes on its maximum value k; at e;, so 
ki = k(ea) = ϑ (6) +e. 


Let 62 be merely a unit tangent vector orthogonal to δι (presently we shall 
show that it is also a principal vector. ) 
If u is any unit tangent vector at p, we write 


u = u(@) = ce, + see 


where c = cos 0, 8 = sin & (Fig. 5.16). Thus normal curvature k at p be- 
comes a function on the real line: (8) = k(u(#)). 

For 1 S 2,7 S 2, let S;; be the number S(e;)+-e,;. Note that Sy, = k,, and 
by the symmetry of the shape operator, 3:2 = 321. We compute 


(8) = S(cer + sez)*(cey + 862) (1) 
= (Sy + 2scSi2 + s’Soo. 
Hence 
dk 2 
om (8) = 2sc(Se — Su) + 2(c — s°) Sx. (2) 


If ὃ = 0, thenc = 1 ands = 0, so πί0) 
ἰς (8) is a maximum at ὃ. = 0, so (ἀκ, 48) (0) 
from (2) that Sj. = 0. 

Since e;, 6. is an orthonormal basis for 7',(M ), we deduce by orthonormal 


οι. Thus, by assumption, 
0. It follows immediately 
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expansion that 
S (e; ) = Sye1 S (e2) = S222. (3) 


Now if p is umbilic, then S2 = k(e:) is the same as Su = k(e.) = ky, so 
(3) shows that S is scalar multiplication by ky = ke. 
If p is not umbilic, we look back at (1), which has become 


k (8) = ky + s’Se. (4) 


Since k, is the maximum value of k(#), and k(#) is now nonconstant, it 
follows that ki > Se. But then (4) shows: (a) the maximum value ἄτι is 
taken on only when c = +1, 8 = 0, that is, in the δι direction, and (b) the 
minimum value ky is Se, and is taken on only when c = 0, s = +1, that is, 
in the 6. direction. This proves the second assertion in the theorem, since 
(3) now reads: 


S(e,) = ker, S(e2) = keer. i 


Contained in the preceding proof is Euler’s formula for the normal curva- 
ture of M in all directions at p. 


2.6 Corollary Let k;, kp and δι, δὲ be the principal curvatures and vectors 
of M c E* at p. Then if u = cos de, + sin 862, the normal curvature of 
M in the u direction is (Fig. 5.16) 


k(u) = ky cos’ ϑ + ky sin’ 8. 


Here is another way to show how the principal curvatures k, and ke 
control the shape of M near an arbitrary point p. Since the position of M 
in ἘΠ is of no importance, we can assume that (1) p is at the origin of Εἰ, 
(2) the tangent plane 7',(M) is the zy plane of Ε΄, and (3) the z and y axes 
are the principal directions. Near p, M can be evoresed as M:z = f(x,y), 
as shown in Fig. 5.17, and the idea is to construct an approximation of M 
near p by using only terms up to quadratic in the Taylor expansion of the 


FIG. 5.16 FIG. 5.17 
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function f. Now (1) and (2) imply f’ = f, = f,’ = 0, where the subscripts 
indicate partial derivatives, and the superscript zero denotes evaluation at 
x = 0, y = 0. Thus the quadratic approximation of f near (0,0) reduces to 


f(xy) ~ Efrat” + αν + fay’). 
In Exercise 2 of Section 1 we found that for the tangent vectors 
u; = (1,0,0) and w = (0,1,0) 
at p = 0 
S(a) = —V.,U = ἌΣ ἢ + feyUe 
S(u2) = —Vu,U = ξέναι + fyyUe. 


By condition (3) above, uw and uz are principal vectors, so it follows 
from Theorem 2.5 that k, = fee, ke = fp,, and fe, = 0. 

Substituting these values in the quadratic approximation of f, we con- 
clude that the shape of M near p is approximately the same as that of the 
surface | 


M: 2 = 3 (yx? + ky’) 


near 0. M is called the quadratic approximation of M near p. It is an ana- 
logue for surfaces of a Frenet approximation of a curve. 

From Definition 2.2 through Corollary 2.6 we have been concerned with 
the geometry of M C E’ near one of its points p. These results thus apply 
simultaneously to all the points of the oriented region © on which, by our 
initial assumption, the unit normal U is defined. In particular then, we 
have actually defined principal curvature functions κι and ky on ©. At each 
point p of 0, k,(p) and k2(p) are the principal curvatures of M at p. We 
emphasize that these functions are only defined “modulo sign’’: If U is 
replaced by —U, they become —k, and —ke. 


EXERCISES 


1. Use the results of Example 1.3 to find the principal curvatures and 
principal vectors of 
(a) The cylinder, at every point. 
(b) The saddle surface, at the origin. 


2. If v is a nonzero tangent vector (not necessarily of unit length), show 
that the normal curvature of M in the direction determined by v is 
kiv) = S(v)ev/vev. 


3. For each integer n = 2, let a, be the curve ¢t — (r cos t, r sin t, +t”) 


— 
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in the cylinder M: x” + y’ = r’. These curves all have the same velocity 
at ¢ = 0; test Lemma 2.1 by showing that they all have the same normal 
component of acceleration at ¢ = 0. 


4. For each of the following surfaces, find the quadratic approximation 
near the origin: 
(a) z = εσρ (αὐ + y°) -- 1. 
(b) 2 = log cos x — log cos y. 
(c) 2 = (4 + 3y)*. 


5. Justify the first sentence in the proof of Theorem 2.5: Show that k has a 
maximum value. 


3 Gaussian Curvature 


In the preceding section we found the geometrical meaning of the charac- 
teristic values and vectors of the shape operator. Now we examine the de- 
terminant and trace of S. 


3.1 Definition The Gaussian curvature of M C E’ is the real-valued func- 
tion K = det Son M. Explicitly, for each point p of M, the Gaussian curva- 
ture K (p) of M at p is the determinant of the shape operator S of M at p. 


The mean curvature of M C ἘΠ is the function H = } trace S. Gaussian 
and mean curvature are expressed in terms of principal curvature by 


3.2 Lemma K = kiko, H = (ki + ke)/2. 


Proof. The determinant (and trace) of a linear operator may be defined 
as the common value of the determinant (and trace) of all its matrices. 
If δι and δὴ are principal vectors at a point p, then by Theorem 2.5, we have 
S(e.) = ki(p)er and 3 (62) = ke(p)er. Thus the matrix of S at p with re- 


spect to οι, 6. 15 
ἕω 0 ) 
0 ke(p) 


This immediately gives the required result. ἔ 


A significant fact about the Gaussian curvature: It is independent of the 
choice of the unit normal U. If U is changed to — U, then the signs of both 
k, and k, change, so αὶ = k,ke is unaffected. This is obviously not the case 
with mean curvature H = (ki + ke)/2, which has the same ambiguity of 
sign as the principal curvatures themselves. 

The normal section method in Section 2 lets us tell, by inspection, ap- 
proximately what the principal curvatures of M are at each point. Thus we 
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U(p) ky(p) < 0 
k2(p) < 0 


FIG. 5.18 FIG. 5.19 


get a reasonable idea of what the Gaussian curvature Καὶ = kyke is at each 
point p by merely looking at the surface M. In particular, we can usually 
tell what the sign of Καὶ (p) is—and this sign has an important geometric 
meaning, which we now illustrate. 


3.3 Remark The sign of Gaussian curvature at a point p. 


(1) Positive. If K(p) > 0, then by Lemma 3.2, the principal curvatures 
k,(p) and ke(p) have the same sign. By Corollary 2.6, either k( u) > 0 for 
all unit vectors u at p or k(u) < 0. Thus M is bending away from its 
tangent plane Tp(M) in all tangent directions at p. (Fig. 5.18). 

The quadratic approximation of M near p is the paraboloid 


25 = ki (p)x’ + ke(p)y’. 


(2) Negative. If K(p) < 0, then by Lemma 3.2 the principal curvatures 
k,(p) and k,(p) have opposite signs. Thus the quadratic approximation of 
M near p is a hyperboloid, so M also is saddle-shaped near p (Fig. 5.19). 


(3) Zero. If K(p) = 0, then by Lemma 3.2 there are two cases: 
(a) Only one principal curvature is zero, say 


ki(p) #0, ke(p) = 0. 


(b) Both principal curvatures are zero: 


ki (p) Ἐξ ko(p) = 0. 


In case (a) the quadratic approximation is the cylinder 2z = k, (p)x’, so 
M is trough-shaped near p (Fig. 5.20). 

In case (b), the quadratic approximation reduces simply to the plane 
z = 0, so we get no information about the shape of M near p. 


A torus of revolution T provides a good example of these different cases. 
At points on the outer half 0 of 7, the torus bends away from its tangent 
plane as one can see from Fig. 5.21; hence Καὶ > 0 on ὃ. But near each point 
p of the inner half g, T is saddle-shaped and cuts through 7,(M). Hence 
K <Qong. 
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U(p) 
ki(p) > 0 
ke(p) = 0 
Vann 
€1 
FIG, 5.20 FIG. 5.21 


FIG. 5.22 


Near each point on the two circles (top and bottom) which separate 0 
and g, the torus is trough-shaped; hence K = Ο there. (A quantitative 
check of these qualitative results is given in Section 6.) 

In case 3(b) above, where both principal curvatures vanish, p is called a 
planar point of M. (There are no planar points on the torus.) For example, 
the central point p of a monkey saddle, say 


Μ:ιετ σα + V3y) (x — V3y), 


is planar. Here three hills and valleys meet, as shown in Fig. 5.22. Thus 
p must be a planar point—the shape of ΜΙ near p is too complicated for the 
other three possibilities in Remark 3.3. 

We consider now some ways to compute Gaussian and mean curvature. 


3.4 Lemma If v and w are linearly independent tangent vectors at a 
point p of M c Ε΄, then 


S(v) X S(w) = K(p)v X w 
S(v) X w+v X S(w) = 2A (p)v X w. 
Proof. Since v, w is a basis for the tangent plane 7, (1), we can write 
S(v) = av + bw 


S(w) = cv + dw. 
Thus 
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a b 
Ca 
is the matrix of S with respect to the basis v, w. Hence 
K(p) = det S = ad — be H(p) = 3trace S = ξία + d). 
Using standard properties of the cross product, we compute 
S(v) X S(w) = (av + bw) X (cv + dw) 
= (ad — bec) vX w= K(p)vXw 
and a similar calculation gives the formula for H (p). i 


Thus if V and W are tangent vector fields that are linearly independent 
at each point of an oriented region, we have vector field equations 


SV) X SW) =KVXW 
SV) X W+V xX SW) = 2H V X W. 


These may be solved for K and H by dotting each side with the normal 
vector field V X W, and using the Lagrange identity (Exercise 6). We then 
find 


SV:-V SV-W SV-V SV-W| |V-V γον 
eet a nied SW-V SW-Ww 

VV VW se a 

WV WeW WV Ww 


(The denominators are never zero, since the independence of V and W is 
equivalent to (V X W)+*(V X W) > 0.) In particular the functions Καὶ 
and H are differentiable. 

Once K and Η are known, it is a simple matter to find k, and kp. 


3.5 Corollary On an oriented region © in M, the principal curvature 
functions are 


ky, ke = H+ ΝῊ: — K. 
Proof. To verify the formula it suffices to substitute 
K = kk. and H = (ki + ke)/2, 
and note that 


2 2 
Pon = ik, = ao ᾿ 
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A more enlightening derivation (Exercise 4) uses the characteristic poly- 
nomial of S. 

This formula shows only that k, and ke are contznuous functions on 0; 
they need not be differentiable since the square-root function is badly be- 
haved at zero. The identity in the proof shows that H* — K is zero only at 
umbilic points, however, so k, and kz are differentiable on any oriented region 
free of umbuiltcs. 

A natural way to single out special types of surfaces in ΕΠ is by restric- 
tions on Gaussian and mean curvature. 


3.6 Definition A surface M in E’ is flat provided its Gaussian curvature 
is zero, and minimal provided its mean curvature 15 zero. 


As expected, a plane is flat, for by Example 1.3 its shape operators are 
all zero, so Καὶ = det S = 0)\Ona circular cylinder, (3) of Example 1.3 shows 
that S is sengular at each point p, that is, has rank less than the dimension 
of the tangent plane 7,(M). Thus, although S itself is never zero, its de- 
terminant 15 always zero, so cylinders are also flat. This terminology seems 
odd at first for a surface so obviously curved, but it will be amply justified 
in later work. 

Note that minimal surfaces have Gaussian curvature K < 0, because 
if H = (ky Ἢ kp) /2 = 0, then ky = —kp, sok = kyke < 0. 

Another notable class of surfaces consists of those with constant Gaussian 
curvature. As mentioned earlier, Example 1.3 shows that a sphere of radius 
rhas ki = kx = —1/r (for U outward). Thus the sphere = has constant 
positive curvature K = 1/r’: Thesmaller the sphere, the larger its curvature. 

We shall find many examples of these various special types of surface 
as we proceed through this chapter. 


EXERCISES 


1. Show that there are no umbilics on a surface with Κα « 0, and that if 
kK Ξ 0, umbilic points are planar. 


2. Let u; and τ. be orthonormal tangent vectors at a point p of M. What 
geometric information can be deduced from each of the following condi- 
tions on S at p? 

(a) S(a,)*u, = 0. (c) S(u,) Χ S(ue) = 0. 
(b) SQ) + S(uz) = 0. (d) S(m)+S(uz) = 0. 
3. (Mean curvature). Prove that 


(a) the average value of the normal curvature in any two orthogonal 
directions at p is H(p). (The analogue for K is false.) 
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Qa 


(b) H (p) = (1 πὶ ΟΡ (ὅ) ἀϑ, 


where k(#) is the normal curvature, as in Corollary 2.6. 


4. The characteristic polynomial of an arbitrary linear operator S is 
p(k) = det(A — kl), 


where A is any matrix of S. 

(a) Show that the characteristic polynomial of the shape operator is 
κ᾽ — 2Hk + K. 

(b) Every linear operator satisfies its characteristic equation; that is, 
p(S) is the zero operator when S is formally substituted in p(k). 
Prove this in the case of the shape operator by showing that 


Sve Sw — 2HSvew + νον = 0 


for any pair of tangent vectors to M. 
The real-valued functions 


I(v,w) = vew, Il(v,w) = Svew, 
and 
Ill (v,w) = S’vew = Sv-Sw, 


defined for all pairs of tangent vectors to an oriented surface, are 
traditionally called the first, second, and third fundamental forms of M. 
They are not differential forms; in fact, they are symmetric in v and w 
rather than alternate. The shape operator does not appear explicitly in 
the classical treatment of this subject; it is replaced by the second fun- 
damental form. 


5. (Dupin curves). For a point p of an oriented region of M, let Cy be the 
intersection of M near p with its tangent plane 7,(M); specifically, Co 
consists of those points of M near p which lie in the plane through p 
orthogonal to U(p). Co may be approximated by substituting for // its 
quadratic approximation M; thus Co is approximated by the curve 


Co: knw? + key’ = 0, near (0,0). 


(a) Describe Co in each of the three cases K(p) > 0, Κα) < 0, and 
K(p) = 0 (not planar). 

(b) Repeat (a) with Co replaced by Ce and C_e, where the tangent 
plane has been replaced by the two parallel planes at distance +e 
from it. 

(c) This scheme fails for planar points since the quadratic approxima- 
tion becomes M: z = 0. For the monkey saddle, sketch Cy, Ce, and 
Ce. 
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FIG. 5.23 


6. If v, w, a, and b are vectors in ΕΠ, prove the Lagrange identity 


vea veb 


(v X w)e(a Χ b) = 


wea web 
7. (Parallel surfaces). Let M be a surface oriented by U; for a fixed number 
e (positive or negative) let F: M — E* be the mapping such that 
F(p) = p+ eU(p). 
(a) If v is tangent to M at p, show that V = Fs (v) is v —eS(v). De- 
duce that 
v xX w= J(p)v Xw, 
where 
J=1-—2eH + εκ = (1 — ek) (1 — εἰ). 
If the function J does not vanish on M (M is compact and | e| small), 
this shows that F is a regular mapping, so the image 


M = F(M) 


is at least an immersed surface in E* (Ex. 10 of IV.8). M is said to 
be parallel to M at distance e (Fig. 5.23). 

(Ὁ) Show that the canonical isomorphisms of ΕΠ make U a unit normal 
on M for which S(¥) = S(v). 

(c) Derive the following formulas for the Gaussian and mean curvatures 
of M: 


R(F) =K/J; ACF) = (H — eK)/J. 


8. (Continuation) 
(4) Check the results in (6) in the case of a sphere of radius r oriented 
by the outward normal U. Describe the mapping F = Fe when e 
is 0, —r, and —2r. 
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(b) Starting from an orientable surface with constant positive Gaussian 
curvature, construct a surface with constant mean curvature. 


4 Computational Techniques 


We have defined the shape operator S of a surface M in ΕΠ and found 
geometrical meaning for its main algebraic invariants: Gaussian curvature 
K, mean curvature H, principal curvatures k, and ke, and (at each point) 
principal vectors δι and es. We shall now see how to express these invariants 
in terms of patches in ἢ. 

If x: ἢ — M isa patch in M C E’, we have already used the three real- 
valued functions 


E = Xy*Xu, ESS 6X ΞΕ Sy Ki, G = Xy*Xp. 


on ἢ. Here E > 0 and G > 0 are the squares of the speeds of the u- and 
v-parameter curves of x, and F measures the coordinate angle 3 between 
x, and x,, since 

F = x,°x, = || xu || || x, |] cos ὃ = WEG cos ὃ. 


(Fig. 5.24). E, F, and G are the “warping functions” of the patch x: They 
measure the way x distorts the flat region D in E’ in order to apply it to 
the curved region x(D) in M. These functions completely determine the 
dot product of tangent vectors at points of x(D), for if 
V = YX, + 2X, and W = WX, + χα, 
then 
γον = Ενωι + F(uwe + vow) + Οἴου. 


(In such equations we understand that x,, x,, Κα, F, and G are evaluated at 
(u, v) where x(u, v) is the point of application of v and νυν.) 

Now x, X x, is a function on D whose value at each point (u, v) of D 
is a vector orthogonal to both x,,(u, v) and x,(u, v)—and hence normal to 
M at x(u, v). Furthermore, by Lemma 1.8 of Chapter II, 


lx. X % |? = EG — PF. 


--νῇ 


FIG. 5.24 
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Since x is, by definition, regular, this real-valued function on D is never 
zero. Thus we can construct the unit normal function 


ji Xu X Xp 


| xu X x | 


on D, which assigns to each (u, v) in D a unit normal vector at x(u, v). We 
emphasize that in this context, U, like x, and x,, is not a vector field on 
x(D), but merely a vector-valued function on D. Nevertheless we may 
regard the system x,, x,, U as a kind of defective frame field. At least U 
has unit length and is orthogonal to both x, and x,, even though x, and 
x, are generally not orthonormal. 

In this context, covariant derivatives are usually computed along the 
parameter curves of x, where by the discussion in Section 1, they reduce to 
partial differentiation with respect to u and v. As in the case of x, and x,, 
these partial derivative are again denoted by subscripts u and υ. If 


x (u, v) = (x (u, v), 72 (u, v), 13 (u, v)), 
then just as for x, and x, on page 134, we have 
κω = (221, 782 Fae 
Nau?’ du?’ du? /x 


τον ee (22 0°2x5 a ) 
ics duov’ dudv’ dudv/x 


oo ἘΞ a 2) 
ὙΠ δὺυ2᾽᾽ av?” dv? 7.΄ 
Evidently x,, and x,, give the accelerations of the u- and v-parameter 
curves. Since order of partial differentiation is immaterial, x.» = X»., which 
gives both the covariant derivative of x, in the x, direction, and x, in the 
x, direction. 


Now if S is the shape operator derived from U, we define three more 
real-valued functions on D: 


€= S(x,)*x, 
m = S(xXzy)°x, = S(x,)°x, 
ne τὸ 1S (Xs) * Xp. 


Because x,, x, gives a basis for the tangent space of M at each point of 
x(D), it is clear that these functions uniquely determine the shape operator. 
Since this basis is generally not orthonormal, f, m, and » do not lead to 
simple expression for S(x,,) and S(x,) in terms of x, and x,. In the formulas 
preceding Corollary 3.5, however, they do provide simple expressions for 
Gaussian and mean curvature. 
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4.1 Corollary If xis a patch in Μ C E’, then 


hom _ Gl + En — 2Fm 

K(x) = Fam ΒΗ) = “Sag - γὴ 
Proof. At a point p of x(D), the formulas on page 206 express K (p) and 
H (p) in terms of tangent vectors V(p) and W (p) at p. If V(p) and W (p) 
are replaced by the tangent vectors x,(u, v) and x,(u, v) at x(u, v), we 
find the required formulas for Καὶ (x(u, v)) and H(x(u, v)). i 


When the patch x is clear from context, we shall usually abbreviate the 
composite functions K(x) and H(x) to merely K and H. 

By a device like that used in Lemma 2.1 we can find a simple way to 
compute f, m, and »—and thereby K and H. For example, since U-x, = 0, 
partial differentiation with respect to v—that is, ordinary differentiation 
along v-parameter curves—yields 

6 
0 = — (Uex,) = Usex, + Urxw. 
Ov 
(Recall that U, is the covariant derivative of the vector field v — U (us, v) 
on each v-parameter curve, uU = wo.) Since x, gives the velocity vectors 
of such curves, Exercise 1 of Section 1 shows that U, = —S(x,). Thus the 
preceding equation becomes 


S(x,)°x, = Uexyy. 


(Fig. 5.25). Three similar equations may be found by replacing u by 2», 
and v by τ. In particular, 


S(xy)°xX, = Uexyy = Uexuy = S(xy)* Xu. 


FIG. 5.25 
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4 


FIG. 5.26 


Again, since x, and x, give a basis for the tangent space at each point, this 
is sufficient to prove that S 8 symmetric (Lemma 1.4). 


4.2 Lemma If x isa patch in M C Εὖ, then 

f= S(x,)ex, = Uexu 
S(xu)°x, = Uexu 
= S(x,)*x, = Uexy. 


am 


na 


The first equation in each case is just definition, and u and v may be 
reversed in the formulas for m. 

4.3 Example Computation of Gaussian and mean curvature 

(1) Helicoid (Exercise 7 of Section 2, Chapter IV). This surface H, 
shown in Fig. 5.26, is covered by a single patch 


x(u,v) = (ὦ COs v, u sin », bv), b ~ 0, 
for which 
X. = (cos v, sin v, 0) E=1 
xX,» = (—wsin v, u cos », ὃ) F=0 
Οα -- δ" -τ ι΄. 
Hence 


Xu X x» = (bsinv, —b cos», uw). 


214 SHAPE OPERATORS (Chap. V 


To find K alone it is not necessary to compute FZ, F, and G, but it is 
wise to do so anyway, since the identity 


|x, X χυ  Ξ VEG — F? 


then gives a check on the length of x, X x,. (its direction may also be 
checked, since it must be orthogonal to both x, and x,.) If we denote 
| xu X x» || by W, then W = ~/b? + wu? for the helicoid, so the unit normal 
function is 


Χ Xx,  (bsinv, —b cos v, u) 


U = ———— 
Ww Ve + wv 
Next we find 
Xuu = O 
Xu, = (—sin v, cos v, 0) 
Xy» = (—ucosv, —usin υ, 0). 


Here x, = 0 is obvious, since the u-parameter curves are straight lines. 
The v-parameter curves are helices, and this formula for the acceleration 
Χυυ was found already in Chapter II. Now by Lemma 4.2, 


ἐπ nye X*) Ὁ 
sce a 
τ W W 
a= re eae) = (). 
Hence by Corollary 4.1 and the results above, 
Kk ba = αἱ = = (b/Wy = a = _ ab 
EG — ΤΣ WwW? Με (b? + u?)? 
H = ery = area 
Thus the helicoid is a minimal surface with Gaussian curvature 
-l1sk <0. 
The minimum value Κα = —1 occurs on the central axis (u = 0) of the 


helicoid, and Καὶ — 0 as distance | w| from the axis increases to infinity. 

(2) The saddle surface M: 2 = xy (Example 1.3). This time we use 
the Monge patch x(u, v) = (u, v, uw) and with the same format as above, 
compute 
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x, = (1, 0, v) Ε--1-υ 
x, = (0,1, μ) F = w 
G=l1l+uv 
U = (-v,-u,1)/W W=Vit+ ete 
Xu. = O f‘=0 
Xu» = (0, 0,1) m= 1/W 
Xo = 0 n= 0. 
Hence 
κ- . —] — Uv 


Strictly speaking, these functions are K(x) and H(x) defined on the 
domain E’ of x. But it is easy to express K and H directly as functions on M 
by using the cylindrical coordinate functions r = ~/z? + y? and z. Note 
from Fig. 5.27 that 


r(x(u,v)) = Vu? + v 
and 
2(x(u,v)) = 
hence on ἢ: 


—1 -Ζ 
(+ 3} 2)? ? H= (1 + 73? 1+ + 7?)3/2° 


Thus the Gaussian curvature of M depends only on distance to the z 


K = 


FIG. 5.27 
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axis, rising from K = —1 (at the origin) toward zero as r goes to infinity, 
while H varies more radically. 


Like all simple (that is, one-patch) surfaces, the helicoid and saddle 
surface are orientable, since computations as above provide a unit normal 
on the whole surface. Thus the principal curvature functions k, and ke are 
defined unambiguously on each surface. These can always be found from 
K and H by Corollary 3.5. Since the helicoid is a minimal surface, we get 


the simple result 
τεῦ 
aCe 


For the saddle surface, 
a Ξ ἔξ 5..ΞΕΞ ν 1+r+2 


Techniques for computing principal vectors are left to the exercises. 

There is a different computational approach which depends on having 
an explicit formula Z = >: z,U; for a nonvanishing normal vector field Z 
on M. The main case is a surface given in the form M: g = c, for there we 
know from Chapter IV, Section 3, that the gradient 


νυ -- ἰδ 2 U; 
is such a vector field—thus we may use any convenient scalar multiple of 
Vg as Z. Let S be the shape operator derived from the unit normal 
U = Ζ7] Ζ ||. 
If V is a tangent vector field on M, then by Method 2 in Section 1, we find 
ννΖ = >, ViedU,. 
Using a Leibnizian property of such derivatives, 


Z = (2) 5 yf 1 


"Zi [2] |Z | 


(Fig. 5.28). What is important here is that V[1/|| Z ||]Z is a normal vector 

field; we do not care which one it is, so we denote it merely by — Ny. Thus 

—(VyZ) 
|| Z || 


Note that if W is another tangent vector field on M, then Ny X Nw = 0, 
while products such as Ny X Y are tangent to M for any Euclidean vector 


V,U =V 


S(V) -- --νυῦ = + Ny. 
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(V.Z)/|| Z | 


V1/|| 2 [IZ 


FIG. 5.28 


field Y on M. Thus it is a routine matter to deduce the following lemma from 
Lemma 3.4. 


4.4 lemma _ Let Z be a nonvanishing normal vector field on M. If V and 
W are tangent-vector fields such that V Χ W = Z, then 


K = (ZeVyZ x VwZ) 
|| Z ||* 


(VeZ xX W+ V X ν»Ζ) 
2) Z "" 


To compute, say, the Gaussian curvature of a surface M: g = c using 
patches, one must begin by explicitly finding enough of them to cover all of 
M; a complete computation of Καὶ may thus be tedious, even when g is a 
rather simple function. The following example shows to advantage the 
approach just described. 


H=-Z 


4.5 Example Curvature of the ellipsoid 


We write g = >_2;/a,7, and use the (nonvanishing) normal vector field 
Li 
Z = 5 Vg = », a? U;. 


Now if V = ) > 0,U; is a tangent vector field on M, 


ννζΖ — >, Viel U; = os U; 


a,” 


since 
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Via] = dxi(V) = vj. 
Similar results for another tangent vector field W then yield 


V1 9 Υ3 

Ay? ae? as” 

V1 Vo ὗς 1 
LOVE ON WE = ag. Tag al ogee 
ay Ao ag @4°A9°O3 
Wi We W3 
αι ad ας; 


where X is the special vector field δ᾽ αὖ], which was used in Example 3.9 
in Chapter IV. 

It is always possible to choose V and W so that V X W = Z. 
But then 


XVXW=aXZ= > + = 1. 


Thus by Lemma 4.4 we have found 


1 χα 2 
-aaretap were 12] = (25) 

For any oriented surface in E’, its support function h assigns to each 
point p the orthogonal distance h(p) = p*U(p) from the origin to the 
tangent plane T,(M), as shown in Fig. 5.29 for the ellipsoid. Using the 
vector field X (whose value at p is the tangent vector p,), we find for the 
ellipsoid that 


Z 1 


IZ) 4M 


ha Xs = Xe 


FIG. 5.29 
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Thus a more intuitive expression for the Gaussian curvature of the ellipsoid 
is , 
μ 


“ αδρϑοδ᾽ 


Note that when a = ὃ = c = 1, the ellipsoid is a sphere and this formula 
becomes K = 1/r?. 


The computational results in this section, though stated for surfaces, 
still apply to immersed surfaces (Exercise 10 of Chapter IV, Section 8). 
In particular, the formulas in Corollary 4.1 make sense for an arbitrary 
regular mapping x: ἢ — E’. The theoretical justification of this added 
generality is outlined in Chapter VII, Section 7. 


EXERCISES 


1. Show that the sphere of radius r has K = 1/r’ by applying the methods 
of this section to the geographical patch 


x(u,v) = (r cos v 605 U, 7 COS ὃ Sin U, 7 Sin υ). 
2. For a Monge patch, x(u,v) = (u, v, f(u,v)), show that 
E=1+fl  € = fau/W 
F = fifp m = fur/W 
=1l+fe 9 ΞΡ 
where 
Wee Qleh fa a iar e, 
Find formulas for K and H. 
3. (Continuation). Deduce that the image of x is flat if and only if 
fuufou — fur = 0; 
minimal if and only if 
(lL + fu ifow + (1 + fo”) fu — fufofuo = 0. 
4. Show that the image of the patch 
x (u,v) = (u,v, log cos v — log cos 1) 


is ἃ minimal surface with Gaussian curvature 
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2 2 
—sec'u sec v 
K= a 
4 
where 


W? = 1+ tan’u + tan’v. 


. Express the curvature K of the monkey saddle M: z = 2° — 3zy’ 


(Fig. 4.47) in terms of r = ~/z? + y?. Is this surface minimal? 


. Find the Gaussian curvature of the elliptic and hyperbolic paraboloid, 


2 


2 
Mie=“+e5,, (e = +1). 


. Show that the curve segment 


a(t) = x (a; (t), de (t)), asts b 


has length 


b 
em [ (Βα, + 2Ρα; ay’ + Gar)!” dt, 


where E, F, and G are evaluated on a;,d2. 


. Prove that the coordinate angle 3 of a patch x: D> M,0 « ὃ < 7, 


is a differentiable function on D. (Hint: Use the Schwarz inequality in 
Π.1.) 


. (a) A patch x in M is orthogonal provided F = O (so x, and x, are 


orthogonal at each point). Show that in this case 


Xy 


S(x.) - τ αι + & 


S (x,) = 7 Xy + A 

(Ὁ) A patch x is principal provided F = m = 0. Prove that x, and x, 
are principal vectors at each point, with corresponding principal 
curvatures ΠΕ and »/G. 


Χ,. 


. Prove that a tangent vector 


V = Xu + U2Xy 


is a principal vector if and only if 


v2 -- υιῦ v,” — 0) 
E F ΡΝ 
f “τι. au 


(Hint: v is principal if and only if the normal vector S(v) X v is zero.) 
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ΤΊ. 


13. 


14. 


15. 


16. 


Show that on the saddle surface M (4.3) the two vector fields 
(Vi+tw, Ξ-ἶ-ἰ ΝΊ  υ, ol + wt uv 1 4+ 0?) 


are principal at each point. Check that they are orthogonal and tangent 
to M. 


(Enneper’s minimal surface). This is the immersed surface given by 
3 3 
x(u,v) = (u -τ tw’, v— _ + uv, εὖ - Ὁ. 


Prove that this immersed surface is minimal and that x is not one-to- 
one. (Hint: For H = 0 it suffices to prove 


E =G,F = 0, and x,, + x,» = 0.) 


(Patch criterion for umbilics). Show that the point x(u, v) is umbilic 
if and only if there is a number k such that ἢ, = kE, m = kF, and 
n = kG at (u,v) (k is then the principal curvature ki = ζω). 


If v = ux, + vex, is tangent to M at x(u,v), the normal curvature in 
the direction determined by v is 


k(v) ae fo; + 2m Ve + no 
Kv? -- 2 κι. + Gv? 
where the various functions are evaluated at (u,v). 
Find the umbilic points (if any) on the following surfaces: 
(a) Saddle (Example 4.3). 
(b) Monkey saddle (Exercise 5). 
(c) Elliptic paraboloid (Exercise 6). 


(Tubes). If β is a unit-speed curve in Εὖ with κ > 0, let 
x(u,v) = B(u) + e(cosv N(u) + sinv B(u)). 


Thus the v-parameter curves are circles of (constant) radius ε in planes 

orthogonal to 8. Show that 

(a) x is regular if ¢ is small enough; so x is an immersed surface called 
the tube’of radius ε around B. 

(b) U = cosv N(u) + sin v B(u) is a unit normal function on the 
tube. 


= —x(u) cos v 
ie = e(1 — «(u) ε cos v) 


(Hint: Use S (xz) x S(x,) = Kx, x Χυ.) 


. Show that the elliptic hyperboloids of one and two sheets (Ex. 10 of 


IV.2) have Gaussian curvature K = —h'*/a’b’c’ and K = h’‘/a’b’c’, re- 
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spectively, and that both support functions h are given by the same 
formula as for the ellipsoid (4.5). 


If h is the support function of an oriented surface M C Ε΄, show that 

(a) A point p of M is a critical point of ὦ if and only if p-S(v) = 0 
for all tangent vectors v to M at p. (Hint: Write h as X+U, where 
X= Σ᾽ x,U i.) 

(b) When K(p) = 0, p is a critical point of A if and only if p (con- 
sidered as a vector) is orthogonal to M at p. 


Use the preceding exercises to find the Gaussian curvature intervals 
of the ellipsoid and the elliptic hyperboloids of one and two sheets. 
(Ex. 10 of IV. 2) Assumea 2 ὃ 2 ¢. 


Compute K and H for the saddle surface (Example 4.3) by the method 
given at the end of this section. (Hint: Take V and W tangent to the 
two sets of rulings of ΜΖ.) 


Scherk’s minimal surface, M: ο΄ cos x = cos y. Let ® be the region 

in the xy plane on which cos x cos y > 0; Θὲ is a checkerboard pattern 

of open squares, with vertices ((r/2) + am, (/2) + nm). Show that 

(a) M is a surface. 

(Ὁ) For each point (u,v) in δὲ there is exactly one point (u, v, w) in M. 
The only other points of M are entire vertical lines over each of 
the vertices of ® (Fig. 5.30). 

(c) M is a minimal surface with K = —e*/(e* sin’x + 1). (Hint: 


FIG. 5.30 
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V = cos xU, + sin α΄ is a tangent vector field.) Further proper- 
ties of this surface are given in Ex. 11 of 1.8. 


22. Let Z be a never-zero normal vector field on M. Show that a tangent 
vector v to M at p is principal if and only if 


v-Z(p) X V.Z = 0 


(see the hint for Exercise 10). 
The equation above together with the tangency condition 


Z(p):v = 0 


may be solved for the principal directions. Thus umbilics may be 
located using these equations: p is umbilic if and only if every tangent 
vector v at p is principal. 


23. Consider the ellipsoid M: >> z,’/a,’ = 1. Show that 
(a) A tangent vector v at the point p is principal if and only if 


0 = pyvov3(a2” — as’) + povivs(as. — αι} + psrive(ar’ — az’). 


(0) Assuming a, > ας > a3, show that there are exactly four umbilics 
on M, with coordinates 


a — as 1/2 as Sa 1/2 
ri = +a) (5. Ξ 4) P2 = 0 P3: = +a3 (7, =") : 
1 


αι: ἘΦ. ας: 


5 Special Curves in a Surface 


We shall briefly consider three geometrically significant types of curves in a 
surface M c Εὖ Neither this section nor the next is really essential for the 
theory; their purpose is to illustrate some of the ideas already introduced, 
and supply examples for later work. 


5.1 Definition A regular curve a in M C Εὖ is a principal curve (or line 
of curvature) provided that the velocity a’ of a always points in a principal 
direction. 


Thus principal curves always travel in directions in which the bending 
of M in ἘΠ᾿ takes its extreme values. Neglecting changes of parametrization, 
there are exactly two principal curves through each nonumbilic point of 
M—and these necessarily cut orthogonally across each other. (At an umbilic 
point p, every direction is principal and near p the pattern of the principal 
curves can become quite complicated. ) 


5.2 Lemma Let a be a regular curve in M C Εὖ, and let U be a unit 
normal vector field restricted to a. Then 
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(1) The curve a is principal if and only if U’ and α΄ are collinear at each 
point. 

(2) If @ is a principal curve, then the principal curvature of M in the 
direction of α΄ is a” *U/a' «α΄. 


Proof. (1) Exercise 1 from Section 1 shows that S(a’) = —U’. Thus 
U’ and α΄ are collinear if and only if S(a’) and a’ are collinear. But by 
Theorem 2.5, this amounts to saying that a always points in a principal 
direction, or, equivalently, that a is a principal curve. 

(2) Since a is a principal curve, the vector field a’ /|| α΄ || consists entirely 


of (unit) principal vectors belong to, say, the principal curvature k,. 
Thus 


Κι = k(a’/|| α΄ ||) = S(e’/|| α΄ ||) -0"/|| α΄ |] 
= S(a')ea’ — aU 
alent! atl «α' 
where the last equality uses Lemma 2.1. i 


In this lemma, (1) is a simple criterion for a curve to be principal, while 
(2) gives the principal curvature along a curve known to be principal. 


5.3 Lemma Let a be a curve cut from a surface M Cc E’ by a plane P. 
If the angle between MV and P is constant along a, then a is a principal 
curve of M. 


Proof. Let U and V be unit normal vector fields to M and P (respectively ) 
along the curve a, as shown in Fig. 5.31. Since P is a plane, V is parallel, 
that is, V’ = 0. Now the constant angle assumption means that U-V is 
constant; thus 


0 -- (U-V) = UV. 


Since U is a unit vector, U’ is orthogonal to U as well as V. The same is of 


FIG. 5.31 
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course true of α΄, since α lies in both M and P. If 
U and V are linearly independent (as in Fig. 
5.31) we conclude that U’ and α΄ are collinear; 
hence by Lemma 5.2, a is principal. 

However, linear independence fails only when 
U = +V. But then U’ = 0, so a is (trivially) 
principal in this case as well. Ι͂ 


(It is scarcely any harder to prove the gener- 
alization given in Exercise 5.) Using this result it FIG. 5.32 
is easy to see that the meridians and parallels of a 
surface of revolution M are its principal curves. Indeed, each meridian yu is 
sliced from M by a plane through the axis of revolution and hence orthog- 
onal to M along μ, while each parallel z is sliced from M by a plane orthog- 
onal to the axis, and by rotational symmetry such a plane makes a con- 
stant angle with M along π. | 

Directions tangent to M Cc E’ in which the normal curvature is zero are 
called asymptotic directions. Thus a tangent vector v is asymptotic provided 
k(v) = S(v)+v = 0, 80 in an asymptotic direction M is Gnstantaneously, at 
least ) not bending away from its tangent plane. 

Using Corollary 2.6 we can get a complete analysis of asymptotic direc- 
tions in terms of Gaussian curvature. 


5.4 Lemma Let p be a point of M C Εἷ. 

(1) If K(p) > 0, there are no asymptotic directions at p. 

(2) If K(p) < 0, then there are exactly two asymptotic directions at p 
which are bisected by the principal directions (Fig. 5.32) at angle 3 such 
that 


—k,(p) 
ke(p) 
(3) If K(p) = 0, then every direction is asymptotic if p is a planar 
point; otherwise there is exactly one asymptotic direction which is also 
principal. 


tan’ ὃ = 


Proof. These cases all derive from Euler’s formula 
k(u) = ky (p) cos’d + ke(p) sin’d 


in Corollary 2.6. 

(1) Since k, (p) and k2(p) have the same sign, k (uw) is never zero. 

(2) Here ki(p) and ke(p) have opposite signs and we can solve the 
equation 0 = k,(p) cos’? + ke(p) sind to obtain the two asymptotic 
directions. 

(3) If p is planar, then 
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FIG. 5.33 


ki(p) = 2) = 0; 


hence k (a) is identically zero. If just 


ke (p) -- 0, 
then 


k(u) = ky (p) cos’d 
is zero only when cos @ = 0, that is, in the principal direction u = e:. J 


We can get an approximate idea of the asymptotic directions at a point 
p of a given surface M by picturing the intersection of the tangent plane 
T,(M) with M near p. When K (p) is negative, this intersection will consist 
of two curves through p whose tangent lines (at p) are asymptotic direc- 
tions (Exercise 5 of Section 3). 

Figure 5.33 shows the two asymptotic directions A and A’ at a point p 
on the inner equator of a torus. (The two intersection curves merge into a 
single figure-8. ) 


5.5 Definition A regular curve a in M C ΕΠ is an asymptotic curve pro- 
vided its velocity a always points in an asymptotic direction. 


Thus ἃ is asymptotic if and only if 
k(a’) = S(a’)ea’ = 0. 


Since S(a’) = —U’, this gives a criterion, {7 «α΄ = 0, for a to be asymp- 
totic. Asymptotic curves are more sensitive to Gaussian curvature than are 
principal curves: Lemma 5.3 shows that there are none in regions where K 
is positive, but two cross (at δὴ angle depending on K) at each point of a 
region where K is negative. | 

The simplest criterion for a curve in M to be asymptotic is that zs ac- 
celeration a” always be tangent to M. In fact, differentiation of Usa = 0 
gives 
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U'ea + Ura” = 0, 
so U'sa’ = 0 (a asymptotic) if and only if Usa” = 0. 


The analysis of asymptotic directions in Lemma 5.4 has consequences 
for both flat and minimal surface. First, a surface M in ἘΠ is minimal af 
and only if there exist two orthogonal asymptotic directions at each of tts 
points. In fact, H (p) = 0 is equivalent to ki(p) = —ke(p), and an examina- 
tion of the possibilities in Lemma 5.4 shows that ki(p) = —ke(p) if and 
only if either (a) p is planar (so the criterion holds trivially) or (b) 


K(p) «06 with d = +7/4, 


which means that the two asymptotic directions are orthogonal. 

Thus a surface is minimal if and only if through each point there are two 
asymptotic curves which cross orthogonally. This observation gives geomet- 
ric meaning to the calculations in Example 4.3 which show that the helicoid 
is ἃ minimal surface. In fact, the u- and v-parameter curves of the patch x 
are orthogonal since F = 0, and their accelerations are tangent to the surface 
since f = Uex,, = Oanda = U-x,, = 0. 

Roughly speaking, a ruled surface M is one which is swept out by a straight 
line moving through E*—the various positions of the line are called the 
rulings of M. Thus M has a parametrization in the ruled form 


x(u,v) = Blu) + vd(u), or Biv) + ud(v) 


where β and ὃ are curves in Εὖ with ὃ never 0 (see Exercise 4-9 of Section 2 
of Chapter IV). For example, the helicoid is a ruled surface, since the 
patch in Example 4.3 may be written as 


x(u,v) = (0, 0, bv) + u(cos v, sin υ, 0). 


This shows how the helicoid is swept out by a line rotating as it rises along 
the z axis. The saddle surface M: z2 = zy is doubly ruled, since 


(u, 0, 0) + v(0, 1, u) 
(0, v, Ο) + w(1, 0, v). 


It is no accident that both these surfaces have K negative, for: 


x(u,v) = (u,v, w) = 


5.6 Lemma. A ruled surface M has Gaussian curvature Καὶ < 0. Further- 
more K = 0 if and only if the unit normal U is parallel along each ruling of 
M (so all points p on a ruling have the same tangent plane T,(M).) 


Proof. A straight line £ — p + fq in any surface is certainly asymptotic, 
since its acceleration is zero, and thus trivially tangent to ΠΤ. By definition, 
a ruled surface contains a straight line through each of its points. Hence 
there is an asymptotic direction at each point, so by Lemma 5.4, K < 0. 
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Now let a(¢) = p + éq be an arbitrary ruling in M. If U is parallel along 
a, then S(a’) = U’ = 0. Thus ais a principal curve with principal curva- 
ture k(a’) = 0, and so Καὶ = kikn = 0. 

Conversely, if K = 0, we deduce from the case (3) in Lemma 5.4 that 
asymptotic directions (and curves) in M are also principal. Thus each rul- 
ing a is principal (S(@) = k(a’)a’) as well as asymptotic (k (a) = 0): 
hence U’ = —S(a’) = 0. 


We come now to the last and most important of the three types of curves 
under discussion. 


5.7 Definition A curve a in M C ΕΠ is a geodesic of M provided its ac- 
celeration a” is always normal to M. 


Since αὖ is normal to M, the inhabitants of M perceive no acceleration at 
all—for them the geodesic a is a “straight line.” A full study of geodesics 
is given in Chapter VII, where in particular we examine their character as 
shortest routes of travel. Geodesics are far more plentiful on a surface M 
than are principal or asymptotic curves; indeed by Theorem 4.2 of Chapter 
VII there is a geodesic through every point of VM in every direction. 

Since its acceleration a” is, in particular, orthogonal to its velocity α΄, a 
geodesic a has constant speed, for differentiation of 


Ι α΄ |? = a’ «α' yields 2a’+a” = 0. 


A straight line a(t) = p + tq in M is always a geodesic of M, since its 
acceleration a” = 0 is trivially normal to M. Unlike principal and asymp- 
totic curves, geodesics cannot be defined in terms of the shape operator; 
however, a (unit speed) geodesic a with positive curvature bears an in- 
teresting relation to S, which uses the Frenet apparatus of a. Since the 
principal normal N = αὐ /x of « is normal to the surface M, we have 


—N’ = S(a’) = S(T). 


Thus by a Frenet equation, S(T) = «T — 7B. 
These remarks are sufficient to derive the geodesics of three rather special 
surfaces. 


5.8 Example Geodesics on some surfaces in ἘΝ. 

(1) Planes. If « is a geodesic in a plane P orthogonal to τ, a -u = 0, 
hence a” eu = Q. But a” is by definition normal to P; hence a” = 0. Thus 
a is a Straight line, and since every such line is a geodesic, we conclude 
that the geodesics of P are all straight lines in P. 

(2) Spheres. If a is a (unit speed) geodesic in a sphere 2 of radius τ, 


then, by a remark above, 5. (1) = «IT — 7B. (We saw in Chapter II, Sec- 
tion 3, that any curve in = has positive curvature, so the Frenet apparatus 
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NUS 


FIG. 5.34 


is available.) But Example 1.3 shows that S(7) = +(1/r)T, depending 
on which of the two unit normals is used. These two equations for S(T) 
imply that κ = 1/r and τ = 0. Hence by Lemma 3.6 of Chapter II, a lies 
on a circle C of radius r. This maximum radius r forces C to be a great circle 
of Z, that is, one sliced from Z by a plane through its center. Conversely, 
any constant-speed curve running along a great circle has its acceleration 
a” point toward the center of that circle, which is also the center of 2, so 
a” is normal to 2. We conclude that the geodesics of Z are the constant-speed 
parametrizations of its great circles (Fig. 5.34). 


(3) Cylinders. The geodesics of, say, the circular cylinder M: 2° + y? = 7° 
are all curves of the form 


a(t) = (reos (at+ 6b), rsin (at + δ), ct + a). 
In fact, any curve in M may be written 
a(t) = (rcos d(t), r sin d(t), ἃ ({)), 


and a vector normal to M has z-coordinate zero. Thus if a is a geodesic, 
then h” = 0, so h(t) = ct + d. The speed (7°8” + h”)"” of ἃ is constant, 
so & is constant; hence 3(¢) = at + ὃ. 

When the constants a and c are both nonzero, a is a helix on M. The 
extreme case a = 0 gives the rulings of M, and c = 0 gives the cross- 
sectional circles. 

The essential properties of the three types of curves we have considered 
may be summarized as follows: 


Principal curves k(a) =k, ork, S(a’) collinear a’ 

Asymptotic curves k(a’) = 0 Κ' (α΄) orthogonala’ a” tangent M 

Geodesics a” normal M 
EXERCISES 


1. Prove that a curve a in M is a straight line of ΕΠ if and only if a is 
both geodesic and asymptotic. 
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. To which of the three types—principal, asymp- τ 
totic, geodesic—do the following curves belong? 
(a) The top circle a on the torus (Fig. 5.35). ὡς KOZ 


(Ὁ) The outer equator β of the torus. B 
(c) The z axis on M:z = xy. 


tN FIG. 5. 
(Assume a constant-speed parametrization. ) Pearse 


. On a surface of revolution, show that all meridians are geodesics, but 


that the parallel through a point a(t) of the profile curve is a geodesic 
if and only if a (t) is parallel to the axis of revolution. 


. Let a be an asymptotic curve in Μ C ἘΠ with curvature x > 0. 


(a) Prove that the binormal B of a is normal to the surface along a, 
and deduce that S(7) = rN. 

(b) Show that along a the surface has Gaussian curvature Καὶ = —7r’. 

(c) Use (Ὁ) to find the Gaussian curvature of the helicoid (Example 
4.3). 


. Suppose that a curve a lies in two surfaces M and M which make a 


constant angle along a (U+U constant). Show that a is principal in M 
if and only if principal in M. 


. If x is a patch in M, prove that a curve a(t) = x(a(t), ae(t)) is 


(a) Principal if and only if 


12 ror 12 

a2 — Q Ae αι 

Ε F α,-9, 
" m n 


(b) Asymptotic if and only if fay” + 2may’ao’ + nae” = 0. 


. Let a be a unit-speed curve in Μ C Εὖ. Instead of the Frenet frame 


field on a, consider the frame field 7’, Κ᾽, U—-where T is the unit tangent 
of a, U is the surface normal restricted to a, and V = U Χ T (Fig. 
5.36). 

(a) Show that 


T’ = gV + kU U 
γ΄ = -gT + tU 
[7 = —kT — ΤΥ͂. 


where k = S(T)-T is the nor- 
mal curvature k(7') of M in the 
T direction, and ¢ = S(T)-V. FIG. 5.36 
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10. 


The new function g is called the geodesic curvature of a. 
(b) Deduce that a is 


geodesic = g = 0 
asymptotic = k = 0 


principal = ἐ = 0. 


. If α is a (unit speed) curve in M, show that 


(a) α is both principal and geodesic if and only if it lies in a plane 
everywhere orthogonal to M along a. 

(Ὁ) α is both principal and asymptotic if and only if it lies in a plane 
everywhere tangent to M along a. 


- On the monkey saddle M (Ex. 5 of IV.4) find three asymptotic curves 


and three principal curves passing through the origin 0. (This is possi- 
ble because only because 0 is a planar umbilic point. ) 
Show that the ruled surface x(u, v) = B(u) + vd(u) has Gaussian 
curvature 
ese ΜΝ / 4 / 2 
K (β΄ ὃ Χ δ) 


~ EG -- F? Ws 
where 


W=|6' X6+ 05 X 4]. 


. (Flat ruled surfaces). 


(a) Show that cones and cylinders are flat (see Exs. 5 and 6 of IV.2) 
(Ὁ) If 8 is a unit-speed curve in E* with x > 0, the ruled surface 


x(u,v) = B(u) + oT (u), v > 0, 


is called the tangent surface of B (Fig. 5.37). Prove that x is regu- 
lar, and that the tangent surface is flat. 


FIG. 5.37 
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Let a be a regular curve in M Cc Εὖ, and let U be the unit normal of 
M along a. Show that a is a principal curve of M if and only if the ruled 
surface x(u,v) = a(u) + vU (u) is flat. 

A closed geodesic of M is a geodesic which is a periodic function 
a: R — M. Find all closed geodesics in a sphere, a plane, and a circular 
cylinder. 


A ruled surface is noncylindrical if its rulings are always changing 
directions; thus for any director curve, ὃ Χ δ΄ + 0. Show that 
(a) a noncylindrical ruled surface has a parametrization 


x(u,v) = o(u) + vd(u) 
for which || ὃ || = 1 anda «δ΄ = 0. 


(b) for this parametrization, 
σ᾽ “ὃ XS 
δ' Σ δ' ᾿ 


__ -»'΄) 

(p?(u) -Ἡ v?)? 
The curve σ is called the striction curve, and the function p is the 
distribution parameter. 
(Hint: For (a), if || 6 || = 1, find fso that ¢ = a + fé. For (b), show 
σ΄ Χ ὃ = pd.) 
Describe the qualitative behavior of Gaussian curvature K on an 
arbitrary ruling of a (noncylindrical) ruled surface. Show that the 
route of the striction curve is independent of the choice of parametriza- 
tion, and that the distribution parameter is essentially a function on 
the set of rulings. 


where p = 


Show that the striction curve of the helicoid is its central axis, and that 
its distribution function is constant. 


Find the striction curve and distribution parameter for 
(a) Both sets of ruling of the saddle surface (Example 4.3) 
(b) Both sets of rulings of the hyperboloid of revolution 


ae ὃ; 
(Fig. 5.38) (Find a ruled parametrizetion by modifying 
Ex. 9 of IV.2.) 


If x(uv) = a(u) + v6(u) parametrizes a noncylindri- 
cal ruled surface, let L(u) be the ruling through a(u). 
Show that 

(a) If ϑὲ is the (smallest positive) angle from L(u) to 
Liu + e), and 


2 2 
το ae “᾿ πε 


FIG. 5.38 
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ἃ, is the orthogonal distance from L(u) to L(u + ε), then lim (d./ 
e>0 


0.) = p(u). Thus the distribution parameter is the reciprocal of 
the rate of turning of L—its sign describes the direction of the 


turning.) 
(0) There is a unique point ρὲ of L(u) which is nearest to L(u + ε), 
and lim ρὲ = oa(u). (This gives another characterization of the 
e>0 : 


striction curve.) 
(c) The distance from o(u) to o(u +-e) need not be a good approxi- 
mation of the distance d, from L(u) to L(u + ε). Give an example. 


19. Let x(uv) = a + v6, || 6 || = 1, parametrize a flat ruled surface M. 
Show that 
(a) If α΄ is always zero, then M is ἃ cone.f 
(Ὁ) If δ΄ is always zero, then M is a cylinder. 
(c) If both α΄ and δ΄ are never zero, then M is the tangent surface of 
its striction curve. (Exercise 11b.) 

Of course these cases are far from exhausting all the possibilities, 
but in a sense they show that an arbitrary flat ruled surface (‘‘de- 
velopable surface’) is a mixture of the three types in Exercise 11. If 
such a surface is closed in Εὖ (Ex. 10 of IV.8), it must be a cylinder, 
since the closure condition implies that the rulings are entire straight 
lines. 

20. A right conoid is a ruled surface whose rulings all pass through a fixed 
axis (Fig. 5.39). Taking this axis as the z axis of Ε΄, we get the para- 
metrization 


x(u,v) = (ucos d(v), usin d(v), h(v)) 
(a) Find the Gaussian and mean curvature. 
(b) Show that the surface is noncylindrical if 


fe . > . . 
ὃ is never zero; find its striction curve 
and parameter of distribution. 


21. Sketch the conoid M parametrized by 
x(u,v) = (ὦ cos v, u Sin v, 6085 2 v), 


and find its Gaussian and mean curvature. 
Express M in the form z = f(z, y) (origin 
omitted ). 

22. Prove that a surface which is both ruled and FIG. 5.39 
minimal is part of either a plane or a helicoid. 


} In each case, we assume there are no restriction on v except those necessary 
to ensure that x is regular. 
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(Hint: Flat regions in M are planar; thus arguing as in Theorem 6.2 
we may suppose K < 0. Use the parametrization in Exercise 14 with 
the additional feature that 6 is a unit-speed curve. Then H = 0 leads 
to three equations. Deduce that 6 is a unit circle; we may assume 
d5(u) = (cos u, sin τ, 0).) 


6 Surfaces of Revolution 


The geometry of a surface of revolution is rather simple, yet these surfaces 
exhibit a wide variety of geometric behavior; thus they offer a good field 
for experiment. 

We shall apply the methods of Section 4 to study an arbitrary surface of 
revolution M, parametrized as in Example 2.5 of Chapter IV by 


x(u,v) = (g(u), h(u) cos υ, h(u) sin v). 
Recall that h(u) is the radius of the parallel of M at distance g(u) along 
the axis of revolution, as shown in Fig. 4.17. This geometric significance of 
g and h means that our results do not depend on the particular position of 
M relative to the coordinate axes of E’. 
Because g and ἢ are functions of wu alone, we write 
x, = (σ΄, h cosv, h’ sinv) E=g°+h" 
F=0 
x, = (0, —A sin v, h cos v) G = h’. 


Here £ is the square of the speed of the profile curve—and of all meridians 
(u-parameter curves)—while G is the speed squared of the parallels (v- 
parameter curves). Next 


x, X x, = (hh, —hg’ cos v, —hg’ sin v) 
| Xu X x» || = WEG — F? = hg? + h? 
U = (μ΄, —g cosv, —g’ sin υ),) 9 + h”. 


Taking second derivatives, we obtain 


Ι 


Xuu = (σ΄, h” cosv, h” sin v) 
Xu» = (0, —h’ sin υ, h’ cos v) 
Χυυ = (0, —h cos v, —hA sin v) 
f= (-gh" + g’h')/V 94 + h” 
0 
= gh/Vg? + h? 


3 
| 
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Since F = m = 0, it is easy to check (Exercise 9 of Section 4) that for 
the shape operator S derived from U, 


f n 
S(x.) Ξ- E* S(x,) = au 
(Thus we have an analytical proof that the meridians and parallels of M 


are its principal curves.) Hence if the corresponding principal curvature 
functions are denoted by k, and k, (instead of k, and kz), we have 


g’ ΓΝ 
a Ι Ν g” h” a σ 
ΝΣ ΤΟΣ ΎΟΥΩΝ ΝΟΣ ΎΟΤΩΣ ᾿ 
Thus the Gaussian curvature of M is 
g’ μ' 
τϑ' ‘14 h” 
K = kk = 9 (2) 


Note that this formula defines Καὶ as a real-valued function on the domain 
I of the profile curve 


a(u) = (g(u), h(u), 0). 


By the conventions in Section 4, Καὶ (uw) ts the Gaussian curvature Καὶ (x(u, v) ) 
of every point on the parallel through a(u). Similarly, with the other functions 
above—because of the rotational symmetry of M about the axis of revolu- 
tion, its geometry is “‘constant on parallels’”’ and completely determined by 
the profile curve. 

In the special case when the profile curve passes at most once over each 
point of the axis, we can usually arrange for the function g to be simply 
g(u) = u (Exercise 13 of Chapter IV, Section 2). Thus the formulas 
above reduce to 


— —f" 
ae OL 
1 
he = Fp ᾿ 
ey 
oe h(1 + h’?)?° 


6.1 Example Surfaces of Revolution 


(1) Torus of revolution T. The parametrization x in Example 2.6 of 
Chapter IV has 
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g(u) = rsin u, h(u) = ἢ - γ᾿ οοβ wu. 


Although the axis of revolution is now the z axis, formulas (1) and (2) 
above remain valid and we compute 


E=r F=0 6 


(R + rcosu)’ 


f=r m = 0 n= (R +7 cos u) cos u 


1 COS ὦ 
Mee Oe rr 
cos u 
om Sop cae) 


We now have an analytical proof that K is positive on the outer half 
of the torus and negative on the inner half. In fact K has its maximum 
value 1/r(R + r) on the outer equator (u = 0) and its minimum value 


—1/r(R — 1r) 


on the inner equator (u = 7), and K is zero on the top and bottom circles 
(u = +7/2). 


(2) Catenoid. The curve y = ¢ cosh (2/c) is a catenary; its shape is that 
of a chain hanging under the influence of gravity. The surface obtained by 
revolving this curve about the z axis is called a catenoid (Fig. 5.40). From 
the formulas in (3) we get 


] 


ee c cosh? (u/c) 


Hence 


—l 
~ cosh! (u/c) ” 


Since its mean curvature H is zero, the catenoid is a minimal surface. 
Its Gaussian curvature interval is —1/c’ < Καὶ < 0, with minimum value 
K = —1/e’ on the circle u = 0. 

The following result shows that catenoids are the only completet non- 
planar surfaces of revolution which are minimal. (A plane is trivially a 
minimal surface, since ky = ky, = 0.) 


6.2 Theorem If a surface of revolution M is a minimal surface, then M 
is contained in either a plane or a catenoid. 


{ We use this word with its dictionary meaning; a mathematical definition is 
given in Section 4 of Chapter VII. 
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FIG. 5.40 


Proof. We use the parametrization 
x(u,v) = (g(u), h(u) cos v, h(u) sin v) 
of M, with u in some interval J, and v arbitrary. 


Case 1. g is identically zero. Then g is constant, so M is part of a plane 
orthogonal to the axis of revolution. 


fy. . . . 
Case 2. g 15 never zero. Then by an earlier exercise, M has a parametriza- 
tion of the form 


y(u,v) = (u,f(u) cos v, f(u) sin v). 
The formulas for k, and ke in (3) on page 235 then show that the minimal- 
ity condition Κι + k, = 0 is equivalent to 
δ ce 
Because u does not appear explicitly in this equation, there is a standard 


method for solving it, which may be found in any elementary text on 
differential equations. We merely record that the solution is 


f(u) = a cosh (: + 6), 


where a and ὃ are arbitrary constants. Thus Μ is part of a catenoid. 


fi. . . 
Case 3. g 1s zero at some points, nonzero at others. This cannot occur. 


For definiteness suppose that σ΄ (uo) = 0, but g (ὦ) > Oforu < w. By 
case 2, the profile curve 


a(u) = (g(u), h(u), 0) 
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is a catenary for u < uw. But the shape of this curve makes it clear that its 
slope h’/g’ cannot suddenly become infinite at u = uo. i 


Helicoids and catenoids are the “elementary” minimal surfaces. Two 
others are given in Exercises 12 and 21 of Section 4. Soap-film models of 
an immense variety of minimal surfaces may easily be constructed by the 
methods given in Courant and Robbins [4], where the term minimal is 
explained. 

The expression ψ 93 + h’? which appears so frequently in the general 
formulas at the beginning of this section is, of course, just the speed of the 
profile curve 


a(u) = (g(u), h(u), 0). 


Thus we can radically simplify matters by replacing a by a unit-speed 
reparametrization. The resulting surface of revolution M is unchanged: 
We have merely given it a new parametrization, said to be canonical. 


6.3 Lemma If x is a canonical parametrization of a surface of revolution 
Μ (σ᾽ + h” = 1), then 


E 


Ι 
ἔα 
= 

Ι 
Ξ 
QR 

Ι 
oe 


and 


— fh” 


K = — 


Proof. Since g” + h” 1, these expressions for E, F, and G follow im- 
mediately from those on page 234, and K in (2) becomes 


σ΄ μ' 
σ΄ h” 


_ ag hh" Ὁ σ΄" 
- ᾿ 


ee I 
aaa 


Differentiation of σ΄ = 1 — h” yields gg” = —hh”; hence 


—-(d hyn — hh” 
ney aaa ᾿ i 


The effect of canonical parametrization is to shift the emphasis somewhat 
from measurements in the space outside M (for example, along the axis 
of revolution) to measurements within M itself. This idea will be developed 
more fully in Chapters VI and VII. 


6.4 Example Canonical parametrization of the catenoid (c = 1). 
An arc-length function for the catenary 


a(u) = (u,coshu) is s(u) = sinh τ; 
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3 hace) 
ως 
9(9) 


FIG. 5.41 


u 


hence a unit-speed reparametrization 1s 


B(s) = (g(s), h(s)) = (sinh's, ΨΊ + 8?) 


as indicated in Fig. 5.41. The resulting canonical parametrization of the 
catenoid 15 then 


x(s,v) = (sinh™'s, 4/1 + 8? cos 2, \/1 + 52 sin v). 
Thus by the preceding lemma 
— As) = 1 
KO) = τ ey + a 


This formula for Gaussian curvature in terms of x 1s consistent with the 


formula K (u) = —1/cosh*u found in Example 6.1 for the parametrization x. 
In fact, since s(u) = sinh τ, we have 
| —1 -1 —1 
ΚΟ δ}: (1 + s(u))? (1 + sinh’)? ~ eoshtu | 


The simple formula for K in Lemma 6.3 suggests a way to construct 
surfaces of revolution with prescribed Gaussian curvature. Given a func- 
tion K on some interval, we first solve the differential equation h” + Kh = 0 
for h, subject to initial conditions h(0) > 0 and |h'(0) | < 1. To get a 
canonical parametrization we need a function g such that σ᾽ +h? = 1. 
Evidently 


glu) = [ /1 -- h(t) αἱ 
will do the job. Thus for any interval around 0 on which the conditions 
h > 0 and |h’ | < 1 both hold, we can revolve 
a(u) = (g(u), h(u), 0) 


around the x axis to obtain a surface of revolution whose Gaussian curva- 
ture is, by Lemma 6.3, precisely —h”/h = K. | 


6.5 Example Surfaces of revolution with constant positive curvature. 
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We apply the procedure above to the constant function Καὶ = 1/c’. The 
differential equation h” + (1/c’)h = 0 has general solution 


h(u) = acos (: + b). 


The constant ὃ represents merely a translation of coordinates; we may 
suppose that ὃ = 0 and a > 0. Thus the functions 


% ee Σι 
g(u) = | 4/1 —% aint a 
0 c? Cc 
u 


h(u) = a cos— 
6 


give rise to a surface of revolution Μ a With constant Gaussian curvature 
K = 1/c’. The necessary conditions h > Ὁ and |h’| < 1 determine the 
interval J to which u must be restricted. The constant c is fixed throughout 
the discussion, but the constant a is at our disposal; we consider three cases. 


Case 1. a = c. Here 
g(u) = [ cos! dt = csin~ , 
0 6 c 


and h(u) = ὁ cos (u/c). The interval I is thus —me/2 <u « mc/2. Since 
this profile curve a(u) = (g(u), h(u)) is a semicircle, revolution about 


the x axis produces the sphere > of radius c—except for its two points on 
the x axis. 


Case 2.0 <a < ς (Fig. 5.42). Here ἢ is positive on the same interval 
as above, and |h'| < 1 is always true, so g is well-defined. The profile 
curve u— (g(u), h(w)) still has the same length πο 2, but it now makes 
a shallower arch, which rests on the x axis at --a*, where 


‘ rc πο. a ot 
a a) ae 1 — — sin’ “ dt. 
0 c? Cc 


Approximate values for this elliptic integral may be found in tables, 
but clearly as a shrinks from c down to 0, αὐ increases from 6 to mrc/2. The 


FIG, 5.42 
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resulting surface of revolution M,—round for a = c—becomes football- 
shaped at first, and for a very small is a needle of length just less than rc/2. 
By contrast with Case 1, the intercepts (+a*, 0, 0) cannot be added to 
M, now, since this surface is actually pointed at each end. The differential 
equation h” + (1/c’)h = Ο has delicately adjusted the shape of Με so 
that its principal curvatures are no longer equal, but still give 


K = kjke = 1/c’. 


Case 3. a > c (Fig. 5.43). Here the inter- 
val I is reduced in size, since the expression 
under the square root (in the formula for g) 
becomes zero at t* such that sin (t"/c) = c/a 
«1. 

Thus 


Pam 
od 


h(t*) = acos (“) = Va? — οἷ 


As a increases from a = c, the resulting surface of revolution M, 15 at first 
somewhat like the outer half of a torus, but when a is very large, it becomes 
an enormous circular band whose very short profile curve is sharply curved. 
(ἔμ must be large, since k, ~ 1/a is small and k,k, = 1/c’.) 


A similar analysis for constant negative curvature leads to an infinite 
family of surfaces of revolution with K = —1/c’ (Exercise 9). The simplest 
of these is 


6.6 Example The bugle surface B. The profile curve of B (in the xy 
plane) is characterized by this geometric condition: It starts at the point 
(0, c) and moves so that its tangent line always reaches the x axis after 
running for distance exactly c. This curve (a tractrix) may thus be de- 
scribed analytically by a(u) = (u, h(u)), ὦ > O, where ἢ is the solution 
of the differential equation ἢ = —h/~/c? — h? such that h(u) — ¢ as 
u— 0. (The resulting surface of revolution is shown in Fig. 5.44.) 

Using this differential equation, we deduce from the formulas (3) on 
page 235 that the principal curvatures of B are 


’ 
geese pe, 
6 ch 
Thus the bugle surface (or tractroid) has constant negative curvature 
K = —-1/e’. 


This surface cannot be extended across its rim (not part of B) to form a 
larger surface in E’, since k,(u) -- © asu— 0. 


242 SHAPE OPERATORS (Chap. V 


Profile curve 


FIG. 5.44 


When this surface was first discovered, it seemed to be the analogue, 
for K constant negative, of the sphere; it was thus called a pseudosphere. 
However as we shall see in Chapter VII the true analogue of the sphere is 
quite a different surface and cannot be found in ΕΠ, 


EXERCISES 


1. Find the Gaussian curvature of the surface obtained by revolving the 
curve y = 6 Ὁ ” around the z axis. Sketch this surface and indicate the 
regions where K > O and Καὶ « 0. 


2. (Sign of Gaussian curvature). When y = f(x) is revolved about the x 
axis, and K is expressed in terms of x, show that K has the same sign 
(—,0, +) as —f” for each value of x. So K is positive on parallels through 
convex intervals on the profile curve, and negative for concave intervals, 
as shown Fig. 5.45. (The same result is true for an arbitrary surface of 
revolution, with convexity and concavity taken relative to the axis of 
revolution A.) 


3. (Magnitude of Gaussian curvature). Show that 
| ku(u) | = curvature κί) of profile curve a at a(u), 
| kx(u) | = h(u) | cos g(u) |, where ¢(u) is the slope angle of the 
profile curve at a(w), 
hence that 
| K | = ch | cos ¢ |. 
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K>0 
K>0 K>0 
Κ»0 K=0 
K=0 
| K<0 4 K<0 A 
FIG. 5.45 
M. 
Pred 
ὃ 
ἃς Z 
FIG. 5.46 


4. An elliptical torus M is obtained by revolving an ellipse 
ω — R)’/a + γ᾽) = 1 


about the y axis (R > a). Find a parametrization for M and compute 
its Gaussian curvature. (Check your answer by setting a = ὃ = 7.) 


5. 1 γΧ-τ- 32 Ὁ y? > 0 is the usual polar-coordinate function on the τὺ 
plane, and f is a differentiable function, show that M: z = f(r) 1s a 
surface of revolution, and that its Gaussian curvature (expressed in 
terms of 7) is 

Pee da 
γι 7 0)" 

6. Find the Gaussian curvature of the surface M: z = εἰ" ΠΣ, Sketch this 

surface, indicating the regions where K > 0 and K < 0. 


7. Prove that a flat surface of revolution is part of a cone or a cylinder. 


8. Let M be the surface obtained by revolving one arch (—a < t < πὶ 
of the cycloid y(t) = (ἐ + sin t, 1 + cost) about the z axis. 
(a) Compute K relative to the usual parametrization of M. 
(b) Find the function h giving the height of a in terms of its arc length 
(measured from the top of the arch). Compute K = --λ 7}. 
(Hint: Use half-angles. ) 
(c) Show that the results in (a) and (b) are consistent. 
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9. (Surfaces of revolution with constant negative curvature Κα = —1 /c’). 
As in the case K = 1/c’, there is a family of such surfaces, divided into 
two subfamilies by a special surface. The solutions of 


h” —h/c =0 


giving, by canonical parametrization, essentially all these surfaces are: 

(a) ἢ (ω) = asinh (u/c), 0 < a <c,u > 0. Show that the profile curve 
a(u) = (g(u), h(w)) leaves the origin with slope a/+/c? — α and 
rises toward a maximum height of ~/¢c? — g?. Sketch the resulting 
surface of revolution M, for a small value of the parameter a, and 
for a near c. 

(b) h(u) = ὃ cosh (u/c), b > 0. Show that the profile curve a rises 
symmetrically (for +u) toward a maximum height of ~/¢c? + 6°. 
Sketch the resulting surface M; for ὃ small and for ὃ large. 

(c) h(u) = ce”, ὦ < 0. This surface B is merely a mirror image of 
the surface B gotten from 


h(u) = ce”, u> 0. 


Show that B is, in fact, the bugle surface (Example 6.6). How does 
the surface B separate the two subfamilies, that is, for which values 
of a and ὃ do Με and M;, resemble B? (See Fig. 5.46 where M, and 
M, have been translated along the axis of revolution.) 


7 Summary 


The shape operator S of a surface M in E* measures the rate of change of 
a unit normal U in any direction on M. If we imagine U as the “first 
derivative” of M, then S is the “second derivative.” But the shape opera- 
tor is also an algebraic object consisting of linear operators on the tangent 
planes of M. And it is by an algebraic analysis of S that we have been led 
to the main geometric invariants of a surface in E’: its principal curvatures 
and directions, and its Gaussian and mean curvatures. 


CHAPTER Vi 


Geometry of Surfaces in E 


Now that we know how to measure the shape of a surface M in E’, the 
next step is to see how the shape of Μ is related to its-other properties. Near 
each point of M, the Gaussian curvature has a strong influence on shape 
(Remark 3.3 of Chapter V), but we are now interested in the situation in 
the large—over the whole extent of Τῇ. For example, what can be said about 
the shape of M if it is compact, or flat, or both? 

Almost 150 years ago Gauss raised a question that led to a new and 
deeper understanding of what geometry is: How much of the geometry of 
a surface in ἘΠ is independent of its shape? At first glance this seems a strange 
question—what can we possibly say about a sphere, for example, if we 
ignore the fact that it is round? To get some grip on Gauss’s question, let 
us imagine that the surface M Cc E’ has inhabitants who are unaware of 
the space outside their surface, and thus have no conception of its shape in 
Εὖ Nevertheless, they will still be able to measure the distance from place 
to place in M and find the area of regions in M. In this chapter and the 
next we shall see that in fact they can construct an “intrinsic geometry” 
for M that is richer and no less interesting than the familiar Euclidean 
geometry of the plane E’. 


1 The Fundamental Equations 


To study the geometry of a surface M in Εὖ we shall apply the Cartan 
methods outlined in Chapter II. As with the Frenet theory of a curve in 
Ε΄, this requires that we put frames on M, and examine their rates of change 
along M. Formally, a Euclidean frame field on M c ἘΠ consists of three 
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FIG. 6.1 


Euclidean vector fields (Definition 3.7, Chapter IV) that are orthonormal 
at each point. Such a frame field can be fitted to its surface as follows. 


1.1 Definition An adapted frame field E,, E2, E; on a region ὃ ἴῃ M Cc E* 
is a Euclidean frame field such that δ is always normal to M (hence EF, 
and 5 are tangent to M) (Fig. 6.1). 


Thus the normal vector field denoted by U in the preceding chapter now 
becomes £3. For brevity we shall refer to an adapted frame field “on VM,” 
but the actual domain of definition is in general only some region in M, 
since an adapted frame field need not exist on all of M. 


1.2 Lemma There is an adapted frame field on a region Θ in M Cc ἘΠ if 
and only if © is orientable and there exists a nonvanishing tangent vector 
field on 0. 


Proof. This condition is certainly necessary, since E3 orients 0, and EF, 
and EH» are unit tangent vector fields. To show that it is sufficient, let © be 
oriented by a unit normal vector field U, and let V be a tangent vector 
field that does not vanish on 0. But then it is easy to see that 


V 
eee = E Ξε 
is an adapted frame field on 0. ἢ 


1.3 Example Adapted frame fields. 

(1) Cylinder M: x? + κ᾽ = r’. The gradient of g = x + 7’ leads to the 
unit normal vector field E; = (xU, + yU2)/r. Obviously the unit vector 
field U3 is tangent to M at each point. Setting E, = U3; Χ E;, we then 
get the adapted frame field 


iE, = Us; 

ΓΞ —yU;, + αὖ: 
r 

Ε; -- xU, + yUe 


on the whole cylinder M (Fig. 6.2). 
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(2) Sphere 2:27 + ν΄ + 2 = 7’. The outward 
unit normal 


_ 2U, + yU2 + εὖ: 


r 


bs 


is defined on all of 2, but as we shall see in 
Chapter VII, every tangent vector field on 2 
must vanish somewhere. For example, the ‘‘due 
east’”’ vector field V = —yU, + αὖ). 15 zero at the 
the north and south poles (0,0, +r). Thus the 


adapted frame field FIG. 6.2 
Vy 
E, = ——~ 
nl 
Ek, = Es X Fy 
E = φῦλ ἘΞ ὦ}. + 2U3 
3 = — - “ἪἝἙ---.--- 


r 


(Fig. 6.3) is defined on the region © in Σ gotten by deleting the north and 
south poles. 


Lemma 1.2 implies in particular that there is an adapted frame field on 
the image x(D) of any patch in M; thus such fields exist locally on any 
surface in ΕΝ 

Now we shall bring the connection equations (Theorem 7.2 of Chapter 
II) to bear on the study of a surface M in Εὖ Let F,, Eo, E; be an adapted 
frame field on M. By moving each frame EF, (p), E2(p), £3(p) over a short 


E; E; 
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interval on the normal line at each point p, we can extend the given frame 
field to one defined on an open set in E*. Thus the connection equations 


VL: = Dy wis(v)E;(p) 
are available for use. We shall apply them only to vectors v tangent to M. In 
particular, the connection forms ὡς; become 1-forms on M in the sense of 
Section 4 of Chapter IV. Thus we have 


1.4 Theorem If Εἰ, E., Ες is an adapted frame field on M C Εὖ and v 
is tangent to VM at p, then 


3 
VE: = Dwi(vE(p) (1 Si 3). 
7=1 


The usual interpretation of the connection forms may be read from these 
equations, and it bears repetition: w;;(v) 15 the initial rate at which Εἰ; ro- 
tates toward E; as p moves in the v direction. Since Εἰ is a unit normal vector 
field on VM, the shape operator of M can be described by connection forms. 


1.5 Corollary Let δ᾽ ΡῈ the shape operator gotten from £3, where 
E;, E2, Ες is an adapted frame field on M C Εὖ. Then for each tangent 
vector v to M at p, 


S(v) = wi3 (v)E, (p) + wos (v) E> (p) 


Proof. By definition, S(v) = —V,;. Thus the connection equation for 
ἢ = 3 gives the result, since the connection form w = (ω;;) is skew-sym- 
metric: Wij = —awh,. i 


In addition to its connection forms, the adapted frame field E,, 5, Ε: 
also has dual 1-forms 6;, 2, 63 (Definition 8.1 of Chapter II) which give 
the coordinates 6;(v) = v-H;(p), of any tangent vector v, with respect to 
the frame Fi (p), E:(p), EH3(p). As with the connection forms, the dual 
forms will be applied only to vectors tangent to M, so they become forms 
on M. This restriction is fatal to 63, for if v is tangent to M, it is orthogonal 
to E3, so θ:(ν) = veH3(p) = 0. Thus θς is identically zero on M. 

Because of the skew-symmetry of the connection form, we are left with 
essentially only five 1-forms: 


01, A provide a dual description of the tangent vector fields E,, FE, 
O12 gives the rate of rotation of E,, EF. 
13, ὧδ describe the shape operator derived from {3 


1.6 Example The sphere. Consider the adapted frame field E,, Es, 13 
defined on the (doubly punctured) sphere = in Example 1.3. By extending 
this frame field to an open set of Εὖ we get the spherical frame field given in 
Example 6.2 of Chapter II, provided the indices of the latter are shifted by 
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1 — 3,2 —- 1, 3 — 2. Thus, in terms of the spherical coordinate functions, 
Example 8.4 of Chapter II gives 


6, = rcosg add θ) = rdy 
Oy = sin φ dd. W13 = —COs¢ dd. δῷ = -- 


Because all forms (including functions) are now restricted to the surface 
2, the spherical coordinate function p has become a constant: the radius r 
of the sphere. 

In general the forms associated with an adapted frame field obey the 
following remarkable set of equations. 


1.7 Theorem If E;, Ez, E; is an adapted frame field on M C E’, then its 
dual forms and connection forms on MM satisfy: 


d θ᾽ = 0172 A Oo : ‘ 
(1) First structural equations 
d A, = 1 A θ᾽ 


(2) ws, A θι + we A θ; = 0 Symmetry equation 
(3) day = wis A wre Gauss equation 


(dans = ὧἱ A G93 ; 
(4) Codazzi equations 
dwe3 = Wo A W}13 


Proof. We merely apply the structural equations in Theorem 8.3 of 
Chapter II. The first structural equation 


dd; = Σ᾽ wi; A 0; 
2 


yields (1) and (2) above. In fact, for ὁ = 1, 2, we get (1), since 6; = 0 
on the surface M. But 6; = 0 implies dé; = 0, so for ἡ = 3 we get (2). 

Then the second structural equation yields the Gauss (3) and Codazzi 
(4) equations. 


Because connection forms are skew-symmetric, and a wedge product of 
1-forms satisfies @¢ A y = —y A ¢, the fundamental equations above can 
be rewritten in a variety of equivalent ways. However, we shall stick to 
the index pattern used above, which, on the whole, seems the easiest to 
remember. 

We emphasize that the forms introduced in this section describe, not the 
surface M directly, but only the particular adapted frame field E,, K., E; 
from which they are derived: A different choice of the frame field will pro- 
duce different forms. Nevertheless the six fundamental equations in Theorem 
1.7 contain a tremendous amount of information about the surface M Cc FE’, 
and we shall call on each in turn as we come to a geometric situation that 
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it governs. For example, since w 3 and w3 describe the shape operator of M, 
the Codazzi equations (4) express the rate at which the shape of M is 
changing from one point to another. 

The first of the following exercises shows how the Cartan approach 
automatically singles out the three types of curves considered in Chapter 
V, Section 5. 


EXERCISES 


1. Let a be a unit-speed curvein M C E’. If Εἰ, Ey, E; is an adapted frame 
field such that F, restricted to a is its unit tangent T, show that 
(a) α is a geodesic of M if and only if w.(7T) = 0. 
(b) If #3 = FE, X Fs, then 


g = w2(T), k= w13(7'), {= ως (7) 


where g, k, and ἐ are the functions defined in Ex. 7 of V.5. (Hint: If T = 
FE, along a, then E; = Vz,H; along a.) 


2. (Sphere). For the frame field in Example 1.6: 
(a) Verify the fundamental equations (Theorem 1.7). 
(Ὁ) Deduce from the formulas for 6; and 6, that 


E,{3] = 1/r cos ¥ E\[¢] = 0 
Ες9[Ὁ] = 0 Fle) = 1/r 
(c) Use Corollary 1.5 to find the shape operator S of the sphere. 


3. (Torus). Let Εἰ, Eo, E3 be the adapted frame field on the torus Τ' (radii 
R > r) such that £2 is tangent to meridians and £; is tangent to paral- 
lels, as in Fig. 6.4. Use the toroidal frame field in Εὖ to get 


θι = ([Κὶ - rcos¢) dd 
Ζ 6. τ γ ἀφ 


we. = sing dd 


\ 

\ 

τὰ 

ξ 
| 


= —cosg dd 


WP? ws = —dy 
a “τ - ὌΠ Check the fundamental 
1 owe equations for these forms. 


4. (Continuation). By the 
FIG. 6.4 methods of this section, 


ῷ 
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compute S(f,) and Κ (12) for the frame field above. Deduce that 
meridians and parallels are principal curves, and find the principal cur- 
vature functions. (Compare Example 6.1 of Chapter V, where the unit 
normal is ‘‘inward.’’) 


5. Use the cylindrical frame field in Εὖ (Example 6.2 of Chapter 11) to 
compute the shape operator of the cylinder M: αὐ + γῇ =r". 


6. Give a new proof that shape operators are symmetric by using the 
symmetry equation (Theorem 1.7). 


2 Form Computations 


From now on, our study of the geometry of surfaces will be carried on 
mostly in terms of differential forms, so the reader may wish to look back 
over their general properties in Sections 4 and 5 of Chapter IV. Increas- 
ingly we shall tend to compare M with the Euclidean plane Ε΄. Thus if 
E,, Ἐς, Ες is an adapted frame field on M C Εὖ, we say that Εἰ, E, con- 
stitutes a tangent frame field on M. Any tangent vector field V on M may 
be expressed in terms of E, and HK. by the orthonormal expansion 


V = V-H, Ey + ΝΜ... 1. 


To show that two forms are equal, we do not have to check their values on 
all tangent vectors, but only on the “basis” vector fields £,, E.. (See the 
remarks preceding Example 4.7 of Chapter IV). Explicitly: 1-forms ¢ and 
y are equal if and only τῇ 


φ(Ε1) - ψ 8) and φ(9) = WCE); 
2-forms μ and ν are equal 1f and only uf 
μ(,, He) = νίβι, Be). 


The dual forms 6;, 6. are, as we have emphasized, merely another descrip- 
tion of the tangent frame field E,, E2; they are completely characterized by 
the equations 


θ:(Ε;) = δι; (Ss ,2 3 2). 


These forms provided a “‘basis’” for the forms on M (or, strictly speaking, 
on the region of definition of E,, 1.3). 


2.1 Lemma (The Basis Formulas) Let θι, 62 be the dual 1-forms of 
E,, E, on M. If ¢ is a 1-form and μ a 2-form, then 

(1) 6 = (fi) θι + φ(:) hr 

(2) μ = μ(., 4) 6, A θὲ 


Ι 
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Proof. Apply the equality criteria above, observing for (2) that by 
definition of the wedge product, 


(θι A 62) (Ei,E2) = 6,(E;)62(E2) — θ.(Ε4}0.(Ε|) 
1-1—0-0 = 1. i 


Assuming throughout that the forms 61, 62, wy, G3, Wes derive as in Section 
1 from an adapted frame field E,, E:, Εξ on a region in M , let us see what 
some of the concepts introduced in Chapter V look like when expressed in 
terms of forms. We begin with the analogue of Lemma 3.4 of Chapter V. 

2.2 Lemma 

(1) ὡς A weg = KO, A bo. 

(2) W133 ΔΛ θ. -- θι A 03 = 2H, A 0. 


Proof. To apply the definitions Καὶ = det S, 2H = trace S, we shall find 


the matrix of S with respect to Εἰ and Ep. As in Corollary 1.5 the connection 
equations give 


S(E,) = — Vz, Es = - - ὧδ᾽ (E,)F, = wo (Hi, ) Hs 
S (Ez) = — Vz, ἔς ΞΞ —~—W31 (4) Ey — ws3o (He) Ee. 


Thus the matrix of S is 
ὠμ( Hy) ὠ5( Ei) 
en aaa) ) 
Now, by the second formula in Lemma 2.1, what we must show is that 


(wis A ws) (Ei, 4) = Καὶ and (wis A O2 + 0: A ong) (Ei, He), = 2H. 
But 
(ws A wos ) (Εἰ, 14) = 13 (Ey ) wes (E2) τ G33 (Ez) weg (E;) 
= determinant of matrix of S = det S = K 
and a similar computation gives the trace formula. i 


Comparing the first formula above with the Gauss equation (3) in 
Theorem 1.7, we get 


2.3 Corollary day. = —K6, A bo. 


We shall call this the second structural equation,{ and derive from it a 
new interpretation of Gaussian curvature: ὧν. measures the rate of rotation 
of the tangent frame field E,, E.—and since K determines the exterior 
derivative duw2, it becomes a kind of “second derivative” of Ey, Es. 


f This equation will be shown to be the analogue for M of the second struc- 
tural equation (Theorem 8.3 of Chapter II) for Εβ. 


Sec. 2] FORM COMPUTATIONS 253 


For example, on a sphere Σ of radius r, the formulas in Example 1.6 give 
θι Δ θὰ =r οοβ φ αϑ ἀφ = —r cose ἀφ dv. 
But 
dwy = d(sing dd’) = d(sing) Aa dé = cos ¢ ded. 


Thus the second structural equation gives the expected result, K = 1/r’. 
This new description of curvature may be rewritten in still another way. 


2.4 Corollary K = εων (1}}] — Eylwe2(E2)] — w2(Fi)? — ὡμ (Ε4}". 
Proof. By Lemma 2.1, we have 
one = fib + fobr, 
where 
fi = wr (E;) forz = 1, 2. 
Then 


it 


ἄωμ = df; A 0, + dfe A θὲ + fi dh; + fo dO 
df, A 0, + ἀξ A 62 + fiw A b+ frown A 4; 


where we have used the first structural equations (Theorem 1.7). Now 
apply this formula to Κ᾿, E>. Since 6;(£;) = 6;;, we get 


dane (Fi, 3) = —df; (Ee) + dfs (E,) + ζω (4) — fewer (E2) 
Hence, using the previous corollary, 


-Κ = — Elf] ΞΕ Eyl fo a frre (Ai) =k fowse (Ee) 
which, by definition of f; and fo, is the required result. i 


For instance, from Example 1.6 we readily compute that 
wo ( 4) = : tan φ and wi2( E>») = . 


Thus for the sphere, the formula above yields 


1 1 > gece’ » — tan’ y 1 


since by Exercise 2 of Section 1 we have 


E, [tan y] = sec’ φ E.fy] = 


We emphasized in Section 1 that, in general, adapted frame fields on 
M c Ἐπ give only indirect information about M. If such a frame field is to 
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give direct geometric information, it must be derived in some natural way 
from the geometry of M itself, as was the case with the Frenet frame field 
of a curve. There is a way to do this: 


2.5 Definition A principal frame field on M C E’ is an adapted frame 
field E,, E., ΕΞ such that at each point ἅ1 and 12 are principal vectors of M. 


So long as its domain of definition contains no umbilics, a principal 
frame field is uniquely determined—except for changes of sign—by the 
two principal directions at each point. 

Occasionally it may be possible to get a principal frame field on an entire 
surface. For example, on a surface of revolution, we can take EF, tangent to 
meridians, 12 tangent to parallels. In general, however, about the best we 
can do is as follows. 


2.6 Lemma If p is a nonumbilic point of M C E’, then there exists a 
principle frame field on some neighborhood of p in M. 


Proof. Let Fi, F2, F3 be an arbitrary adapted frame field on a neighbor- 
hood 9t of p. Since p is not umbilic, we can assume (by rotating Fi, 12 
if necessary) that Fi(p) and Fe(p) are not principal vectors at p. By 
hypothesis ki(p) τέ ke(p); hence by continuity k, and k, remain distinct 
near p. On a small enough neighborhood % of p, all these conditions are 
thus in force. 

Let S;; be the matrix of S with respect to Ff, 12. It is now just a standard 
problem in linear algebra to compute—simultaneously at all points of St— 
characteristic vectors of S, that is, principal vectors of M. In fact, at each 
point the tangent vector fields 


V, = SeFfi + (ὦ, — Su) Fe 
Vo = (ke — Se) Fi + Siek’2 


give characteristic vectors of S. (This can be checked by a direct computa- 
tion if one does not care to appeal to linear algebra.) Furthermore, the 


function Sj. = S(F,)+*F. is never zero on our selected neighborhood 9, 
so || V, || and || V2 || are never zero. Thus the vector fields 
Vi Ve 
πα τς | Ξξως ἘΣ 
ΜΠΗ͂Ι | Ve || 
consist only of principal vectors, so #,, He, #; = F3 1s a principal frame 
field on XN. i 


If Εἰ, Ho, E3 is a principal frame field on M, then the vector fields #, and 
E, consist of characteristic vectors of the shape operator derived from #3. 
Thus we can label the principal curvature functions so that 5 (81) = kik; 
and (12) = 24. Comparison with Corollary 1.5 then yields 
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ὡμ( 1) = ky ωμ( 2) = 0 
ὡ( 1) = 0 = ws (Ba) = ke. 
Thus the basis formula (1) in Lemma 2.1 gives 
ong = ky. ong = lob (*) 
This leads to an interesting version of the Codazzi equations. 
2.7 Theorem If Εἰ, E:, E; is a principal frame field on M C E’, then 
Eylke| = (ki — ke) wie (Ee) 
Folk] = (ki — ke) wr (1) 
Proof. The Codazzi equations (Theorem 1.7) read 
ἄωις = wy. A we dwg, = ὧδ A w3. 


The proof is now an exercise in the calculus of forms as discussed in Chapter 
IV, Section 4. Substituting from (*), above, in the first of these equations, 
we get 


αἀ(κιθι) = ωὧς A kobe; 
hence 
dk, A 0 + ky, αθι = Κων A θὲ 
If we substitute the structural equation d6, = wiz A 4, this becomes 
dk, A 6, = (ke — ky) wre A θὲ 
Now apply these 2-forms to the pair of vector fields Μ᾽, E, to obtain 
0 — dk, (Ee) = (ke — ki) ὡδί ι) — 0, 
hence 
4] = dk, (E) -Ξ (ky = kz) 12 (1). 


The other required equation derives in the same way from the Codazzi 
equation dans = we A ὡμ. | 


Note that for a principal frame field, wi2(v) tells how the principal 
directions are changing in the v direction. 


EXERCISES 


1. Verify the Codazzi equations (Theorem 2.7) for the principal frame 
field on the torus given in Exercise 3 of Section 1. (Hint: 


9 9 


2 
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the derivatives of ὃ and ¢ with respect to E, and FE, may be found from 
the formulas for 6, and @ in this exercise.) 


2. If £1, He, E; is an adapted frame field on M with ΕἸ « Ep Χ Ες = 1, let 
hi(p)=p-i(p) for? = 1, 2,3. 


In particular, hs is the support function h of M defined on page 218. 
Show that 


dh, = 0 + wiohe =f wishs 
dhe = 62 + wah + woshs 


(Hint: Strictly speaking, ἢ; = X + E,, where X is the remarkable vector 
field such that VyX = V used also on page 218.) 


There is a rough rule for computing exterior derivatives of 1-forms in 
terms of an adapted frame field: Express the form in terms of 6, and 65 
(or perhaps ὠς}; then apply d and use the fundamental equations. The 
proof of Theorem 2.7 is one example; another is as follows. 

3. (Continuation). 
(a) If y is the 1-form such that y(v) = p+ v Χ E;(p), show that 


dy = 2(1 + hH) 0, A Oo, 


where h is the support function. 
(Ὁ) If ¢ is the 1-form such that ¢(v) = ¥(S(v)), show that 


df = 2(H + Κ)θι A 6. 


(Hint: ~ = hy 6 — hp θι, and ¢ has an analogous expression. ) 


3 Some Global Theorems 


We have claimed all along that the shape operator S is the analogue for 
a surface M of the curvature and torsion of a curve in E*. Simple hypotheses 
on «x and τ singled out some important special types of curves. Let us now 
see what can be done with S in the case of surfaces. (Recall that we are 
dealing exclusively with connected surfaces. ) 


3.1 Theorem If its shape operator is identically zero, then MV is (part 
of) a plane in E*. 


Proof. The scheme used is analogous to that of Corollary 3.5 of Chapter 
II. By definition of the shape operator, S = 0 means that any unit normal 
vector field E; on M is Euclidean parallel; thus it may be identified with a 
point of Ε΄, Fix a point p of M. We shall show that M lies in the plane 
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E? 


FIG. 6.5 


through p orthogonal to E;3. If q is an arbitrary point of M, then since M 
is connected, there is a curve a in M from a(0) = p to a(1) = q. Consider 
the function 


f(t) = (α() — p) + Bs. 


Now 


af _ o! +E 


dt 
hence f is identically zero. In particular, 
fa) = (q — p) 5 = 0, 
so every point q of ΠΗ͂ is in the required plane (Fig. 6.5). | 


0 ὃ /f(0) =0; 


We saw in Chapter V, Section 3 that requiring a single point p of Mc E° 
to be planar (Κι = kz = 0, or equivalently S = 0) produces no significant 
effect on the shape of M near p. But the result above shows that if every 
point is planar, then M is, in fact, part of a plane. 

Perhaps the next simplest hypothesis on a surface M in ΕΠ is that at 
each point p, the shape operator is merely scalar multiplication by some 
number—which a priori may depend on p. This means that M is all- 
umbilic, that is, consists entirely of umbilic points. 


3.2 Lemma If M is an all-umbilic surface in Εὖ then M has constant 
Gaussian curvature K = 0. 


Proof. Let Μ᾽, Ες, E3 be an adapted frame field on some region © in M. 
Since M is all-umbilic, the principal curvature functions on © are equal, 
κι = ke = k, and furthermore £,, Ee, Ες is actually a principal frame field 
(since every direction on M is principal). Thus we can apply Theorem 
2.7 to conclude that 11] = #,[k] = 0. Alternatively we may write 


dk (1) - dk (E2) = 0, 
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so by Lemma 2.1, dk = 0 on ὃ. But Καὶ = kik. = k’, so dK = 2k dk = 0 
on ©. Since every point of M is in such a region ©, we conclude thatdK = 0 
on all of M. It follows by an earlier exercise that K is constant. Ι 


3.3 Theorem If M Cc ἘΠῚ is all-umbilic and K > 0, then M is part οἵ 
a sphere in E* of radius 1/+/K. 


Proof. (This time the scheme of proof is analogous to Lemma 3.6 of 
Chapter II.) Pick at random a point p in M and a unit normal vector 
E3(p) to\M at p. We shall prove that the point 


1 
Sige! 


as equidistant from every point of M. (Here k(p) = ki(p) = ke(p) is the 
principal curvature corresponding to E3(p).) 

Now let q be any point of ΠΤ, and let a be a curve segment in M from 
a(0) = ptoa(1) = q. Extend E;(p) to a unit normal vector field #3; on 
a, aS Shown in Fig. 6.6, and consider the curve 


yoat Th in ΕΝ, 


Here we understand that the principal curvature function k derives 
from E;, thus k is continuous. But K = k’ and by the preceding lemma, 
K is constant, so k is constant. Thus 


/ 


Pi, (Ad 
Y =a + 7 Es. 


But 


E; = — S(a’) = — ke’, 


Sec. 3] SOME GLOBAL THEOREMS 259 
since by the all-umbilic hypothesis, S is scalar multiplication by k. Thus 
γ΄ =a ἘΣ (—ke’') = 0, 
so the curve y must be constant. In particular 
e = (0) = γᾷ} = ᾳ ἘΞ Βιῳ) 


so d(e, q) = 1/|k| for every point q of M. Since Καὶ = kik, = k’, we 
have shown that M is contained in the sphere of center e and radius 


1/VK. ἣ 


Using all three of the preceding results, we conclude that a surface M 
in ἘΠ is all-wmbilic if and only if M is part of a plane or a sphere. 


3.4 Corollary A compact all-umbilic surface M in E’ is an entire sphere. 


Proof. By the preceding remark, we deduce from Theorem 7.6, Chapter IV, 
that ΜΙ must be an entzre plane or sphere. The former is impossible, since 
M is—by hypothesis—compact, but planes are not. i 


Gaussian curvature was used in the preceding results mostly because 
it is well-defined and differentiable on all of M, and is thus easier to work 
with than principal curvatures. 

We now turn to a more serious examination of the Gaussian curvature 
K of a surface M c E°*. 


3.5 Theorem On every compact surface M in Εὖ, there is a point at 
which the Gaussian curvature K is strictly positive. 


Proof. Consider the real-valued function f on M such that f(p) = || p [ *. 
Thus in terms of the natural coordinates of Εὖ, f = >> 27. Now f is differ- 
entiable, hence continuous, and M is compact. Thus by Lemma 7.3 of 
Chapter IV, f takes on its maximum at some point m of M. Since f meas- 
ures the square of the distance to the origin, m is simply a point of ΜΠ at 
maximum distance r = || m || > 0 from the origin. Intuitively it is clear 
that M is tangent at p to the sphere Σ of radius r—and that M lies inside 
x, hence is more curved than Σ (Fig. 6.7). Thus we would expect that 
K(m) = 1/r’ > 0. Let us prove this inequality. 

Given any unit tangent vector u to M at the maximum point m, pick 
a unit-speed curve a in M such that a(0) = m, a (0) = u. It follows 
from the derivation of m that the composite function f(@) also has a 
maximum at ¢ = 0. Thus 


α' 


ap (fa) (0) 5 0. (1) 


d 
Ἶ (fa)(0) = 0, 
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FIG. 6.7 


But f(a) = asa, so © (Sar) = 2a-a. Evaluating at t = 0, we find 


d( fa) = a! _ . 
di (0) = 2a(0)-a (0) = 2meu. 


Since u was any unit tangent vector to M at m, this means that m (con- 
sidered as a vector) is normal to M at m. 
Differentiating again, we get 


2 
ui _ = 2a’ea’ + 2aea”. 


By (1), at ¢ = 0 this yields 


02>u-eutm-a’(0) 


1+ m-a’(0). 


0 = 


(2) 


The discussion above shows that m/r may be considered as a unit normal 
vector to M at m as shown in Fig. 6.8. Thus (m/r)+a” is precisely the 
normal curvature k(u) of M in the u direction, and it follows from (2) 
that k(u) < —1/r. In particular, both principal curvatures satisfy this 
inequality, so 


1 
K(m) 25> 0. i 


Thus there are no compact surfaces in ἘΠ with Καὶ S 0. 

Maintaining the hypothesis of compactness, we consider the effect of 
requiring that Gaussian curvature be constant. Theorem 3.5 shows that 
the only possibility is K > 0. Spheres are obvious examples of compact 
surfaces in Εὖ with constant positive Gaussian curvature. It is one of the 
most remarkable facts of surface theory that they are the only such sur- 
faces. To prove this we need a rather deep preliminary result. 
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m/r 


3.6 Lemma (Hilbert) Let m be a point of M C Εὖ such that 
(1) k, has a local maximum at m. 
(2) ke has a local minimum at m. 
(3) kiGm) > ke(m). 
Then K(m) S 0. 


For example, it is easy to see that these hypotheses hold at any point 
on the inner equator of a torus or on the minimal circle (x = 0) of the 
catenoid. And K is, in fact, negative in both these examples. 

To convert hypotheses (1) and (2) into usable form in the proof that 
follows, we recall some facts about maxima and minima. If f is a (differ- 
entiable) function on a surface M and V is a tangent vector field, then the 
first derivative V[f] is again a function on M. Thus we can apply V again 
to obtain the second derivative V[V[f]] = VV[f]. A straightforward com- 
putation shows that if f has a local maximum at a point m, then the ana- 
logues of the usual conditions in elementary calculus hold, namely 


Vif] = 0, VVIf] s 0 at m. 
For a local minimum, of course, the inequality is reversed. 


Proof. Since χὰ) > ke(m), m is not umbilic, hence by Lemma 2.6 
there exists a principal frame field E,, E., Ες on a neighborhood of m in 
M. By the remark above, the hypotheses of minimality and maximality 
at m imply in particular 

Ey [ke] = [44] = Ὁ at m (1) 
and 


EE, [ke] = 0 and 42 [4] - 0 at m. (2) 
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Now we use the Codazzi equations (Theorem 2.7). From (1) it follows 
that 
ὠ (Ε1) = ὡ (2) = 0 at m 
since ky — ἰ ¥ 0 at m, thus by Corollary 2.4 
K = Flor (Ε1}} — Filer (Ee )] at m. (3) 
Applying δι to the first Codazzi equation in Theorem 2.7 yields 
Fy Eiko} = (Elka) — Ealke]) ote) + (ki — ke) Filo E2)]. 


But at the special point m, we have a.(H2) = 0 and ki — ke > 0; hence 
from (2) we deduce 


Ey [ow (E2 )| = 0 at m. (4) 
A similar argument starting from the second Codazzi equation gives 
Ἐοἷωι (E,)| Ξ 0 at m. (5) 


Using (4) and (5) in the expression (8) for the Gaussian curvature at m, 
we conclude that K(m) S 0. E 


3.7 Theorem (Liebmann) If M is a compact surface in ἘΣ with constant 
Gaussian curvature K, then M is a sphere of radius 1/->/K. (Theorem 3.5 
implies K is positive. ) 


Proof. We do not know that M is orientable, so principal curvature 
functions are not available on all of M. Nevertheless, the function 


H’ — K = (ky — 4}. }4 


is well-defined and continuous on all of M, since squaring eliminates 
ambiguity of sign. Because M is compact, the function H’ — Καὶ = 0 has 
a maximum point m. Now if H’ — K is zero at m, it is identically zero; 
thus ΠΗ͂ is all-umbilic and Corollary 3.4 gives the required result. 

So what we must show is that H* — K cannot be positive at m. Assume 
it is; then m is not umbilic and by suitably orienting a neighborhood Xt 
of m we can arrange that k, > ke > 0 on N (since Καὶ > 0). Then ky — ke 
has a maximum at m, since (k, — ke)’ does. Since K = kk, is constant, 
it follows that k, has a local maximum at m and k, has a local minimum. 
But now we can apply Hilbert’s lemma to obtain the contradiction 


K(m) < 0. e 


Liebmann’s theorem is false if the compactness hypothesis is omitted, 
for we saw in Chapter V, Section 6, that there are many nonspherical 
surfaces in E* with constant (positive) curvature. Both Theorem 3.5 and 
Liebmann’s theorem depend on the fundamental topological fact (Lemma 
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7.3 of Chapter IV) that a continuous real-valued function on a compact 
surface has a maximum. More advanced topological methods are required 
for a full investigation of the influence of Gaussian curvature on the shape 
of surfaces in ΕΠ. For example, one might ask what the situation is for 
constant curvature surfaces when compactness is weakened to closure 
in E*.+ Here are the answers: 

A closed surface M C Εὖ with K constant positive is compact—hence 
by Liebmann’s theorem it is a sphere. 

A closed surface M -- ΕἾ with Καὶ = 0 is a generalized cylinder (Massey). 

There are no closed surfaces in ΕΠ with K constant negative (Hilbert). 

We shall prove the first result in Chapter VII. Proofs of the last two may 
be found in Hicks [5] and Willmore [3], respectively. 


EXERCISES 


1. If M is a flat minimal surface, prove that Μ is part of a plane. 


2. Flat surfaces in ἘΠ can be bent only along straight lines: If ki = 0, but ke 
is never zero, show that the principal curves of k, are straight-line seg- 
ments in Εὖ. (Hint: Use Ex. 1 of VI.1.) 

This is the starting point for the proof of Massey’s theorem. 


3. Let M c Εἶ be a compact orientable surface with K > 0. If M has 
constant mean curvature, show that M is a sphere. 


4. Prove that in a region free of umbilics there are exactly two principal 
curves (ignoring different parametrizations) through each point, these 
crossing orthogonally. (Hint: Use Ex. 7 of IV.8.) 


5. If the principal curvatures of a surface M Cc Εὖ are constant, show that 
M is part of either a plane, a sphere, or a circular cylinder. (Hint: In 
the nontrivial case ki τέ ke, assume there is an adapted frame field on 
all of M, and show that, say, k, = 0.) 


A lsometries and Local lsometries 


We referred earlier to properties of a surface M in Εὖ that could be dis- 
covered by inhabitants of M unaware of the space outside their surface. 
We asserted that the inhabitants of M could determine the distance in M 


+ This condition is defined in Exercise 10 of Chapter IV, Section 7. Roughly 
speaking, it means that M has no edges or rims. For surfaces in ΕΞ it is equivalent 
to the intrinsic property of completeness (Definition 4.4, of Chapter VID). 
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between any two points, just as the distance along the surface of the earth 
is found by its inhabitants. The mathematical formulation is as follows. 


4.1 Definition If p and q are points of M Cc Εὖ, consider the collection 
of all curve segments a in M from p to q. The intrinsic distance p(p, q) 
from p to q in M is the greatest lower bound of the lengths L (a) of these 
curve segments. 


There need not be a curve a whose length is exactly p(p, q) (see Exercise 
3). The intrinsic distance p(p, q) will generally be greater than the straight- 
line Euclidean distance d(p, q), since the curves a are obliged to stay in 
M (Fig. 6.9). 

On the surface of the earth (sphere of radius ca. 4000 miles) it is, of 
course, intrinsic distance that is of practical interest. One says, for example, 
that it is 12,500 miles from the north pole to the south pole—the Euclidean 
distance through the center of the earth is only 8000. 

We saw in Chapter IIIT how Euclidean geometry is based on the notion 
of isometry, a distance-preserving mapping. For surfaces in M we shall 
prove the distance-preserving property and use its infinitesimal form 
(Corollary 2.2 of Chapter III) as definition. 


4.2 Definition An isometry F: M — M of surfaces in E’ is a one-to-one 
mapping of M onto M that preserves dot products of tangent vectors. 
Explicitly, if Fx is the derivative map of F, then 


F's (v)*Fx (w) = V°w 


for any pair of tangent vectors v, w to M. 


FIG. 6.9 
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If Fs preserves dot products, then it also preserves lengths of tangent 
vectors. It follows that an isometry is a regular mapping (Chapter IV, 
Section 5), for if Fx (v) = 0, then 


lv I] = || Pe (v) || = 0, 


hence v = 0. Thus by the remarks following Theorem 5.4 of Chapter IV, 
an isometry Ff: M — M is in particular a diffeomorphism, that is, has an 
inverse mapping F*: M — M. 


4.3 Theorem Isometries preserve intrinsic distance: if F: M — M is 
an isometry of surfaces in E’, then 


p(p,q) = a(F (p), F(q)) 


for any two points p, qin ἢ. ᾿ 
(Here p and ἢ are the intrinsic distance functions of M and M respec- 
tively.) 


Proof. First note that isometries preserve the speed and length of curves. 
The proof is just like the Euclidean case: If a is a curve segment in M, 
then ἃ = F(a) is a curve segment in M with velocity & = F(a’). Since 
F, preserves dot products, it preserves norms, 80 || a’ || = || Fx(a’) || = 
|| F(a)’ || = || δ΄ ||. Hence 


Le) =f |e@iia=f leo lla = Le. 


Now if α runs from p to q in M, its image ἃ = F(a) runs from F(p) 
to F(q) in M. Reciprocally, if 8 is a curve segment in M from F(p) to F(q) 
in M, then F—(8) runs from p to q in M. We have in fact established a 
one-to-one correspondence between the collection of curve segments used 
to define p(p, 4) and those used for p(F(p), F(q)). But as shown above, 
corresponding curves have the same length, so it follows immediately 
that p(p, q) = p(F(p), F(q)). i 


Thus we may think of an isometry as bending a surface into a different 
shape without changing the intrinsic distance between any of its points. 
Consequently the inhabitants of the surface are not aware of any change at 
all, for their geometric measurements all remain exactly the same. 

If there exists an isometry from M to M, then these two surfaces are 
said to be isometric. For example, if a piece of paper is bent into various 
shapes without creasing or stretching, the resulting surfaces are all iso- 
metric (Fig. 6.10). 

To study isometries it is convenient to separate the geometric condition 
of preservation of dot products from the one-to-one and onto requirements. 


4.4 Definition A local isometry F: M —> Ν of surfaces is a mapping that 
preserves dot products of tangent vectors (that is, F's does). 
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Thus an isometry is a local isometry that is one-to-one and onto. 

If F is a local isometry, the earlier argument still shows that F is a regular 
mapping. Then for each point p of M the inverse function theorem (5.4 
of Chapter IV) asserts that there is a neighborhood %U of p in M that F 
carries diffeomorphically onto a neighborhood U of F(p) in N. Now «αἱ 
and Ὃ are themselves surfaces in Εὖ, and thus the mapping F|U: Uu—> V 
is an isometry. In this sense a local isometry is, indeed, locally an isometry. 

There is a simple patch criterion for local isometries using the functions 
E, F, and G defined in Section 4 of Chapter V. 


4.5 Lemma Let F: M — N be a mapping. For each patch x: ἢ - M, 
consider the composite mapping 


k = F(x): DON. 
Then F is a local isometry if and only if for each patch x we have 
E=E F=F G=G 
(Here x need not be a patch, but Καὶ, F, and G are defined for it as usual. ) 


Proof. Suppose the criterion holds—and only for enough patches to cover 
all of Μ. Then by one of the equivalences in Exercise 1, to show that F's 
preserves dot products we need only prove that 


| Xu || = |] Pe (xu) |], XueXe = Fae (Xu) Fa (x), || xo |] = |] Pe Ge) || 


But as we saw in Chapter IV, it follows immediately from the definition 
of Fy that Fs (x,) = x, and Fs(x,) = x,. Thus the equations above fol- 
low from the hypotheses E = E, F = F, G = G. Hence F is a local iso- 
metry. 

Reversing the argument, we deduce the converse assertion. i 

This result can sometimes be used to construct local isometries. In the 


simplest case, suppose that M is the image of a single patch x: D > M. 
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Then if y: D > N isa patch in another surface, define a mapping F: M —>N 
by 
F(x(u,v)) = y(u,v) for (u,v) in D. 
If 
E=H,F = F,G=G, 
then by the above criterion, F is a local isometry. 


4.6 Example 

(1) Local isometry of a plane onto a cylinder. The plane E may be con- 
sidered as a surface, with natural frame field U,, Ue. If x: ΕἾ > Misa 
parametrization of some surface, then Exercise 1 shows that x is a local 
isometry if 


xx (U;) exe (U3) = UieU;, 
Since χα (171) = Xy, Xx(U2) = x», and U;-U; = 6:3, this is the same as re- 


quiring EH = 1,F = 0,G = 1. 
To take a concrete case, the parametrization 


x(u,v) = (- cos =) ,r sin (“) ; ) 
r r 


of the cylinder M: αἱ + y’? = τ has Ε = 1, F = 0, G = 1. Thus xisa 
local isometry which wraps the plane E’ eround the cylinder, with hori- 
zontal lines going around cross-sectional circles, and vertical lines to rulings 
of the cylinder. 
(2) Local isometry of a helicoid onto a catenoid. Let H be the helicoid which 
is the image of the patch 
x(u,v) = (ὦ cos »v, usin », v). 
Furnish the catenoid C with the canonical parametrization y: E> 6 
discussed in Example 6.4 of Chapter V. Thus 
y(u,v) = (g(u), h(u) cos ν, h(u) sin v) 
g(u) = sinh “u h(w) = ΨΊ + wu. 
Let F: H — Ο be the mapping such that 
F(x(u,v)) = y(u,v). 
To prove that F is a local isometry, it suffices to check that 
E=1=68, F=0=F, G=14+we=Wh=G. 
F carries the rulings (v constant) of H onto meridians of the surface of 
revolution C, and wraps the helices (u constant) of H around the parallels 


268 GEOMETRY OF SURFACES ΙΝ E? [Chap. VI 


of C. In particular, the central axis of Η (z axis) is wrapped around the 
minimal circle x = 0 of C. 


Figure 6.11 shows how a sample strip of H is carried over to C. 


Suppose that the helicoid H (or at least a finite region of it) has been 
stamped like an automobile fender out of a flexible sheet of steel—the 
patch x does this. Then H may be wrapped into the shape of a catenoid 
with no further distortion of the metal (Exercise 5 of Section 5). 

A similar experiment may be performed by cutting a hole in a ping-pong 
ball representing a sphere in Εὖ Mild pressure will then deform the ball 
into various nonround shapes, all of which are isometric. For arbitrary 
isometric surfaces M and M in E’, however, it is generally not possible 
to bend M (through a whole ΕΗ: of isometric surfaces) so as to produce 


There are special types of mappings other than (local) isometries that 
are of interest in geometry. 


4.7 Definition A mapping of surfaces F: M — N is conformal ΠΟΥ ΙΩΒ 
there exists a real-valued function \ > 0 on M such that 


I Fx (vp) || = ΧΦ) || ve | 
for all tangent vectors to M. The function ἃ is called the scale factor of F. 


Note that if F is a conformal mapping for which \ has constant value 1, 
Fis a local isometry. Thus a conformal mapping is a generalized isometry 


3 
4 
5 
1,9 
τ g 16 
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FIG. 6.11 
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for which lengths of tangent vectors need not be preserved—but at each 
point p of M the tangent vectors at p all have their lengths stretched by 
the same factor. 

The criteria in Lemma 4.5 and in Exercise 1 may easily be adapted 
from isometries to conformal mappings by introducing the scale factor 
(or its square). In Lemma 4.5, for example, replace Z = Καὶ by E)’(x) = ΚΕ, 
and similarly for the other two equations. 

An essential property of conformal mappings is discussed in Exercise 8. 


EXERCISES 


1. If F: M — N is a mapping, show that the following conditions on its 
| derivative map at one point p are logically equivalent: 
| (a) F» preserves inner products. 
(b) Fs preserves lengths of tangent vectors, that is, || F*(v) || = || v || 
for all v at p. 
(c) Fs preserves frames: If δι, Θὲ is a tangent frame at p, then 


Fs (1), Px (e2) 


is a tangent frame at F(p). 
(4) For some one pair of linearly independent tangent vectors v and 
w at p 


| Fe (v) |] = lv lj, || Fe Qw) |] = wil, and Fe (v)*Fs(w) = vew 
[Hint: It suffices, for example, to prove that (a) => (c) = (ὦ) = (6) = (a).] 


These are general facts from linear algebra; in this context they provide 
useful criteria for F to be a local isometry. 


2. Show that each of the following conditions is necessary and sufficient 
for F: M — N to be a local isometry. 
(a) F preserves the speeds of curves: || F(a)’ || = || α' || for all curves 
ain M. 
(Ὁ) F preserves lengths of curves: L(F(a)) = Μία) for all curve 
segments a in M. 


3. Let M be the zy plane in Εὖ with the origin removed. Show that the 
intrinsic distance from (—1,0,0) to (1,0,0) in M is 2, but that there 
is no curve segment in M which joins these points and has length 2. 
(Hint: Ex. 11 of II. 2.) 


4. Formulate precisely and prove: Local isometries can shrink but not 
increase intrinsic distance. 
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Let «,6: I — E’ be unit-speed curves with the same curvature function 
x > 0, and assume that the ruled parametrization 


x(u,v) = a(u) + of (u) 


of the tangent surface of α is actually a patch. Find a local isometry 
from the tangent surface of a to: 

(a) The tangent surface of β. 

(b) A region D in the plane. 

(Hint: Ex. 9 of III.5.) 


. Show that the preceding exercise applies to the tangent surface of a 


helix and find the image region D in the plane. 


. Modify the conditions in Exercise 1 so that they provided criteria 


for F to be a conformal mapping. Then prove that a patch x: D --» M 
is a conformal mapping if and only if # = G and F = 0. 


. Show that a conformal mapping fF: M — N preserves angles in this 


sense: If 3 is an angle (0 S 3 Ξ πὴ between v and w at p, then ὃ is 
also an angle between Fs (v) and Fs (w) at F(p). 


. If F: M — M is an isometry, prove that the inverse mapping 


ΕΜ — M is also an isometry. If F: M — N and G: N — P are 
(local) isometries, prove that the composite mapping GF: M — Pisa 
(local) isometry. 


. Let x be a parametrization of all of M, x a parametrization in N. 


If F: M — N is a mapping such that F (x(u,v)) = x(f(uv), g(v)), then 
(a) Describe the effect of F on the parameter curves of x. 
(b) Show that F is a local isometry if and only if 


B= 8,0) (9) F = ῥα, 9) 79 G = G(f,g) (2) 


(In the general case, f and g are functions of both u and »v, and this 
criterion becomes more complicated. ) 
(c) Find analogous conditions for F to be a conformal mapping. 


Let M be a surface of revolution, and let F: H — M be a local isometry 
of the helicoid which (as in Example 4.6) carries rulings to meridians, 
and helices to parallels. Show that M must be a catenoid. (Hint: Use 
Exercise 10. ) 


Let M be the image of a patch x with αὶ = 1, F = 0, and G a function 
of u only (G, = 0). If the derivative d(1/G)/du is bounded, show 
that there is a local isometry of M into a surface of revolution. 

Thus any small enough region in # is isometric to a region in a 
surface of revolution. 
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13. Let x be the geographical patch in the sphere Σ of radius r (Example 
2.2 of Chapter IV). Stretch x in the north-south direction to produce 
a conforma] mapping. Explicitly, let 


y(u,v) = x(u,g(v)) with g() = 0, 


and determine g so that y is a conformal. Find the scale factor of y 
and the domain D such that y(D) omits only a semicircle of 2. (Mer- 
cator’s map of the earth derives from y: its inverse is Mercator’s pro- 
jection. ) 

14. Show that stereographic projection P: 2» — Εὖ (Example 5.2 of Chapter 
IV) is conformal, with scale factor 


Ν | P(p) II 


15. Let M be a surface of revolution whose profile curve is not closed, 
hence has a one-to-one parametrization. Find a conformal mapping 
F: M — ἘΞ such that meridians go to lines through the origin and 
parallels go to circles centered at the origin. 


5. Intrinsic Geometry of Surfaces in E* 


In Chapter III we defined Euclidean geometry to consist of those concepts 
preserved by Euclidean isometries. The same definition applies to surfaces: 
The intrinsic geometry of M C Εὖ consists of those concepts—called 180- 
metric invariants—that are preserved by all isometries PF: M — M. For 
example, Theorem 4.3 shows that intrinsic distance is an isometric in- 
variant. We can now state Gauss’s question (mentioned in the start of 
the chapter) more precisely: Which of the properties of a surface M in E° 
belong to its intrinsic geometry? The definition of isometry (Definition 4.2) 
suggests that isometric invariants must depend only on the dot product 
as applied to tangent vectors to M. But the shape operator derives from a 
normal vector field, and the examples in Section 4 show that isometric 
surfaces in Εὖ can have quite different shapes. In fact, these examples 
provide a formal proof that shape operators, principal directions, principal 
curvatures, and mean curvature definitely do not belong to the intrinsic 
geometry of M Cc E’. 

To build a systematic theory of intrinsic geometry, we must look back 
at Section 1 and see how much of our work there is intrinsic to M. Using 
the dot product only on tangent vectors to M, we can still define a tangent 
frame field Γι, EZ, on M. Thus from an adapted frame field we can salvage 
the two tangent vector fields Εἰ, E2—and hence also their dual 1-forms 
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61, . It is somewhat surprising to find that these completely determine 
the connection form w 2. 


5.1 Lemma The connection form wi2 = -τ- ει is the only 1-form that 
satisfies the first structural equations 


de, = wi A Ay dA. = We A θ᾽. 


Proof. Apply these equations to the tangent vector fields Εἰ, F.. Since 
6;(H;) = δὴ), the definition of wedge product (Definition 4.3 of Chapter 
IV) gives 


a2 (EF) = da, (Fi, Ez) 
we(H2) = —wn (He) = ἀθ (Ει, Ez). 
Thus by Lemma 2.1, ων = —w2 is uniquely determined by θι, θα. Ι 


5.2 Remark In fact, this proof shows how to construct w.2 = —wy 
without the use of Euclidean covariant derivatives (as in Section 1). 
Given Κ᾿, E, and thus 6, 6; take the equations in the above proof as the 
definition of wiz on EH, and 2. Then the usual linearity condition 


w2(V) = W112 (uF; + 022) ΞΞ νὼ (Ε1) + νεὼ (He) 


makes ὧι ἃ 1-form on M, and one can easily check (by reversing the argu- 
ment above) that ὧι = —w» satisfies the first structural equations. 


If F: M — M is an isometry, then we can transfer a tangent frame field 
i, H, on M to a tangent frame field E,, HZ, on M: For each point gq in M 
there is a unique point p in M such that F(p) = q. Then define 


E,(q) = Fs«(E.(p)) 
E2(q) = F,(E2(p)). 
(Fig. 6.12). 


FIG. 6.12 
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In practice we shall abbreviate these formulas somewhat carelessly to 
E, = F,(E,\), ἕω = Εν (Ε,). 
Because ἔκ preserves dot products, Ei, E> is a frame field on M, since 
E;-E; = Fs(Ei)+F*(E;) = Eek; = δὼ. 


5.3 Lemma Let F: M — M be an isometry, and let F,, Ες be a tangent 
frame field on M. If E,, Ε is the transferred frame field on M, then 

(1) θι ΞΞ F*(@), θ: ΞΞ F*(62) 

(2) O12 => F’* (aye). 


Proof. (1) It suffices to prove that 6; and F'*(6;) have the same value on 
E, and FE». But for 1 S 1,7 S 2 we have 


F*(6;) (E;) = 6;(FsE;) rae 6;(E;) = δὲ; = 0;(E;). 


(2) Consider the structural equation d#, = a» A 62 0n M. If we apply 
F*, then by the results in Chapter IV, Section 5, we get 


d(F*6,) = F*(d6,) = F* (a2) A F* (62). 

Hence, by (1), we have 

dd, = F*¥ (a2) A Oo. 

The other structural equation 
db, = an A θὶ 

gives a corresponding equation, so 

dO, = F* (a2) A 4 

dO, = F*(an) A 4. 


But now (2) is an immediate consequence of the uniqueness property 
(Lemma 5.1), since 


F'* (a ) = F*(— ὧμ) τ -- ΕἸ (a2). i 


From this rather routine lemma we easily derive a proof of the celebrated 
theorema egregium of Gauss. 


5.4 Theorem Gaussian curvature is an isometric invariant; that is if F: 
M — Mis an isometry, then 


K(p) = K(F(p)) 
for every point p in M. 
Proof. For an arbitrary point p of M, pick a tangent frame field Ai, [2 
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on some neighborhood of p and transfer via Fx to Fi, EH, on M. By the 
previous lemma, F'* (a2) = wy. According to Corollary 2.3, we have 


αἰῶ = — Ké, A θ.. 
Apply F* to this equation. By the results in Chapter IV, Section 5, we get 
d (F * 62 ) = F’*(day2) = —f* (K)F*(@,) A F* (2) 


where F'*(K) is simply the composite function K(F). Thus by the pre- 
ceding lemma, 


dw = —K(F) A A>. 


Comparison with ἄω = —K6, A θὲ yields Καὶ = K(F); hence, in particular, 
K(p) = K(F(p)). 7 


Gauss’s theorem is one of the great discoveries of nineteenth-century 
mathematics, and we shall see in the next chapter that its implications are 
far-reaching. The essential step in the proof is the second structural equa- 
tion 


dw = --ἰ[Κθι A θ.. 


Once we prove Lemma 5.1, all the ingredients οἵ this equation, except Καὶ, 
are known to derive from M alone—thus K must also. This means that 
the inhabitants of ΜΗ C ἘΠ can determine the Gaussian curvature of their 
surface even though they cannot generally find S and have no conception 
of the shape of M in Ἐπ. 

The machinery of differential forms puts this heuristic reasoning beyond 
doubt by supplying the formal proof of isometric invariance in Theorem 
5.4. This remarkable situation is perhaps best illustrated by the formula 
K = kyke.: An isometry need not preserve the principal curvatures, nor 
their sum, but zt must preserve their product. Thus the shapes which isometric 
surfaces may have—although possibly quite different—are by no means 
unrelated. 

A local isometry is, as we have shown, an isometry on all sufficiently 
small neighborhoods. Thus it follows from Theorem 5.4 that local isometries 
preserve Gaussian curvature. For example, in Example 4.6 the plane and 
the cylinder both have K = 0. (This is why we did not hesitate to call the 
curved cylinder ‘‘flat’’. Intrinsically it is as flat as a plane.) In the second 
part of Example 4.6, at corresponding points 


x(u,v) and F(x(u,v)) = y(u,v), 


the helicoid and catenoid have exactly the same Gaussian curvature: 
—1/(1 + εὖ)" (see Examples 4.3 and 6.4 of Chapter V.) 
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Gauss’s theorema egregium can obviously be used to show that given 
surfaces are not isometric. For example, there can be no isometry of the 
sphere 2 (or even a very small region of it) onto part of the plane, since 
their Gaussian curvatures are different. This is the dilemma of the map 
maker: The intrinsic geometry of the earth’s surface is misrepresented by 
any flat map. 

The next section is computational; Section 7 will provide more isometric 
invariants. 


EXERCISES 


1. Geodesics belong to intrinsic geometry: If a is a geodesic in M, and 
F:M — Ν 5 (local) isometry, then F (a) is a geodesic of N. (Hint: See 
Ex. 1 of VI.1.) 


2. Use Exercise 1 to derive the geodesics of the circular cylinder (Example 
5.8 of Chapter V). Generalize to an arbitrary cylinder. 


3. For a (connected) surface, the values of its Gaussian curvature fill an 
interval. If there exists a local isometry of M onto N (in particular if 
M and N are isometric), show that M and N have the same curvature 
interval. Give an example to show that the converse is false. 


4. Prove that no two of the following surfaces are isometric: sphere, torus, 
helicoid, circular cylinder, saddle surface. 


5. Bending of the helicoid into the catenoid (4.6). For each number ¢ in the 
interval 0 < ἐ < 7/2, let x,: E’ > Εὖ be the mapping such that 


x;(u,v) = cos t(Sc, Ss, v) + sin t(—Cs, Ce, uw) 


where C' = cosh u, S = sinh u, c = cos v, and 8 = sinv. 

Now Χο is a patch covering the helicoid, and x,,. is a parametrization 
of the catenoid—these are mild variants of our usual parametrizations, 
and the catenoid now has the z axis as its axis of rotation. If we imagine 
t to be time, then x; for Ὁ S ¢ S 7/2 describes a bending of the helicoid 
Mo in space which carries it onto the catenoid M,,/2. through a whole 
family of intermediate surfaces ΜΠ, = χα, (ΕἾ). Prove 
(a) Μ, 18 α surface. (Show merely that x; is regular. ) 

(Ὁ) M,1ts isometric to the helicoid My if t < 7/2. (Show that F,;: Mo > M, 


is an isometry, where 
Fy (xo(u,v)) = xe(u,v). 


Also show that for ¢ = 2/2, F,/2 1s a local isometry. ) 
(c) Hach Μ, 18 a minimal surface. (Compute xu. + xX» = 0.) 
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(d) Unit normals are parallel on orbits: Along the curve t — x;(u,v) by 
which the point xo(u,v) of Mo moves to M,,2, the unit normals U; 
of successive surfaces are parallel. 

(6) Gaussian curvature ts constant on orbits. (Find K;,(x:(u,v)), where 
K, 1s the Gaussian curvature of 1/,). 

A brilliant series of illustrations of this bending is given in Struik [6]. 


6. Show that every local isometry of the helicoid H to the catenoid C must 
carry the axis of H to the minimal circle of Οὐ, and the rulings of H to 
the meridians of C, as in Example 4.6. (Compare Ex 11 of VI.4.) 


6 Orthogonal Coordinates 


We have seen that the intrinsic geometry of a surface M C Ε may be 
expressed in terms of the dual forms 6,, 62, and connection form wi. derived 
from a tangent frame field Εἰ, Εἰς. These forms satisfy 

the first structural equations: 


dO, = wy A θὲ 
dO. = an A Oy 
the second structural equation: 
dw. = —KO, a θὰ 


In this section we develop a practical way to compute these forms—and 
hence a new way to find the Gaussian curvature of M. 

The starting point is an orthogonal coordinate patch x: D — M, one for 
which F = x,+x, = 0. Since x, and x, are orthogonal, dividing by their 
lengths || x, || = ~/# and || x, || = ~/G will produce frames. 


6.1 Definition The associated frame field E,, E, of an orthogonal patch 
x: D — M consists of the orthogonal unit vector fields HE, and EK, whose 
values at each point x(u,v) of x(D) are 


xu(u,v)/VE(u,v) and x,(u,v)/VG(u,»). 


In Exercise 9 of Section 4 of Chapter IV, we associated with each patch 
x the coordinate functions & and 0, which assign to each point x(u,v) the 
numbers u and νυ, respectively. For example, for the geographical patch x 
of Example 2.2 of Chapter IV, the coordinate functions are the longitude 
and latitude functions on the sphere 2. In the extreme case when x is the 
identity map of E’, the coordinate functions are just the natural coordinate 
functions (u,v) > u, (u,v) > v on E’. 
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For an orthogonal patch x with associated frame field E,, 2, we shall 
express 6, 02, and w ,. in terms of the coordinate functions ὥ, 0. Since x is 
fixed throughout the discussion, we shall run the risk of omitting the in- 
verse mapping x from the notation. With this convention, the coordinate 
functions i = u(x) and’ = v(x) are written simply wu and νυ, and 
similarly x, and x, now become tangent vector fields on M itself. Thus the 
associated frame field of x has the concise expression 


EB, = χ ΜῈ FE. = x, /VG. (1) 


Now the dual forms 6,, 6 are characterized by 0;(Z;) = 6,;, and in the 
exercise referred to above it is shown that 


du(x,) = 1 du(x,) = 0 
du(x,) = 0 dv(x,) = 1 
Thus we deduce from (1) that 
=VYWEdu 6=~WJSAGd. (2) 


By using the structural equations we shall find analogous formulas for 
wy and K. Recall that for a function f, df = f, du + f, dv, where the sub- 
scripts indicate partial derivatives. Hence from (2) we get 


d(VWE) a du = (WE), dv du = aie: du A Oe 


d(SG) a dv = (VG), du dv = a A Oy 


where we have used the alternation rule for wedge products and substituted 
dv = 0o/-~/G and du = 6,/+/E from (2). Comparison with the first struc- 
tural equations d0@, = wy. A 6 and dé. = —w2 A θὲ shows that 


VG ΜΈ 
The logic is simple: By the computations above, this form satisfies the 
first structural equations; hence by uniqueness (Lemma 5.1), 2¢ must be wy. 


ἄθι 


db. 


- du + ——=— 


wW1i2 = 


᾿ 6.2 Example Geographical coordinates on the sphere. For the geographi- 
cal patch x in the sphere 2 (Example 2.2 of Chapter IV), we have com- 
puted FE = r’ cos’ v, F = 0, G = r’. Thus by formula (2) above, 


6, = rcosv du 6. = radv. 
Now (VE), = —rsinv and (/G), = 0; hence by (3), 


wie = sin v du. 
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The associated frame field of this patch is the same one we got in Ex- 
ample 1.6 from the spherical frame field in Εὖ, With the notational shift 
u — #8, v — ¢, the forms above are (necessarily) also the same. But now 
we have a simple way to compute them directly in terms of the surface 
with no appeal to the geometry of E’. 


Finally we derive a new expression for the Gaussian curvature. In this 
context, exterior differentiation of ὡς as given in (8) yields 


ἄωμ = — ((WE)o/VG). dv du + (VW G@)u/WVE)u du dv. 
From (2) we get 
6, A 0. = VEG du d; 


hence 
—dv du = du dv = 6, A Oo. 


Thus the formula above becomes 


an = ae (Sa). + (Zar) 


We now compare this with the second structural equation, 
dod — — Ke, A Qo. 


6.3 Lemma If x: ἢ - M is an orthogonal patch, then the Gaussian 
curvature K is given in terms of x by 


—1 (322) ᾿ Π ᾿ 
~ VEG \\ VE VG /» 

By contrast with the formula for K in Corollary 4.1 of Chapter V, the 
functions f, m, and » (which describe the shape operator) no longer appear. 
Indeed since K is now expressed solely in terms of EL, F, and G, we have, 
using Lemma 4.5, another proof of the isometric invariance of Gaussian 
curvature. 

In applications it is generally easier to repeat the derivation of Lemma 
6.3 in each case, rather than look it up and substitute in it. For example, 
consider the polar parametrization x(u,v) = (u cosv, u sinv) of the Euclid- 
ean plane Εὖ. Here E = 1, F = 0 (so x is orthogonal), and G = εὖ. Thus 
by (2), 6: = du and & = τὶ αὐ. Since 
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dé, = 0 and dé. = dudv = —dv A A, 
we find w,. = dv. But then dw. = 0, which shows again that E’ is flat. 


6.4 Example The natural frame field of a surface of revolution. For 
a canonical parametrization 


x(u,v) = (g(u), h(u) cos v, h(u) sin v) 


of a surface of revolution, the associated frame field has δι in the direction 
of the meridians and E, in the direction of the parallels (Fig. 6.13). Since 
x is orthogonal, with E = 1, G = h’, we get 0 = du and & = ἢ dv. Here 
h is a function of u alone, so h, = 0, and h, is the ordinary derivative }΄. 
From (3)—or by direct computation—ao,, = h’ dv, so 


wv 


do12 = h” du dv = "64 A 6 


We conclude that the Gaussian curvature is Καὶ = —h”/h, in agreement with 
the results οἱ Lemma 6.3 of Chapter V. 


EXERCISES 


1. Compute the dual forms, connection form, and Gaussian curvature for 
the associated frame field of the following orthogonal patches: 
(a) x(u,v) = (u cos v, usin νυ, bv), helicoid 
(b) x(u,v) = (wu cos», usin v, u’/2), paraboloid of revolution. 
(6) x(u,v) = (u cos v, ὦ sin v, au), cone 


2. Let the patch x: ἢ — M be a conformal mapping. (The associated 
coordinate system is said to be isothermal.) Prove: 
(a) K = —A(log E)/2E, where A is the Laplacian: Af = fuu + foo. 


FIG. 6.13 
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Es 
Xy 


Ei = x, 


FIG. 6.14 


(0) The mean curvature H is zero if and only if xu + x» = 0. (Hint: 
Use Ex. 7 of VI.4.) 


3. For a patch with HE = G = 1, show that Καὶ = —3#,,/sin ὃ, where δ 15 
the coordinate angle. (Hint: For the frame field with £, = x, as in 
Fig. 6.14, show that 6, = du + cos ὃ dv, θὲ = sin 0 dv.) 


4. If x is a principal patch (Ex. 9 of V.4), prove 


(a) w13 = ware (b) ἢ, = HE, 


23 = “ἃ dv. ny = ΗΟ. 


5. By refining the argument in the text, show that equations (2) and (9) 
are literally true provided 6, 62, and wi2 are replaced by their coordi- 
nate expressions 


x*(6,), x* (02), x* (wiz). 


7 Integration and Orientation 


The main aim of this section is to define the integral of a 2-form over a 
compact oriented surface. This notion does not involve geometry at all; 
it belongs to the integral calculus on surfaces (Chapter IV, Section 6). 
However, we shall motivate the definition by considering some related 
geometric problems. 

Perhaps the simplest use of double integration in geometry is in finding 
the area of a surface. To discover a proper definition of area, we start with 
a patch x: ἢ — M and ask what the area of its image x(D) should be. Let 
AR. be a small coordinate rectangle in D with sides Aw and Av. Now x 
distorts AR into a small curved region x (AR) in M, marked off in an obvious 
way by four segments of parameter curves, as shown in Fig. 6.15. 
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FIG. 6.15 


We have seen that the segment from x(u, v) to x(w + Au, v) is linearly 
approximated by Au x, (evaluated at (u, v)), and the one from x(u, v) to 
x(u, v + Av) by Av x,. Thus the region x(AR) is approximated by the 
parallelogram in Tyx,u,»)(7) with these vectors as sides. From Chapter II, 
Section 1, we know that this parallelogram has area 


|| Aux, X Avx, || = || xu X x, || AwAv = WEG — ΕΣ Audv 


We conclude that the area of x(AR) should be approximately ψ' HG — F? 
times the area AuAv of AR. At each point (u, v) the familiar expression 
/ EG — F? gives the rate at which x is expanding area at (u,v). Thus it is 
natural to define the area of the whole region x(D) to be 


[| VEGF au ἂν 


Such integrals, of course, may well be improper; we shall avoid this 
difficulty by modifying the notion of patch. 


7.1 Definition The interior R° of a rectangle R:a SuSb,ceSv<d 
is the open seta < u < b,c < v < d. A 2-segment x: R — M is patchlike 
provided the restricted mapping x: R° — M is a patch in M. 


The remark preceding Lemma 7.3 of Chapter IV shows that the area of 
x(R) is finite, since it implies that ~/EG — ΚΣ = 0 is bounded on R. 

A patch-like 2-segment x: R — M need not be one-to-one on the bound- 
ary of R, so its image may not be very rectangular. In fact we shall now 
see that the area of an entire compact surface may often be computed by 
covering it with a single 2-segment. 


7.2 Example Areas of surfaces 

(1) The sphere Σ of radius r. If the formula defining the geographical 
patch is applied to the rectangle R: —r <u < a, —7/2 < v < w/2, we 
obtain a 2-segment that covers the whole sphere. Now 


E = r’ cos’ », F=0, and G = 7’, 
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50 
WEG -- F? = γί cos», 
and the area of the sphere is thus ss 
Tv w/2 
A(z) = i | r’ cos v du dv = Ant’. 
--π Y—7/2 


(2) Torus T of radii R > r > 0. From Example 2.6 of Chapter IV we 
can derive a patchlike 2-segment covering the torus. Here 


VEG — Ff? =7r(R +7 cos wu), 


so the area is 
A(T) = | [ r(R + rcosu) du dv = 4x°Rr 


(3) The bugle surface (Example 6.6 of Chapter V). Every surface of 
revolution M has a canonical parametrization with FE = 1, F = 0,G@ = λ΄. 
On a rectangle R:a S u S b,0 S v S 22, x is a patchhike 2-segment 
whose image is the region of M between the parallels u = a and u = ὃ 
(Fig. 6.16). Thus the area of this region is 


b 2a b 
yee h du dv = 20 [ἢ ἅμ. 
a 0 a 
For the bugle surface, we saw in Chapter V that h(u) = ce “’’; hence 
b 
Aw = ane | e“” du 


Onc’ ( gre = p vie ) 


FIG. 6.16 
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(aE 
By 


To find the area of the whole bugle—a noncompact surface—we expand 
this region, letting a > 0 and b > ο. 
Thus (see Remark 7.6) the bugle has finite area 
lim Ag = 2mc’. 


a>0 


b>00 


To define the area of a complicated region we shall not try to fit a single 
patchlike 2-segment onto it. Instead we follow the usual scheme of ele- 
mentary calculus and break the region into simple pieces, then add their 
areas. 


7.3 Definition A paving of a region @ in M consists of a finite number of 
patchlike 2-segments x, --- , x. whose images fill Φ in such a way that 
each point of Φ is in at most one set x;(R;° ). 


In short, the images of the x,’s cover @ exactly and overlap only on their 
boundaries (Fig. 6.17). 

Not every region is pavable; since pavings are finite, compactness 
is certainly necessary (Definition 7.2 of Chapter IV). It is safe to assume 
that a compact region is pavable if its boundary consists of a finite number 
of regular curve segments. In particular, an entire compact surface 18 always 
pavable.t The area of a pavable region @ is defined to be the sum of the areas 
of x,(Ri), - τ, xe(Rz) for a paving of Φ. (The consistency problem here 
will be discussed following the analogous definition, 7.5.) 

The preceding exposition shows that computation of area does not de- 
mand differential forms, but integration of 2-forms (Definition 6.3 of 
Chapter IV) will give area—and much more besides. The first question is 
this: Which 2-form should we integrate over a patchlike 2-segment x to get the 
area of its image? By definition, 


[- δὼ [ff wx, x6) du dv. 


{ See remarks and reference following Theorem 8.5 of Chapter VII. 
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Thus we want a 2-form whose value on x,,x, is 


|| xu X Xy || = VEG — F?, 
In general, a 2-form yp such that 
u(v,w) = +|lv X wl for all v, w 


is called an area form. Such a form assigns to every pair of tangent vectors 
v, w either plus or minus the area of the parallelogram with sides v and w. 


7.4 Lemma A surface M has an area form if and only if it is orientable. 
On a (connected) orientable surface M there are exactly two area forms, 
which are negatives of each other. (We denote them by dM and —dM.) 


Proof. If v and w are linearly independent, then || v * w |} > 0; thus 
area forms are nonvanishing. Hence, by Definition 7.4 of Chapter IV, a 
nonorientable surface cannot have an area form. | 

Now suppose that M is an orientable surface in Εὖ The proof of Theorem 
7.5 of Chapter IV actually establishes a one-to-one correspondence be- 
tween normal vector fields on M and 2-forms on M. If U is a unit normal, 
then the associated 2-form dM is an area form, since 


dM(v,w) = U(p)-v X w= +|/v & wl 


(In Fig. 6.18 this number is positive, since v X w points in the same direc- 
tion as U (p), but if v and w were reversed, we would get the negative sign. ) 

Thus the two unit normal vector fields on M determine the two area 
forms dM and —dM on M. fi 


To orient an orientable surface is to pick one of its two area forms, since 
that amounts to the same thing as picking. one of its unit normals. 


FIG. 6.18 


Sec. 7] INTEGRATION AND ORIENTATION 285 


Finding area is not a really typical integration problem, since area is 
always positive. Thus to find area by integrating an area form we must be 
eareful about signs. Suppose x is a patchlike 2-segment in a surface oriented 
by an area form dM. By definition, 


[ dM = [ if dM (xu, X») du do. 


Now there are two cases: 
(1) lf dM (xu, x») > 0, we say that x is positively oriented. Then by defi- 
nition of area form, 


dM (xz, Χο = | Xu X Xy IE 


hence ff, dM is the area of x(R). 
(2) If dM (x,, x») < 0, we say that x is negatively oriented. Then 


dM (xu, X») = — i Xu X Xo ll, 


hence {f, dM is minus the area of x(R). 

Thus to find the area of a pavable oriented region by integrating its 
selected area form, we cannot use an arbitrary paving; the paving must be 
positively oriented, that is, consist only of positively oriented patchlike 2- 
segments. Then 


Α(6) =D AG(R)) =D {{ ame 


Now we replace the area form by an arbitrary 2-form to get the definition 
we are looking for. 


7.5 Definition Let v be a 2-form defined on a pavable oriented region @ 
in a surface. The integral of v over @ is 


[}»- ZI. 


where x;, --- , Χρ 1S a positively oriented paving of @. 


There is a consistency problem in this definition: We must know that 
two different positively oriented pavings of @ give the same value for the 
sum on the right. A detailed proof would be somewhat long; the general 
scheme is given on page 103 of Hicks [5]. 

Since compact surfaces are pavable, the definition above gives in particu- 
lar the integral of a 2-form over a compact oriented surface. 


7.6 Remark Improper integrals. We have defined area and the integra- 
tion of forms for compact surfaces; however, the notion of area can easily 
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be extended to a noncompact surface N. We define the area of N to be the 
least upper bound of the set of all areas of pavable regions @ in N: 


A(N) = lub. 4. (6). 


Thus A(N) = + if no finite upper bound exists. 

By contrast, it is generally impossible to assign a value—finite or in- 
finite—to the improper integral [[ν f dN. The special case f = 0, however, 
may be handled in the same way as area; we set 


[| san = Lub. [3 ΑΝ (@ pavable in NV) 


For f S 0, switch to greatest lower bound. Thus values + © and — © are 
possible in these two cases. Now let 01, ®2, --- be a sequence of pavable 
regions in N such that @; is contained in @;4:, and every pavable region in 
N is contained in some @;. It then follows that 


ay ff a0 = [Lr 0 


(We used the corresponding fact for area in (3) of Example 7.2.) 


If @ is a pavable region in a surface M oriented by dM, we have seen 
that [[φ dM is the area of Φ. More generally, {fe f dM gives the integral 
of a function f over @—an obvious analogue of the usual integral [ἢ f dx 
from elementary calculus. We turn now to an important geometric applica- 
tion of this idea. 


7.7 Definition Let K be the Gaussian curvature of a surface M, and let 
Φ be a pavable region in M oriented by dM. Then the number 


[[ x aw 


is called the total Gaussian curvature of Φ. 


When @ is an entire compact oriented surface M, we get the total Gaus- 
sian curvature of M. The total is an algebraic one: Negative curvature at 
one place may cancel positive curvature at another. 

To compute the total curvature, Definition 7.5 shows that it suffices 
to know how to integrate the 2-form K dM over patchlike 2-segments. But 


[καὶ = I x*(K dM) 
= ff Ko@x*(am) = [ ᾿ [κωνεσττ' du dv 


with the usual notation for x: R — M. Then K(x) may be computed 
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explicitly: by Corollary 4.1 of Chapter V or by Lemma 6.3. Luckily the ori- 
entation problems here solve themselves automatically; see Exercise 4(c). 


7.8 Example Total curvature of some surfaces 


(1) Constant curvature. If the Gaussian curvature of M is constant, then 
its total curvature 15 


[fx am = K ff dM = K A(M). 


Thus a sphere of radius r has total curvature 4π (since Καὶ A(M) becomes 
(1/r’) (4xr’)), and the bugle surface has total curvature —2z7 (since 
K A(M) becomes (—1/c’) (27c’)). 


(2) Torus. Let x be the 2-segment used on the torus T in Example 7.2. 
By this example the area form dT has the coordinate expression 


x*(dT) = VEG — ΚΞ du dv = r(R +r cos u) du dv 
But in Example 6.1 of Chapter V we computed 
K(x) = (cos u)/r(R + r cos u) 


for this same x. Hence, the torus has total curvature 


[[xar=] f cos u du dv = 0. 
T --15-1 


Thus on the torus the negative curvature of its inner half exactly balances 
the positive curvature on its outer half, giving total curvature zero. 


(3) Catenoid. This surface is not compact, and its area is infinite; never- 
theless its total curvature—treated by the remark above as an improper 
integral—is finite. On the rectangle R: —a S u S a, 0 S v S 2π, the 
parametrization in Example 6.1 of Chapter V becomes a patchlike 2- 
segment covering the region between the parallels ὦ = —a and u = a. 
(Fig. 6.19). From Example 6.1 of Chapter V, we get 


—l 


= c? cosh! (u/c) 


and 
x*(dM) = WEG du dv = ce cosh’ (u/c). 


Hence the region has total curvature 


| K dM = — ‘ge Cc ie eae (2 ) ᾿ 
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FIG. 6.19 


As a — οὐ, this region expands to fill the whole surface; thus the total 
curvature of the catenoid is 


I KOM 224; in tanh () ΞΡ Ἢ 
Μ a>o C 


The total curvatures computed above are 47, —2z, 0, and —4r—a 
rather special set of numbers. Furthermore, none depends on the particu- 
lar ‘‘size”’ (radius r, constant c, ---) of its surface. A partial explanation is 
provided by Corollary 7.10; a rather deeper one comes in Chapter VII, 
Section 8. 

If F: M — N is a mapping of oriented surfaces, then the Jacobian J of F 
is the real-valued function on M such that 


F*(dN) = J aM. 


We can get an idea of the geometric meaning of J by arguing as in the 
special case at the beginning of this section. If v and w are very small 
tangent vectors at a point p of M, they span a parallelopiped in T,(M) 
which approximates a small region AM in M. The character of the deriva- 
tive map Fy is such that Fs«(v) and F'4(w) are the sides of a parallelogram 
in T'xp)(N) approximating the image region F(AM), as shown in Fig. 
6.20. By the definition of Jacobian we have 


J(p) dM(v, w) = (F* dN) (νυ, w) = dN (Fav, Fsw). (*) 


Now || v X w/]| is approximately the area of AM (and similarly for 
F (AM )). Hence by taking absolute values we get 


| J (p) | (area of AM) ~ area of F(AM). 


Thus | J (p) | gives the rate at which F is expanding area at p. Furthermore 
if AM is positively oriented, that is, dM(v,w) > 0, then (*) shows that 
the sign of dN (Fsv, Fw) is the same as that of J(p). Thus the sign of 
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w ἔς (w) 
F 
»τππτ--χι' 
Ρ 
v F(p) Fe(v) 
FIG. 6.20 


J (p) tells whether F preserves or reverses the orientation of AM. 
In this context we call the number 


[[_ 7am = ΠῚ recan) 


the algebraic area of F(M). The discussion above shows that, roughly 
speaking, each small region AM in M contributes to this total the algebraic 
area of its image F(AM): 

(1) Positive, if the orientation of F(AM) agrees with that of N; 

(2) Negative, if these orientations disagree (so F has turned AM over); 

(3) Zero, if F collapses AM to a curve or a point. 

Let us consider what this means in the case of the Gauss mapping (Exer- 
cise 4 of Section 1 of Chapter V). 


7.9 Theorem The Gaussian curvature K of an oriented surface M C ΕΣ 
is the Jacobian of its Gauss mapping 6: M -- 2. 

(Here Σ is the unit sphere, oriented by the outward normal U or the 
corresponding area form ἋΣ.) 


Proof. If U = 2g,U; is the unit normal orienting M, then the cor- 
responding Gauss mapping is G = (σι, 95, 62). Notice that if S is the shape 
operator of M given by U, then 


—S(v) = VLU = 2 vi[g:\U:(p) 
and by Theorem 7.5 of Chapter I, 
Gse(v) = Σ vigi] Ui(G(p)). 


Hence Gy(v) and —S(v) are parallel for any tangent vector v to M, as 
shown in Fig. 6.21. 
To prove the theorem we must show that 


K dM = G*(dz), 


so we evaluate these 2-forms on an arbitrary pair of tangent vectors to ἢ. 
Using Lemma 3.4 of Chapter V, 
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U(G(p)) 


U(p) 


Gs ¢ 


FIG. 6.21 
(K dM)(v,w) = Κα) dM\v,w) = K(p) U(p)-v X w 
= U(p)-S(v) Χ S(w). 
On the other hand, 


(G* d=) (v,w) = d= (Gav, Gxw) = U(G(p))*Gav X Gaw 


Now a triple scalar product depends only on the Euclidean coordinates of 
its vectors, so Gx(v) and Gs(w) may be replaced by the parallel vectors 
—S(v) and —S(w). Furthermore, by the definition of G and the special 
character of the unit sphere 2, the vectors U(p) and U(G(p)) are also 
parallel (Fig. 6.21). Thus the two triple scalar products above are the 
same—and the proof is complete. | 


7.10 Corollary The total Gaussian curvature of an oriented surface 
M c E’ is the algebraic area of the image G(M) of its Gauss mapping 
σ-: Μ -- Σ. 

To prove this it suffices to integrate the form 


K dM = G* (dz) 


over M. 

Algebraic area can be tricky when the mapping fF: M — N folds M 
many times over the same regions in N. Thus for practical purposes, the 
following special case of Theorem 7.10 is simpler, since it involves only 
ordinary area. 


7.11 Corollary If ® is an oriented region in M C Εὖ on which (1) the 
Gauss map G is one-to-one (U is not parallel at different points of ®), and 
(2) either Καὶ = Oor Καὶ Ξ 0, then the total curvature of ® is plus or minus 
the area of G(®), where the sign is that of K. Furthermore this area does 
not exceed 4π. 


(The proof uses improper integrals.) For example, consider the Gauss 
mapping of an oriented torus. Now G collapses the top and bottom circles 
of Τ᾿ (where K = 0) to the north and south poles of 2. If, as in Fig. 5.21, 
© and g are the outer and inner halves of 7, then G maps ὃ (where αὶ 2 0) 
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in one-to-one fashion onto the whole sphere Z—and does the same for 9 
(where Καὶ < 0). Thus T has total curvature + Α (Σ) — A (2) = 0, as we 
found in Example 7.8 by an explicit integration. 

As another example we find that the entire bugle surface B satisfies the 
hypotheses in Corollary 7.11. In fact, as Fig. 6.22 suggests, the Gauss 
mapping carries its profile curve in one-to-one fashion onto a quarter of a 
great circle in Z. Thus by moving U around the parallels of B, we see that 
G is one-to-one from B onto an open hemisphere (minus its central point, 
since the rim is not part of B). Thus the total curvature of the bugle is 
—(41)A(Z) = -- 2π. Furthermore, since the bugle has constant curvature, 
we can find its area without explicit integration: Total curvature —2z 
divided by (constant) curvature K = —1/c’ gives the area 2mc’, as found 
in Example 7.2. 

On an oriented surface, the ambiguity in the measurement of angles 
mentioned in Chapter II, Section 1, can be reduced. If the surface is ori- 
ented by an unit normal U, then for every tangent vector v to M, U X v 
is a tangent vector orthogonal to v. We shall think of U X v as v rotated 
through +90°. Then if v and w are unit tangent vectors at a point of M, 
a number # is defined to be an oriented angle from v to w provided 


w = cos? v+ sind (Ὁ X v). 


(Fig. 6.23). All oriented angles from v to w thus have the form ὃ + 2zn, 
where n is an arbitrary integer. (The same scheme applies to any pair of 
nonzero tangent vectors: It suffices to divide by their norms to get unit 
vectors. ) 

Consistency is the essence of orientability—in studying an oriented 
surface oriented by an area form dM we shall always use positively oriented 
patches, dM (x., x») > 0, and positively oriented frame fields, for which 


dM (fi, HE.) = +1. 


FIG. 6.22 


292 GEOMETRY OF SURFACES IN ΕΞ [Chap. VI 


UXv 


τς. Ἢ 


FIG. 6.23 


(Note that by definition of area form the only possible values of dM on a 
frame are +1.) For a positively oriented frame field, we can now give 
geometric meaning to the wedge product of its dual forms: 


aM = θι Λ θ. 
on the domain of the frame field. To prove this useful fact, it suffices to 


note that both sides have the same value, +1, on £,, 2. The second struc- 
tural equation (Corollary 2.3) then becomes ἄω = — K dM. 


EXERCISES 
I]. For a Monge patch 
x(u,v) = (u,v, f(u,v)), 


show that the area of x(D) is given by the usual formula from ele- 
mentary calculus. Deduce that A(x(D)) = A(D). 


2. Find a formula for the area of an arbitrary surface of revolution, and 
interpret it as A = 27Lh, where L is the length of the profile curve and 
h is its average distance from the axis of revolution (Pappus). 


3. Find the area of the following surfaces: 
(a) The region in the saddle surface z = xy covering the disc x” + 7’ 
< εἶ ἴὰ the zy plane. 
(b) Catenoid (c) The Mobius band (Ex. 7 of IV.7). 


4. Let M be a compact surface oriented by dM; let —M be the same 
surface oriented by the other area form —dM. Prove 


(a) ff. (ci ΞΕ C2v2) ΞΞ ἃ ie vi + Ce [ Vo (αι, C2. constant). 
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ib) ff »=-ff» 


(Hint: If X(u,v) = x(v,u), show that x and x have opposite orienta- 
tions; then look ahead to Exercise 21.) 


(c) [ [sam 2 [Πκ- ἀμ). 


- dMs 
(4) If f-<-g;then [ " sams | [ g dM 
(Note the effect of f = Oorg = 0.) 


Property (c) shows how to define the integral of a function over a 
compact surface that is merely orientable; either choice of area form 
leads to the same result. In particular, the total curvature of a com- 
pact orientable surface is now well-defined. 


5. Total curvature of surfaces of revolution. On a surface of revolution ΠΝ 
with profile curve a, let Z., be the region (‘‘zone’’) between the paral- 
lels through a(a) and a(b). 

(a) Show that the total curvature of Ζεῦ is 24 (sin φαὰα — sin ¢;), where 
these are the slope angles of a at a(a) and a(b)—measured rela- 
tive to the axis of revolution (Fig. 6.24). 


(b) Deduce that every surface of revolution whose profile curve is 
closed has total curvature zero. 
If the profile curvea is not closed, then it is one-to-one on some open 
interval A < t < B. Define the total curvature in this case to be 


2m (limasa SIN ga — [1Π|}.,5 sin ¢s) 


provided both limits exist. 
(c) Test this formula on the bugle and catenoid. 


a’(b) 


FIG. 6.24 
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. Show that the Gauss mapping of a surface M C ΕΠ is conformal if 


and only if M is part of either a sphere or a minimal surface. 


. Find the total curvatures of the constant curvature surfaces of revolu- 


tion (Chapter V, Section 6, and Exercises); deduce their areas. 


. The area forms of ΕΖ are, as expected, + du dv (since du and dv are 


the dual forms of a frame field). The natural orientation of E’ is by du dv; 

this orientation is assumed unless the contrary is explicitly stated. 

(a) Using the general definition in the text, show that the Jacobian 
of a mapping 


F = (f,g):E > E 
is given by the usual formula 


J = 9. — fou 


(Ὁ) Show that the Jacobian of a patch x: D — M in an oriented sur- 
face (D connected) is + ~/EG — F?, where the sign depends on 
whether x is positively or negatively oriented. 


. Let M be a ruled surface whose rulings are entire straight lines, and 


assume that K < 0. 

(a) Show that the total curvature of M is —2L (6), where ὃ is the 
director curve, with || ὃ || = 1. 

(b) Compute the total curvature of the saddle surface M: z = xy 
by this method, and check the result using Corollary 7.11. 


. Total curvature of quadric surfaces 


(a) Find the total curvature of an arbitrary hyperbolic paraboloid, 
elliptic paraboloid, and ellipsoid. 
(b) Show that the total curvature of the hyperboloid of revolution 
Μ: (+ y)/e@ -- εἰ οὗ =1is —4ra/Va? + οἷ. 
Thus the total curvature of an elliptic hyperboloid is dependent on 
the particular ‘dimensions’ of the surface—and the same is true for 
an elliptic hyperboloid of two sheets. 


. A simple region 8 in M is a region that can be expressed as the image 


F(D) of the disc εὖ + υἷ S 1 in EF’ under a one-to-one regular mapping 
F. Show that 8 can be paved by a single patchlike 2-segment x in 
such a way that for any 1-form ¢ we have 


[[4- [Ὁ 


where a is an edge curve of x. (Hint: See Ex. 12 of IV.6.) 


. (Continuation) 
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(a) If 8 is a simple region in E’, show that the area of 8 is 


| (udv — vdu), 


where a is the “boundary curve” of 8. 
(b) Find the area of the region in ΕΖ enclosed by the ellipse 


w/a +y/b = 1. 


13. Exercise 7 of Section 8, Chapter VII, will show that if ¢ is any 1-form 
on a compact oriented surface, then 


ie dp = 0. 


Combine this result with Exercise 3 of Section 2 to show that if h 
is the support function of M C Εὖ, then 


A(M) + ff an am 0 [[ am + ff nx am =o. 


Check these formulas on a sphere of radius 7, oriented by the outward 
unit normal. 


14. Write ὃ = X.(u,v) if ϑ is an oriented angle from u to v. Show that 
(a) 119 = x (u,v) andg = X (v,w), then d + ¢ = X (u,w). 
(b) If } = X (u,v), then —? = X (νυ, uw). 


15. Let a: I — M be a curve in an oriented surface M. If V and W are 
nonzero tangent vector fields on a, show there is a differentiable 
function @ on J such that 3 (¢) is an oriented angle from V(t) to W (ἐ) 
for each ἐ in 1. We call ϑ an angle function from V to W. Note that any 
two differ by an integer multiple of 27. (Hint: Reduce to Ex. 12 ὁ 
II.1.) 


16. A mapping F: M — N is area-preserving provided the area of any 
pavable region ® in M is the same as the area of its image F(@) in N. 
(Note that such a mapping must be one-to-one.) Show that: 

(a) A one-to-one mapping F: M — N is area-preserving if 


EG —F’?’ = EG -F 


for every patch x in M, with x = F(x) in N. (Hint: Show that 
F carries pavings to pavings. ) 

(b) Isometries are area-preserving; isometric surfaces have the same 
area. Include the noncompact case. 

(c) The mapping (1) in Example 5.2 of Chapter IV is area-preserving 
but not an isometry. Deduce the standard formula for the area 
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of a zone in the sphere. (It suffices in (a) to consider a single 
parametrization x if it covers all of M.) 


17. If F: M — N is a mapping of oriented surfaces with Jacobian J, show 
that: 
(a) F is regular if and only if J is never zero. 
(b) F is area-preserving if F is one-to-one and J = +1. (The con- 
verse is true also.) 
(c) If F is an isometry, then J = +1, but the converse is false. 


Since we are dealing only with connected surfaces, (a) shows that all 
such mappings F' separate into two classes: orientation-preserving if J > 0, 
orventation-reversing if J < 0. Except for patches (Exercise 8), we use this 
notion mainly in the easy case where F is an isometry. 


18. If F: M — M is an isometry of oriented surfaces, show that F is orienta- 
tion-preserving if and only if any one of the following conditions hold: 
(a) F*(dM) = dM. 

(Ὁ) Fx(U(p) Χ νὴ) = U(F (p)) X Fx(v) for all tangent vectors v to M 
at p (U and U the unit normals orienting M and M). 

(0) U(p)ev X w = U(F(p))+F«(v) Χ Fx (w) for all pairs of tangent 
vectors. 

(4) For any positively oriented frame field E,, E, on M, F4(E,), F'+(E2) 
is a positively oriented frame field on MV. 


19. If F: M — N is an orientation-preserving diffeomorphism of compact 
oriented surfaces, show that 


@) [fro = ff», 


for any 2-form on N. (Hint: Ex. 8 of IV.6.) 

(b) Deduce that total curvature is an isometric invariant for compact 
orientable surfaces. 

(c) Extend (b) to the noncompact case, assuming either K = 0 or 
Kk <s0. 


20. Gauss mapping G of some minimal surfaces. Prove: 

(a) Catenoid. G is one-to-one and its image covers all the sphere 
except two points. 

(b) Helicoid. The image of G omits exactly two points of the sphere, 
and each point of the image is hit by an infinite number of points 
of the helicoid. 

(c) Scherk’s surface (Ex. 21 of V.4). Same as the helicoid except that 
exactly four points are omitted. (Hint: Consider Z = Vg on one 
of the vertical lines. ) 

What are the total curvatures of these surfaces? 
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21. In an oriented surface M let x and y be patchlike 2-segments with 
the same image x(D) = y(#). For any 2-form ν show that 


[»- πὶ ff 


with plus sign if x and y have the same orientation (positive or negative), 
minus sign if opposite orientation. (Hint: examine the sign of the Jacobian 
of yx and use the change of variables formula for double integrals.) 


8 Congruence of Surfaces 


Two surfaces M and M are congruent provided there is an isometry F 
of E* that carries M exactly onto M. Thus congruent surfaces have the 
same shape—only their positions in ΕΠ can be different. For example, any 
two spheres of the same radius are congruent (use the translation carrying 
one center to the other), and the surfaces 


M:2= xy and M:z2= 


are congruent under a 45° rotation about the z axis. 

To simplify the exposition, we shall assume that the surfaces we deal 
with in this section are orientable as well as connected. 

8.1 Theorem If F is a Euclidean isometry such that F(M) = M, then 
the restriction of F to M is an isometry F = F | M: M — M of surfaces. 
Furthermore, if ΜΗ and M are suitably oriented, then F preserves shape 
operators; that is, 


F,(S(v)) = S(F«(v)) 
for all tangent vectors v to M. 


In short, congruent surfaces are tsometric and have essentially the same 
shape operators. We emphasize, however, that tsometric surfaces need not 
be congruent, since, as we have seen, they may have quite different shapes 
in Εὖ 

Proof. We know from Chapter IV, Section 5, that the restriction 
F:M — M is a mapping. Furthermore the derivative maps of F and F agree 
on tangent vectors to M. In fact, if v is tangent to M, then v is the initial 
velocity of some curve a in M—and since F = F | M, we have 


F(a) = F(a). 
Thus 
Fy(v) = F(a) (0) = F(a)’ (0) = Fs(v). 
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It follows immediately that F's preserves dot products of tangent vectors 
to M, for Fs has this property for all pairs of tangent vectors (Corollary 
2.2, Chapter III). Also, F: M — M is one-to-one (since F is) and onto 
(by hypothesis); hence F is an isometry of surfaces. 

Finally, we show that F preserves shape operators. If M is oriented by 
the unit normal U, then since Fy preserves dot products (and agrees with 
F, on M), it follows that F,(U) has unit length and is everywhere normal 
to F(M) = M. Thus one of the unit normals on M, say U, has the property 
that 


F,(U(p) = U(p) where p = F(p). 
If S and S are the shape operators on M and M derived from U and U, 
respectively, we shall show that 


Fx(S(v)) = S(Fx(v)). 


Again let a be a curve in M with initial velocity v. Thus F(a) is a curve 
in M with initial velocity F,(v). If U is restricted to a, and U is restricted 
to F(a), then Fx(U) = U (Fig. 6.25). Since Fx preserves derivatives of 
vector fields, we get 


Fx(S(v)) = —Fs(U'(0)) = -- σ΄ 0) = 8(Fx(v)). 
But v and S(v) are tangent to M; hence Fy may be replaced by Fx. | 


Our goal now is the converse of the preceding theorem, that is: If 
M and M are isometric and have the same shape operators, then M and M 
are congruent. This is the analogue of the basic result (Theorem 5.3 of 
Chapter ITI) for curves. The condition M and M isometric corresponds to 
the hypothesis that a and β are unit-speed curves defined on the same 


FIG. 6.25 
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interval, and, of course, ‘same shape operators”’ corresponds to 
K = K, τ ΞΞ ΞΈΤ. 


8.2 Lemma Let F: M — Μ be an isometry of oriented surfaces in E 
that preserves shape operators (as in Theorem 8.1). Let Ei, 2 be a tangent 
frame field on M, with E,, Ες the transferred frame field on M. If Es and 
E; are the unit normals orienting M and M, then Εἰ, E2, Ε: and Ey, Es, Es 
are adapted frame fields on M and M. For the connection forms of these 
frame fields, we have 

F* (@;;) = Wij (1 = 1) = 3). 

Proof. We already know from Lemma 5.3 that F* (G12) = wy. It remains 

to prove that 
F* (a3) = wis, forz = 1, 2. 


But Corollary 1.5 shows that this merely expresses the preservation of 
shape operators in terms of connection forms. In fact, for 7 = 1, 2, 


F* (a3) (E;) = @a(FsE;) = S(F+E;)+E; = Fx(S(E;))+F«(B) 
= SE jE; = wi3(E;). 


Ι 


Hence the forms "Κ᾽ Ἐ(ῶ,3) and ὡς are equal. Ι͂ 

8.3 Theorem Let F: Μ — Ν be an isometry of oriented surfaces that 
preserves shape operators; that is, 

F,(S(v)) = S(Fx(v)) 

for all tangent vectors v to M. Then M and M are congruent; in fact there 
is an isometry F of Εὖ such that F = Εἰ M. 

(If it should happen that 

F,(S(v)) = —S(Fs(v)) 

for all tangent vectors, then it suffices to reverse the orientation of either 
M or M to get the hypothesis as stated. ) 


Proof. Fix a point p of M, and let FE; and E; be the unit normals orient- 
ing M and M. By using Corollary 2.3 of Chapter III, it is easy to show 
that there is a unique isometry F of Εὖ which agrees with F' at the selected 
point p in the sense that 

F(p) = F(p) 
Fy (v) = Fx (v) for every tangent vector v to M at p 
Fy (E3(p)) = Es(F(p)). 


We shall show that F is the required Euclidean isometry, in other words, 
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FIG. 6.26 


that F(q) = Κ' (4) for an arbitrary point q of M. Thus if a is a curve in M 
from p to q, it suffices to prove that F(a) = F(a). 

There is no loss of generality in assuming that a lies in the domain of an 
adapted frame field H,, Ε5Ω, E; on M. (If not, we could break a up into 
segments for which this is true, and repeat essentially the following proof 
for each segment in turn.) Our plan is to use the general criterion Theorem 
5.7 of Chapter III to show that the curves F(a) and F (a) are identical. 

A. The curve F(a). Restrict the frame field E,, F2, E3 to the curve a 
(Fig. 6.26). Then by the connection equations, 


Εἰ = VwE; = diwij(e)E; (1 <i <3). 
Now apply Fx to this equation; since Fy is linear and preserves derivatives, 
we get 

(FxE:) = Dp wij(a’) Fe(Ej) (1 Si 8 8). (Al) 
Also Fy preserves dot products; hence Fy Εἰ, Fx E2, F,E; is the frame field 
on the image curve F(a). Furthermore, 

F(a)’ *F,E; = a +E; (A2) 
since 
F(a)’ = Fy (α΄). 


B. The curve F(a) = & Use the isometry F to transfer the tangent 
frame field Κι, E, to a tangent frame field E,, E.on M. With the unit nor- 
mal vector field H3, we now have an adapted frame field F,, Eo, EB; 
on M. We restrict it to the image curve F(a) = &, and use the connection 
equations as above to get 


Ej => >a;@)E; (<i 3). (B1) 
Furthermore, we assert that 
@-E;=a-E; (1518 3). (B2) 


For ὦ = 1, 2 this follows immediately from the definition of £:, E>, since 
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F, is an isometry and 
a = F(a) = Fe(a). 


For 1 = 3, both sides are zero, since a and ἃ are curves in M and M, re- 
spectively. 


C. Comparison of F(a) and F(a) = &. The construction above and the 
assumption that F preserves shape operators has exactly reproduced the 
hypotheses of the preceding lemma; hence F*(@;;) = w:; for 1 S 17 S 3. 
Thus 

ὡς (δ΄) = ὥς; (Τ᾿ (α΄)) = (F*0:;) (α΄) = wis (a’). 
Using this fact we deduce from (Al) and (B1) that 


(F,E;) -F,E;= E/-E; (1S ij S 3). (C1) 
Comparing (A2) and (B2), we get 
F(a) -F,E; =@-E; (SiS 8). (C2) 


And by our initial construction we have 
F,E£,; = E; at the point p = ἃ(0) 


(C3) 
F(a@0)) (ΙΞῚΞΞ 5). 


Refering to equations ({) in Theorem 5.7 of Chapter ΠῚ, we observe 
that the three equations (C1), (C2), (C3) are precisely what is needed 
to conclude that F(a) = ἃ; that is, 


F(a) = F(a). i 


This theorem gives a formal proof that the shape operators of a surface 
M in ἘΠ do, in fact, completely describe its shape. 


EXERCISES 


1. A surface M C E’ is rigid provided every surface isometric to M is 
congruent to M. Deduce from Liebmann’s theorem that spheres are 
rigid. 

2. If a, β: 1 > ἘΠ are unit-speed curves with κα = xs > Ὁ and τα = τρ, 


show that their tangent surfaces are congruent. (Compare Ex. 5 of 
VI.4.) 


3. If M and N are congruent surfaces in E’, and F is a Euclidean isometry 
such that F(M) = N, prove that F | M preserves Gaussian and mean 
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curvature, principal curvatures, principal directions, umbilics, asymp- 
totic and principal curves, and geodesics. Which of these are preserved 
by arbitrary isometries F: M — N? (Hint: Orient locally, and ignore 
ambiguity of signs for H, k,, and kz.) 


. If F: = — Σ΄ isan isometry of spheres, show that there is a Euclidean 


isometry F such that F = F | 2. 


. Let M be the saddle surface (2 = xy). A rotation of 90° followed by 


a reflection in the zy plane yields an orthogonal transformation C of 
Ε΄ whose matrix is 


0 -Ἴ 0 
1 0 0 
0 0 —-l 


(With our conventions, the columns of the matrix are C'(u,), C (uz), 

C (uz), where ας is the ith unit point. ) 

(a) Prove that C(M) = M. 

(Ὁ) Let F = C| M: ΜΈ: M. Orient M (as domain of F’) by the unit 
normal U such that U(0) = u3. For which orientation of M (as 
image of 17) does F preserve shape operators? 


. In the general description of a surface of revolution on page 129 (M@ 


obtained by revolving C' around A), let A be the line through p in 
the direction of a unit vector δι, and let 


a(u) =pt+g(u)e + h(u) er 


be a parametrization of C, where δ is a unit vector orthogonal to ej. 

(a) Find a regular mapping x: ἢ — ΕἾ whose image is the set ἢ. 
Then prove: 

(b) M is congruent to a surface of revolution in the special position 
given in Example 2.5 of Chapter IV. 

(c) M is a surface in ΕΝ. 

(d) Two surfaces of revolution are congruent if and only if they can 
be described in this way by the same pair of functions g, h. 


. If M is a surface in Εὖ, a Euclidean isometry F such that F(M) = M 


is called a Euclidean symmetry of Μ΄. Show that 

(a) The set of all Euclidean symmetries of M forms a subgroup $(//) 
of the group ὃ of all isometries of Εὖ (Ex. 7 of III.1). 8(/) is 
called the Euclidean symmetry group of M. 

(b) The Euclidean symmetry groups of congruent surfaces are iso- 
morphic. 


. Show that the Euclidean symmetry group of any sphere is isomorphic 


to the group of all 3 X 3 orthogonal matrices. 
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9. Find all eight Euclidean symmetries of the saddle surface M: z = xy. 
Show that they are orthogonal transformations and give their matrices. 


10. Find all Euclidean symmetries of the ellipsoid r/e+ty/v+2/e =1, 
where a > b > c. (Hint: Use the fact that Gaussian curvature 15 
preserved. ) 


11. If M is Scherk’s surface (Ex. 21 of V.4) and D is the open square 
—7/2 S u,v S 2/2, show that: 
(a) The image x(D) of x (Ex. 4 of V.4) lies in M. 
(b) The portion of M over any open square (Ex. 21 of V.4) is con- 
gruent to x(D). 
(c) The curvature formulas given in the abovementioned exercises 
are consistent. 


9 Summary 


The geometrical study of a surface M in E’ separates into three distinct 
categories: 

(1) The intrinsic geometry of M. 

(2) The shape of M in ΕΝ 

(3) The Euclidean geometry of E’. 

We saw in Chapters II and III that the geometry of ΕΠ is based on the dot 
product and consists of all concepts preserved by isometries of Εὖ. Similarly, 
we have now found that the intrinsic geometry of M is based on the dot 
product—applied only to vectors tangent to M—and that it consists of 
all concepts preserved by isometries of M. 

The shape of M in E’ is, in a sense, a link between these two geometries. 
For example, Gaussian curvature K is an essential feature of the intrinsic 
geometry of M, and the shape operator S dominates category (2)—thus 
the equation 


K = det S 


shows that the geometries (1) and (3) can be harmonized only by means 
of restrictions on (2). Stated bluntly: Only certain shapes are possible in 
ΕΠ for a surface M with prescribed Gaussian curvature. A strong result of 
this character is Liebmann’s theorem, which asserts that a compact surface 
in E® with K constant has only one possible shape—spherical. 

In the last two chapters, the computation of explicit examples has been 
mostly in terms of coordinate patches (Gauss), but the theory itself has 
been expressed in terms of frame fields and forms (Cartan). Historically, 
coordinates were used for the theory as well, but by now the Cartan ap- 
proach has largely won the day. We have seen in Section 6 that the two 
approaches are not so far apart when the coordinate patch is orthogonal. 


CHAPTER V i | 


Riemannian Geometry 


In studying the geometry of a surface in E*® we found that some of its 
most important geometric properties belong to the surface itself and not 
the surrounding Euclidean space. Gaussian curvature is a prime example; 
although defined in terms of shape operators, it belongs to this intrinsic 
geometry, since it passes the test of isometric invariance. As this situation 
gradually became clear to the mathematicians of the 19th century, Rie- 
mann drew the correct conclusion: There must exist a geometrical theory 
of surfaces completely independent of ΕΠ, a geometry built from the start 
solely of isometric invariants. In this chapter we shall give an outline 
of the resulting theory, concentrating on its dominant features: Gaussian 
curvature and geodesics. Our constant guides will be the two special cases 
which led to its discovery: the intrinsic geometry of surfaces in E*, and 
Euclidean geometry—particularly that of the plane ΕΖ. 


1 Geometric Surfaces 


The evidence from earlier work on the intrinsic geometry of surfaces in 
Ε΄ (and on Euclidean geometry as well) suggests that we will need the dot 
product on tangent vectors to do geometry on a surface. 

~\But to free ourselves of confinement to E*, we must begin with an ab- 
stract. surface M (Chapter IV, Section 8). Since M need not be in E® there 
is no dot product—and hence no geometry. The dot product, however, is 
but one instance of the general notion of inner product, and Riemann’s 
idea was to replace the dot product by a quite arbitrary inner product on each 
tangent plane of M. 
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1.1 Definition An inner product on a vector space V is a function which 
assigns to each pair of vectors v, w in V a number ve w 80 that these rules 
hold: 

(1) Bilinearity: 


(αιν! + GQeve)oW = Aiviow + hvzo Ww 
vo (biw1 + bows) = bivowi + bev o we. 
(2) Symmetry: νον = Wov. 
(3) Positive definiteness: 
vov 20; and νον = 0 if and only if v = 0. 


On the vector space Εὖ the dot product 
vow = Ww, + VwWe 
is, of course, an inner product, but there are infinitely many others, such 
as, for example, vow = 2v,;w; + 3v.we. (See Exercise 8 of Section 2.) 
Shifting then from surfaces in Εὖ to abstract surfaces and, from the dot 
product to arbitrary inner products, we get the following definition. 


1.2 Definition A geometric surface is an abstract surface M furnished 
with an inner product, °, on each of its tangent planes. This inner product 
is required to be differentiable in the sense that if V and W are (differentia- 
ble) vector fields on M, then Vo W is a differentiable real-valued function 
on M. 


We emphasize that each tangent plane T,(M) of M has its own inner 
product, and they are unrelated save for the differentiability condition— 
an obvious necessity for a theory founded on the calculus. In this definition 
ΝΟΥ has its usual pointwise meaning: It is the function on M whose 
value at each point p is the number V (p)° W (p). An assignment of inner 
products to tangent planes as in Definition 1.2 is called a geometric structure 
(or metric tensor or “ds’”) on M. 

In short: 


Surface + geometric structure = geometric surface 


and we emphasize that the same surface furnished with two different geo- 
metric structures gives rise to two different geometric surfaces. 


1.3 Example Some geometric surfaces. 

(1) The plane Εὖ, furnished with the usual dot product on tangent 
vectors, is the best-known geometric surface. Its geometry is two-dimen- 
sional Euclidean geometry. 

(2) A simple way to get new geometric structures is to distort old ones. 
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For example, if g > 0 is any differentiable function on the plane, and « is 
the usual dot product, define 


vow 
9(p) 

for tangent vectors v and w to E’ at p. This is a new geometric structure 
on the plane, said to be conformal to that of the dot product (Exercise 1). 
We shall see that (unless g is special) the resulting geometric surface has 
properties quite different from the Euclidean plane (1). 

(3) If M is a surface in Εὖ, then the dot product from E° applied to 
tangent vectors on M furnishes an inner product making M a geometric 
surface. This, of course, is just what was done in Chapters V and VI. Unless 
some other inner product is explicitly mentioned, it is always assumed that 
a surface in ΕΠ is made geometric in this way. 


vow = 


Here a word about terminology is in order. Euclid’s name carries geo- 
metric implications. Hence in Chapter I, where geometry did not appear, 
we should have called E’ the Cartesian plane, reserving the term Euclidean 
plane for the geometric surface (1) above. 

From the simple beginning in Definition 1.2, it is rather surprising what a 
rich geometric theory can be built. But as mentioned earlier, examples 
(1) and (3) certainly indicate that the theory is there to be explored, 
and their common features even suggest the kind of results we may expect 
to find. 

The definitions in Chapter VI that are clearly intrinsic in character 
will be used here without further discussion. In particular, an isometry F: 
M — M of arbitrary geometric surfaces is exactly as defined in Definition 
4.2 of Chapter VI and the geometry of M consists by definition of its iso- 
metric invariants. A frame field on an arbitrary geometric surface  con- 
sists, as usual, of two orthogonal unit vector fields E,, E. defined on some 
open set of M. The orthonormality equations 


E,ok;=6; ΑΞ 1,13 2) 


are expressed, of course, in terms of the inner product of M. As before, 
we derive the dual 1-forms 6, 62, characterized by 6;(E;) = 6;;, and then 
the connection form wi = —w, characterized by the first structural 
equations, 


dé; = ὧἱ A Oo, dA, = W@W A θι. 


We emphasize once more that these forms θι, 62, w2 are not invariantly 
attached to the geometric surface M; a different choice of frame field 
E,, Ες will produce different forms ὅθι, 2, ὧι. Before going any further, we 
had better see how two such sets of forms are related. 
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On a small enough neighborhood of a point p, 


τ ΜΕ: Ε 
careful use of the inverse function cos” (or sin’) ἢ, ἢ 
will yield a differentiable function ¢ such that A, 
\ 
Ey = COS ¢ Ey + sin φ Ep. \ ¢ 


We call φ an angle function from E,, E, to Ἐι, Ε.. 
As shown in Fig. 7.1, there are now two possibili- \ 
ties for He. Either 


E, = —sing FE, + cos¢ [2 


in which case we say that EF, 2 and Εἰ, E, have the 
same orientation, or 


E, = sing Εἰ — cos¢ FE, 
which is opposite orientation. 


14 Lemma Let Εἰ, Ες and E,, E2 be frame fields on the same region in 
M. If these frame fields have 
(1) The same orientation, then 


O10 = wie + dy, and θ᾽ Λ ΓᾺ = θι A Ao. 
(2) Opposite orientation, then 
o2= — (wre + dg), and 6; A 05 = —6, A bo. 


Proof. We discuss only the first case, since the second is obtained from 
it by merely changing signs. By the basis formulas (Lemma 2.1 of Chapter 
VI), the equations 


Ἢ) = COS ¢ ky + sin φ Es, E, 


—sin φ Εἰ + cos ¢ Ep 
yield 
6, = cosg & — sing be, 6. = sing 6; + cos φ bo. (*) 

Applying the exterior derivative to the first of these, we get 

dé, = —sin gdeah + cosy dh — cosgdy A & — sing dh. 
Now we substitute the first structural equations for d6,, dé. to obtain 

dé, = (@2 — dy) A (sin g 6, + cos ¢ be) 
= (a2 — dp) ΔΛ Or. 
In the same way we get 
dd, = — (a2 — dy) A A. 


Because the form w2 = — we uniquely satisfies the first structural equa- 
tions, we conclude from the last two equations that ὦ!» = ὧς — ἀφ, as 
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FIG. 7.2 


required. Direct computation of θι A 6. using (") above shows that this 
2-form equals 6; A 62. Ε 


The concept of geometric surface can be used to fill a gap in our earlier 
work. Occasionally we met regular mappings x: Ὁ - Εὖ which were not 
parametrizations of any surface in Εὖ. For example, the image x(D) of ἢ 
might fold back through itself as indicated in Fig. 7.2, so that the definition 
of surface in E’ fails along the crossing line L. 

_ This technical difficulty can be eliminated by assigning D (which is a 
surface) not the usual dot product, but instead the induced inner product 


Vow = Xx (v)*xs (w). 


Thus D becomes a geometric surface, and if x(D) were a surface in BE’, x 
would evidently be an isometry. In short, D has exactly the intrinsic geome- 
try we might intuitively expect x(D) to have. 

In this chapter, as earlier, the restriction to low dimensions is not essen- 
tial. A surface is the two-dimensional case of the general notion of mani- 
fold (Chapter IV, Section 8). A manifold M of arbitrary dimension fur- 
nished with a (differentiable) inner product on each of its tangent spaces 
is called a Riemannian manifold, and the resulting geometry is Reemannian 
geometry. (Euclidean geometry, as discussed in Chapter ITI, is the special 
case of Riemannian geometry obtained on the Euclidean space Ε΄, with 
its usual dot product.) A geometric surface is thus the same thing as a two- 
dimensional Riemannian manifold, and the subject of this chapter is two- 
dimensional Riemannian geometry. t 


EXERCISES 


1. For a conformal geometric structure on the plane (Example 1.3), show 
that 


¢ We would prefer to call a geometric surface a Riemann(ian) surface but this 
term has a firmly established and distinctly different meaning. 
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(a) The formula 
vow = || v|| || w || cos? (where || v || = ν νου) 


gives the same value for the angle Ὁ < 3 S π between v and w as 
in the Euclidean plane E’. 
(b) The speed of a curve a = (αι, a2) is Va + a3?/9 (a). 
(c) gU,, σῦς is a frame field with dual forms du/g, dv/g. 
(4) The area forms are + du αὐ οἷ. 
Note that g = 1 gives the usual Euclidean structure. 
. The Poincaré half-plane is the upper half-plane v > Ὁ furnished with 
the inher product (9) obtained by dividing the dot product at each 
point p by the square of the distance v(p) = pe to the wu axis: 


vow =vew/u (p). 
For the curve a(t) = (r cos t, r sin t), 0 < ἐ < π, find the speed and 
arc-length function (measure from the top of the semicircle, ¢ = 7/2.) 


. (a) On a geometric surface M, let V and W be vector fields that are 

linearly independent. Find a frame field for which £, = ΚΛ} V ||. 

(b) Deduce an explicit formula for a frame field on the image of an 
arbitrary patch x in M. 


. If dM is an area form on M and » is an arbitrary 2-form, show that 
there is a function f such that ν = f dM. Deduce that a (connected ) 
orientable geometric surface has exactly two area forms, + dM. 


. Let M be a geometric surface oriented by area form dM. Prove 
(a) On each tangent space to M there exists a unique “rotation by 
+90°,” that is, a linear operator J: T,(M) — T,(M) such that 


| . (")}}} =v,  Jw)ev =0, — 
and _ 
dM (v, J(v)) > O (if v # 0). 
(Hint: If Εἰ, Ες is a positively oriented frame field, 
J(E,) = 15, J(E2) = -- ᾿..} 


We call these operators—collectively, for all points of 4/—the 
rotation operator} of M. 
(b) J is differentiable (J(V)°J(W) is differentiable for any vector 
fields V, W) and skew-symmetric 


J(V)°>W+ VeJ(W) ΞΞ 0, 
and J° = —I (J applied twice is minus the identity operator). 


+ Compare the special case in Exercise 14 of Section 4, Chapter II. 
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(c) If M is oriented instead by —dM, then its rotation operator is — J. 
(4) If M is a surface in ἘΠ and its orientation is given by the unit 
normal U, then J(V) = U X V. 

The operator J serves as a kind of replacement for the unit normal 
on surfaces that are not in Εὖ. In particular, (d) shows how the scheme 
given in Chapter VI (page 291) for measuring oriented angles applies 
now to an arbitrary (oriented) geometric surface. 


6. If F: M — N is a regular mapping of oriented geometric surfaces, show 
that the following are equivalent: 
(a) F is orientation-preserving and conformal (Definition 4.7 of 
Chapter VI). 
(Ὁ) F preserves the rotation operators of M and N;; that is, 


Fe (J (v)) = J (Fs (v)) 


for all tangent vectors v to M. 
(c) F preserves oriented angles; that is, if δ is an angle from v to w, 
then # is also an angle from Fx (v) to Fy (w). 


7. (a) Prove that a regular mapping F = (f, g): Εὖ — E’ is orientation- 
preserving and conformal} if and only if ἢ, = 90, fo = —gu 


If ΕΖ is considered as the complex plane, with z = u + w = (u,v), 
these two equations (the Cauchy-Riemann equations) are necessary and 
sufficient for F to be a complex analytic function z — F(z). 


(b) Given such a complex function F, show that its scale factor ἃ (2) is 
the magnitude of the (complex) derivative dF /dz. 


8. If the origin is deleted from E’, show that the mapping F in (2) of Ex- 
ample 7.3 of Chapter I is orientation-preserving and conformal. What 
is the complex function in this case? 


9. Let D and E be regions in the plane, furnished with conformal geometric 
structures given by functions σι and ge, respectively. Let D’ and EK’ 
be the same regions, with the usual Euclidean structure. If F: D’ — E’ 
is a conformal mapping with scale factor A, prove that F: D — E is 
conformal with scale factor \gi/g2(F). 


2 Gaussian Curvature 


For arbitrary geometric surfaces, we need a new definition of Gaussian 
tes ᾿ 3. : 
curvature. The definition K = det S for surfaces in E* is meaningless now, 


t The term conformal is often understood to include preservation of orientation. 
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since it is based on shape operators. But this original definition made K 
an isometric invariant, so it is reasonable to look to the proof of the theo- 
rema egregium (specifically to Corollary 2.3 of Chapter VI) to find a satis- 
factory generalization. 


2.1 Theorem On a geometric surface M there is a unique real-valued 
function K such that for any frame field on M the second structural equation 
dw = -- Κθι Λ θ. 


holds. K is called the Gaussian curvature of Μ. 


Proof. For each frame field E,, E2, there is (by the basis formulas of 
Lemma 2.1 of Chapter VI), a unique function K such that 


dw = --  Κθι Λ Ao. 


But another frame field £,, ᾿ς might a priori have a different function 
K such that 


day. = — Καθ, A Ao. 


What we have to show is consistency: Where the domains of these frame 
fields overlap, there Καὶ = K. Since such domains cover all of M (Exercise 
3 of Section 1), we will then have a single function K on M with the re- 
quired property. This consistency will follow immediately from Lemma 1.4. 
First consider the case in which the frame fields have the same orienta- 
tion, SO ὧς = we + dy. Hence da. = day, because d’ = 0. But then 


Κθι Λ Os = K6, A 62. 
Since 
6A 66 = 0 A & ~ 0, 


we conclude that 


k= K. 


When the orientations are opposite, we get da. = -- ἰω but still find that 
K = K, since 


6, A 0. = —6, A Oo. Ι͂ 


As noted above, Corollary 2.3 of Chapter VI shows that this general 
definition of Gaussian curvature agrees with the definition K = det S when 
M is a surface in ΕΠ. The proof of isometric invariance obtained there is 
entirely intrinsic in character, and it thus holds for arbitrary geometric 
surfaces. | 

Gaussian curvature is the central property of a geometric surface M; 
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it influences—often decisively—many of the most important properties 
of M. In Section 6 we shail examine the influence of curvature on geodesics 
and in Section 8 its influence on the topology of VM. 

To summarize: Geometrical investigations in terms of a frame field 
K, 2 are dominated by its structural equations: 


τ᾿ = ὧτὸ Λ θ., 


AB» = ὧὐ A θι, 


du. = —K6, A θ.. 
The first structural equations actually define the connection form 
W12 = τ ὧδ] 


of that frame field, while the second structural equation defines the Gaussian 
curvature K of the geometric surface (independent of choice of frame field ). 
It is already clear from Chapter VI, Section 6, how a. and K may be ex- 
plicitly computed from these implicit definitions. 


2.2 Example Gaussian curvature. 


(1) The Euclidean plane Ε΄. If we use the natural frame field U;, U2; 
then the dual 1-forms are merely 6, = du, θὰ = dv. Since dé, = dé = 0, 
the identically zero form wiz = Ὁ satisfies the first structural equations and 
hence is the connection form of Ui, Us. But then dw. = 0, so Καὶ = 0. 
The Euclidean plane is flat. This can be no surprise, since ΕΠ is isometric 
to a plane in E’, for which we know that K = 0, since its shape operators 
all vanish. 

(2) The plane with conformal inner product 


< 
= 


vow = 


g(p)? 


(See (2) of Example 1.3.) 
The natural Euclidean frame field U,, U2 is no longer a frame field rela- 
tive to this new inner product. U; and U, are still orthogonal, but 


1 


U1° U, = U.0 Us ge’ 


Thus gU,, gU2 1s a frame field. It follows easily that its dual 1-forms are 


To find the connection form w 2, we first differentiate 6, and 4.. 
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dé, = a(?) A du 
9 

ἀθ: -- ἃ (?) ἘΠῚ 
ONG 


Now d(1/g) = —dg/g’ and dg = συ du + συ dv. Because du du = dv dv = 0, 
we find 


(*) 


Comparison with the first structural equations then yields 
1 
on = 7 (g, du — gu dv) 


because by (*), this form w,2 satisfies the first structural equations; by 
uniqueness it must be the connection form. 
To get the curvature we differentiate once more. 


duy. = ἃ (2) A (συ du — gy dv) + : (gr, dv du — gun du dv). 


From the above we know that 

1 --Ἰ 

a(*) = — (g, du + g dv) 

g g° 
and that du = g6,, dv = g6:. A simple computation using these facts then 
gives 

dare = (σι + συ — g (Guu + Jov)) 6; A Oo. 
Thus by the second structural equation we conclude that 
K = σίφω + gov) — (gu +9»): 


The induced inner product discussed on page 308 may be applied in 
other situations. For example, suppose that F: M — N is a diffeomorphism 
of surfaces (Chapter IV, Section 5) and that N is a geometric surface. 
Then the znduced inner product 


vow = Fx (v) oF x (w) 


on tangent vectors to M, makes M a geometric surface—and F an isome- 
try. M might be called a “πον model” of N; however different it may look, 
it is geometrically identical with N. 
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2.3 Example 


(1) The stereographic sphere. We have proved in Example 5.5 of Chapter 
IV that stereographic projection P is a diffeomorphism of the punctured 
sphere Σὺ onto the Euclidean plane Ε΄. Now consider 2» merely as a surface, 
while ἘΠ is geometric, with its usual dot product. Thus the induced inner 
product makes 2» a geometric surface which is isometric to ΕΠ and hence 
flat. If Zo appears round, it is only because we look at it with Euclidean 
eyes; that is, we erroneously assume it must have the dot product of Εὖ 
as in Chapter V. 


(2) The stereographic plane. Now let us reverse the process in (1). Con- 
sider 2» with its usual geometric structure as a surface in E’, and let Εὖ be 
merely a surface. 

The inverse P': Εὖ — Σὺ of stereographic projection is also a diffeo- 
morphism. The inner product (9) induced by P™ on E’ makes ΕΖ a geo- 
metric surface (the stereographic plane) isometric to Yo, and thus having a 
curvature K = +1. 


We examine this new stereographic plane more closely. Throughout 
a dot (+) will as usual denote the dot product, whether of ΕΖ or E’. 

If v and w are tangent vectors to Ε΄ at q = P(p), let ¥ and W be the 
unique tangent vectors to Zo at p such that Ps (7) = v, Pex(w) = w (Fig. 
7.3). Now by Exercise 14 of Section 4, Chapter VI, we know that 


vew = Py(¥) + Ps (w) = (1 alr la hy δον. 


But (Ρ΄). carries v and w back to ¥ and W, so for the induced inner 
product of Εὖ we find 


2\ —2 
vow = (P")y(v) « (P")e(w) = ὦ = (1 + lal vow. 
It follows immediately that this inner product is of the conformal type 


discussed in Example 1.3 with 


2 2 
U+oD 


g=1+ Z 
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Edge view of Εὖ 


P, qd, 


FIG. 7.4 


To visualize this unusual “plane,”’ we may imagine that rulers get longer 
as they move farther away from the origin. Since P is now an isometry, the 
intrinsic distance from p to q (in Fig. 7.4) is exactly the same as the dis- 
tance from px to qs. Also circles u’ + v° = 1’, for which r is very large, 
actually have very small stereographic are length since they correspond 
(under the isometry P) to small circles about the north pole in 2p. 


2.4 Example The hyperbolic plane. Let us experiment with a change 
of sign in the stereographic inner product above, setting 
u’ ΞΕ y 

. ᾿ 

Since g > Ὁ is necessary, this hyperbolic inner product vow = (1 /g°)vew 
is used only on the disc εὖ + υἷ < 4 of radius 2 in the plane. The resulting 


geometric surface is called the hyperbolic plane H. 
In this case 


f= 


Qu 3 θυ 2 3 Juu Jov 2 ? 


so the general computations in Example 2.2 show that 
1 
wow = — (udv — vdu) 
20 


and that the hyperbolic plane has constant Gaussian curvature Καὶ = —1. 


As a point (u, v) approaches the rim of H, that is, the circle εὖ + v° = 4 
(not a pat of H!), g(u, v) approaches zero. Thus in the language used 
above, rulers must shrink as they approach the rim, so that H is a good 
deal bigger than one’s Euclidean intuition may suggest. For example, 
for ὃ constant let us compute the arc-length function s(t) of the Euclidean 
line segment 


a(t) = (tcos #8, t sin 8), 0st < 2, 


which runs from the origin almost to the rim. Now a = (cos ϑ, sin#), 
/ / 2 
soa ca = 1/g(a)’. But 


316 RIEMANNIAN GEOMETRY [Chap. Vil 


f° 
g(a(t) ) eats kes τ 4? 


so a has hyperbolic speed 


1 


lO = 5 = ay 


Thus 


‘dt αἰ ΠΥ 
(Ὁ = [Sag = 2 tanks = log s—,; : 


Thus as ¢ approaches 2, arc length s(t) from the origin a(0) to a(é) 
approaches infinity. This “short” segment a actually has infinite hyperbolic 
length. Further properties of the hyperbolic plane will be developed as we 
go along. We shall see that it—and not the bugle surface (Example 6.6 of 
Chapter V)—is the true analogue of the sphere for constant negative 
curvature. 


2.5 Example A flat torus. Let T be a torus of revolution considered 
merely as a surface, and let x: Εὖ — T be its usual parametrization (Exam- 
ple 2.6 of Chapter IV). Now we give T a geometric structure by defining 


Χιῦχ ΞΕ], X,°X, = 0, X,°x, = l. 


It is easy to check that this defines—without ambiguity—an inner product 
on each tangent plane of 7’. 

Because xx(Ui) = x, and xx(U2) = x,, it follows immediately that 
x is a local isometry of the Euclidean plane ΕΠ onto the geometric surface 
T. Since local isometries also preserve Gaussian curvature, 7 1s flat. Thus 
its geometric structure is different from the usual torus in Εὖ, which has 
variable curvature. 


Because this torus T is compact and flat, Theorem 3.5 of Chapter VI 
shows that it can never be found in ἘΝ. Explicitly, there exists no surface 
M in E’ that is isometric to 7, for then M would also be compact and flat— 
but this is forbidden by the theorem. Here we have a proof that the class 
of geometric surfaces is richer than that of surfaces in E’. In the course of 
this chapter we hope to convince the reader that geometric surfaces are 
the natural objects to study and that surfaces in E°—however intuitive 
they may seem at first glance—are no more than an interesting special case. 

One should not conclude from the example above that every surface 
can be given a flat geometric structure. Topological subtleties are involved, 
as we shall see in Section 8. 


2.6 Remark So far we have reserved the dot notation (+) for the dot 
product of Euclidean space, and used a small circle (9) to emphasize the 
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generality of the inner product of an arbitrary geometric surface. From 
now on we shall use a dot for all inner products, reverting to the former 
convention only when, as in Example 2.4, the two appear in the same 
context. 


EXERCISES 


1. Derive the dual forms and connection form o,2 = du/v for the frame 
field υἷι, vU2 on the Poincaré half-plane (Ex. 2 of VII.1) and show 
that this surface has constant negative curvature Καὶ = —1. 


2. For the conformal geometric structure on the entire plane with 
g = cosh (uv), 


compute the dual forms and connection form of the frame field gU,, 
gU2, and derive the Gaussian curvature K. 


3. Find the area A of the disc εὖ + v’ S r’ in the hyperbolic plane. (Hint: 
Find E, F, G for a 2-segment 


x(u,v) = (u cos v, usin v).) 
What is the area of the entire hyperbolic plane? 

4. The hyperbolic plane of pseudo-radius r is obtained by altering the 
function g in Example 2.4 tog = 1+ (u’ + o°)/4r’. Find its Gaussian 
curvature. 

5. Find the area of the flat torus in Example 2.5. Modify the definition 
so as to produce a flat torus with arbitrary area A > 0. 

6. Show that there is a geometric structure on the projective plane such 
that the natural mapping ΡῈ Σ — Σ is a local isometry. Prove that this 
geometric surface Σ cannot be found in Ε΄. (The same results hold when 
> is a sphere of radius r and = becomes the projective plane of radius r.) 

7. Show that the plane, furnished with the conformal geometric structure 
such that g = sech wu, is isometric to a helicoid. 

8. The identity map x(u,v) = (u,v) of E’ isa patch with x, = Ui, x, = U2 
Thus if (9) is a geometric structure on the plane, this patch has 


E = Uj;0 Ui, F = [ὁ Us, G = U,z0 Us. 


(a) Given any differentiable functions ΚΕ, F, and G on the plane, such 
that E > 0,G > 0, EG — ΚΞ > 0, show that there is a geometric 
structure on the plane corresponding, as above, to these functions. 

(b) Show that the method used in Example 2.2 is a special case of 
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that of Chapter VI, Section 6, and derive the formula for K in 
Example 2.2 from Lemma 6.3 of Chapter VI. 
(Hint: For (a) define 


vow = Huw, + F (vywe + vew,) + Gores.) 


3  Covariant Derivative 


The covariant derivative V of Ε΄ (Chapter II, Section 5) is an essential 
part of Euclidean geometry. We used it, for example, to define the shape 
operator of a surface in E’, and in modified form (Chapter II, Section 2) 
to define the acceleration of a curve in Ε΄. In this section we will show that 
each geometric surface has tts own notion of covariant derivative. 

As in Euclidean space, a covariant derivative V on a geometric surface M 
assigns to each pair of vector fields V, W on M a new vector field V,W, 
and we must certainly require that it have the usual linear and Leibnizian 
properties (Corollary 5.4 of Chapter II). Intuitively, the value of VyW 
ata point p will be the rate of change of W in the V (p) direction. Thus if 
the connection form a. of a frame field E,, Ee is to have its usual geometri- 
cal meaning (measuring rates at which F, turns toward 12), we must also 
require that 


w2(V ) = Vy 1... | 
These conditions completely determine V,W for any vector fields V and W: 


3.1 Lemma Assume that V is a covariant derivative on M with the usual 
linear and Leibnizian properties, and such that (*) holds for a frame 
field £,, H2. Then V obeys the connection equations 


Vy Ey = wn(V) Ee 

Vy, = on(V) Ai. 
Furthermore if W = f,F, + fos is an arbitrary vector field, then 
VeW = {Vfl + fron (7 }} Ai + {VI fol + frei (V )} Eo. 


We call this last expression the covariant derwative formula. Note that 
Vifi] and V{fe] only tell how W is changing relative to E,,H.2—the effect of 
the terms involving connection forms is to compensate for the way Εἰ, 12 
itself is rotating, so VyW is an “‘absolute”’ rate of change. 


Proof. Since £,-H, = 0, by a Leibnizian property of V, we get 
0 = V(E\- F2] = Vy: Ee + Eye Vrs. 
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Hence, by (ἢ), 
Vyloe Fy, = — wy (V) - wa (V ). 


But E;-E; = 1, so the same Leibnizian property gives 2V,H#;-H; = 0 for 
4 = 1, 2. Using this information, we derive the connection equations by 
orthonormal expansion of VyE, and ἵν 3. 

Finally we apply the assumed properties of V to get 


VeW = Vf + fele) = Vo (fil) + Vv (322) 
VIAIEL + fi Vo + Vifele + fo Vr Fe. 


Substitution of the connection equations then gives the covariant deriva- 
tive formula. | 


This lemma shows how to define the covariant derivative of M. Note that 
the order of events is the reverse of that in Chapter II. There we used the 
Euclidean covariant derivative to define connection forms; now we shall 
use the connection form ως to define the covariant derivative for ΤΠ. 


3.2 Theorem For a geometric surface M, there is one and only one co- 
variant derivative V with the usual linear and Leibnizian properties 
(Corollary 5.4 of Chapter IL) and satisfying equation (*) for every frame 
field on M. 


Proof. The previous lemma shows that there is at most one such co- 
variant derivative, for VyW is given by a formula which does not involve 
V. So what we must prove is that such a covariant derivative V actually 
exists. The proof split into two parts, and we shall supress some details. 


A. Local definition. For a fixed frame field £,, 12. on a region ©, use the 
formula in Lemma 3.1 as the definition of VyW. Routine computations 
verify that V is linear and Leibnizian, and when W is £;, we get 


Vr, = wy (V ) Eo; 
hence (*) holds. 


B. Consistency. For two different frame fields, do the local definitions 
agree? If V,W derives from F;, E2 on ὃ, we must show that V»W = Vy»W 
holds on the overlap of © and ©. For then we have a single covariant de- 
rivative on all of ΜΝ. Because of the linear and Leibnizian properties, it 
suffices to show that 


VryE, = Vr, νν , — VrE>. (1) 


We use Lemma 1.4, assuming for simplicity that Εἰ, Ες and E,, FE. have 
the same orientation. Applying Vy to the equation 


320 RIEMANNIAN GEOMETRY [Chap. VII 


E, = cos ὃ Εἰ + sin ϑ Eo, 
the covariant derivative formula gives 
VrE, = {V[cos 3] + sind on(V)} EF, + { V[sin 8] + cos? wp(V)} Eo. (2) 


By Lemma 1.4, a2 = we + dd. Substituting we. = ὧς — dé into (2) 
produces some favorable cancellations, leaving 


Vy, = an (V){— sin # x, + cos 3 FE} 


ee ee (3) 
= o2(V)E, = Vy. 

In the same way, VyH2 = VyE2 may be derived from 
E, = —sinv’ Εἰ + cos & Ep. | 


3.3 Example The covariant derivative of ἘΠ. The natural frame field 
U,, Us has wy = 0. Thus for a vector field 


W = fi, + f2U 2, 
the covariant derivative formula (Lemma 3.1) reduces to 
VyW = VIfilUi ἘΞ Vi fel Ue. 


This is just Lemma 5.2 of Chapter II (applied to ἘΠ᾿ instead of ΕἾ), 
so our abstract definition of covariant derivative produces correct results 
on the Euclidean plane. 


The covariant derivative V of a geometric surface M may be modified 
so as to apply to a vector field Y on a curve a in M. (As usual, for each ¢, 
Y (¢) is a tangent vector to M at a(t), as in Fig. 7.6.) 

If #,, Ες is a vector field on a region of M containing a, we may write 


Yt) = w@)Alad)) + ψε() ε(α()), 
or, briefly, 
Y = yk; + Yok. 


Roughly speaking, we want the covariant derivative Y’ of Y to be Va. 
Thus the covariant derivative formula (Lemma 3.1) shows that we must 
define 


γ΄ = {yy + Yowe (a’)\ EB, Ἔ {yo + Y1012 (a’)} Eo. 


It is a routine matter to check that this notion of covariant derivative is 
independent of the choice of frame field and has the same linear and 
Leibnizian properties as in the Euclidean case. Also, as in Chapter IT, Sec- 
tion 2, since the velocity α΄ of a curve in M is a vector field on M, we can 
take its covariant derivative to obtain the acceleration a” of a. 
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VyW 


FIG. 7.5 


It may be well to look back now at the case of a surface M in E’. If V 
and W are tangent vector fields on M, there are two ways to take covariant 
derivatives: one from the intrinsic geometry of M as a geometric surface, 
the other the Euclidean covariant derivative of E*. These two derivatives 
are generally different, but there is a simple relationship between them. 


3.4 Lemma Let V and W be tangent vector fields on a surface M in Εὖ 
(Fig. 7.5). If V is the covariant derivative of M as a geometric surface, 
and V is the Euclidean covariant derivative, then 


VyW is the component of VyW tangent to M. 


Proof. First suppose that W is one of the vector fields 1, 1.2 of an adapted 
frame field Εἰ, E, E;. By the Euclidean connection equations (Theorem 
7.2 of Chapter II) we have 


3 
VvE; = 2 wis (VE; 55: w2(V ) Be ar a3 (V ) Es. 


But the connection equations (Lemma 3.1) for M give 
Vy, = wn(V) Ee. 


Thus ὕν Εὶ is Vy, plus a vector field normal to M. In other words, Vy; 
is (at each point) the component of Vy; tangent to M@. The same result, 
of course, holds for Eo. 

In the general case, since W is tangent to M, we may write 


W= fil ἮΝ folte. 


Then the required result follows immediately from the special case above, 
since both covariant derivatives are linear and Leibnizian. Ι 


Thus we have been using the intrinsic covariant derivative οἱ Π cE 
all along, although we did not give it formal recognition. It occurs when- 
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p = a(0) 


FIG. 7.6 


V(0) =v 


ever we take the tangential component of the Euclidean covariant de- 
rivative. 

Only the most basic properties of covariant derivatives are shared by 
all geometric surfaces. In particular, the related notion of parallelism 
(due to Levi Civita) does not always behave as in the Euclidean case. 
Much of the individual character of Euclidean geometry rests on the fact 
that a tangent vector v, to, say, E? may be moved to a parallel tangent 
vector vg at any other point q. As we shall see, this phenomenon of “distant 
parallelism” does not obtain on an arbitrary geometric surface. However 
it is always possible to define parallelism of a vector field Y on a curve. In 
Euclidean space, this means that Y has constant coefficients relative to the 
natural frame field, but the infinitesimal characterization Y’ = 0 makes 
sense in general. 


3.5 Definition A vector field Y on a curve a in geometric surface Μ is 
parallel provided its covariant derivative vanishes: Y’ = 0. 


Just as in the Euclidean case, a parallel vector field has constant length, 
for || Y |? = Y«Y, and (Y-Y)’ = 2Y-Y’ = 0. 


3.6 Lemma Let ἃ be a curve in a geometric surface M, and let v be a 
tangent vector at, say, p = α(0). Then there is a unique parallel vector 
field V on a such that V (0) = v (Fig. 7.6). 


Proof. We may suppose that a lies entirely in the domain of a frame 
field E,, H2on M. (Otherwise we could break a up into segments for which 
this is the case.) The vector field V must satisfy the conditions 


V'=0, VQ) =v. (1) 
Because V has constant length || V || = c, we may write 
V =ccos¢g fi, + csing 122 (2) 


where ¢ is the angle from E, to V. Thus the covariant derivative formula 
gives 
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γ' =c{—-sng¢y +singon(a)} Εἰ 
+ c{cosgy + cosy own(a')} Be 
It follows immediately that (1) is equivalent to 
y = —wn(a’), 


with ¢(0) the angle from £,(p) to V(0) = v. There is only one such func- 
tion, namely 


g(t) = 9(0) -- [ wre(a’) αἱ 


This function φ, substituted in (2), defines the required vector field V. J 


In the situation stated in Lemma 3.6 we say, for each ἐ, that the vector 
V (t) at a(¢) is obtained from v at p = a(0) by parallel translation along a. 

In Εὖ, parallel translation of a tangent vector v, along a curve segment 
from p to 4 merely produces the distant-parallelism result v,, which is 
thus entirely independent of the choice of the curve. But for an arbitrary 
geometric surface M, different curves from p to q will usually produce 
different vectors at q. Equivalently: Jf a vector v at p 18 parallel-translated 
around a closed curve « (starting and ending at p) the result ν is not neces- 
sarily the same as v. This phenomenon is called holonomy. If we fix a par- 
ticular frame field on the curve a, then the proof of Lemma, 3.6 shows that 
parallel translation from a(a) = p to a(b) = p along a rotates all vectors 
through the same angle y(b) — ¢(a)—since φ' is the same for all parallel 
vector fields. We call this the holonomy angle ~. of a. (Multiples of 27 
may be ignored in ψα, since they do not affect the determination of ν΄.) 


3.7 Example Holonomy on the sphere Σ of radius r. Suppose the closed 
curve a parametrizes a circle on 2. There is no loss of generality in assum- 
ing that a is a circle of latitude, say the u-parameter curve 


a(u) == x (U, V0), 0S u S 2π, 


where x is the geographical patch in 2 (Fig. 7.7). According to Example 
6.2 of Chapter VI, the associated frame field δι, E. of x has ων. = sin v du. 
Now the proof of Lemma 3.6 shows that every parallel vector field on a 
has angle ¢ (measured from £,) satisfying y = —wy(e ). It follows that 
y has constant value —sin vp on a. Thus the holonomy angle ψα of α is 


φί(2π) — o(0) = --2π sin % 


Note that only on the equator, v = 0, does a vector v return to itself 
after parallel translation around a. When w is near 7/2, then ἃ is a small 
circle around the north pole of Σ. Since ¢ is close to —1, parallel vector 
field V is rotating rapidly with respect to Εἰ, E,. But the holonomy angle is 
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FIG. 7.7 


close to —2z7, so the actual difference between v = V(0) and ν΄ = V(2r) 
is, aS One would expect, quite small. 

Gaussian curvature has a strong influence on holonomy, as shown by 
Exercise 5. 

For a patch x in an arbitrary geometric surface M we shall inevitably 
use the notation x, for the covariant derivative of x, along the u-parame- 
ter curves of x—-with corresponding meanings for x,,., X,u, and x,,. Thus 
when M is a surface in E*, we must have a new notation, Say Xuu, 1) for 
the analogous objects defined in Chapter V, Section 4. There we were 
using the covariant derivative of Εὖ, while now we use the covariant de- 
rivative of M itself. It is still true in the intrinsic case that x,, = Xvu; 
but the proof is by no means obvious (Exercise 9). 


EXERCISES 


1. In the Poincaré half-plane, let a be the curve given in Exercise 2 of 
Section 1. Express its velocity and acceleration in terms of the frame 
field 


iy = vU,, 14 πος vU. 


(Hint: They are collinear. ) 
2. Let 6 be the curve 


β() πε (ct, st), t > 0, 


in the Poincaré half-plane, where ὁ and s are constants with οὗ + s° = 1. 
(Thus β is a Euclidean straight line through the origin.) Express the 
velocity and acceleration of β in terms of the frame field used in Exer- 
cise 1. 


3. If V and W are tangent vector fields on a surface in E’, refine the proof 
of Lemma 3.4 to show that 
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7. 


VyW = WwW + S(V)-W U, 


where §S is the shape operator derived from U = +3. Hence if α is a 
curve in M, 


ἃ" =a” + S(a’)ea’ U. 


. Show that on the sphere = the curve a given in Example 3.7 has (in- 


trinsic) acceleration a” = r 608 vo sin vo 2: Compute its Euclidean 
acceleration, and show that a” is the component tangent to 2. 


. Let a be a closed curve in a geometric surface M. 


(a) If a is homotopic to a constant via x (Ex. 12 of IV.6), show that 
the holonomy angle of a is ff, K dM. (Assume that x(R) lies 
in the domain of a frame field.) When x is patch-like, this inte- 
gral is the total curvature of the region x(R.) 

(b) Compute the holonomy angle in Example 3.7 by this method. 


. Let V be a parallel vector field on a curve a in M, and let W be a vector 


field on a with constant length. Show that W is parallel if and only if 
the angle between V and W is constant. 
Show that isometries preserve covariant derivatives in this sense: If 


Y is a vector field on a curve a in M, and F: M — M is an isometry, 
then 


Fx (Y’) = Y’, where Y is the vector field Fx (Y) ona = F (a) in M. 


(Simplify matters by assuming that Y can be written Y = fH, where 
Εἰ, Eis a frame field on MM). 

This is the analogue of the Euclidean result (Corollary 4.1 of Chapter 
III). The general case is given in Exercise 8. 
Prove that an isometry F': M — M preserves the covariant derivatives 
V and V. Explicitly, for each vector field X on M, let X be the trans- 
fered vector field on M: Χ (F (p))= Fx (X (p)) for each point of M.Then 
show that V7W = VyW. (Hint: Τῇ f; = W-E;andf; = W-E;, use Exer- 
cise 8 of Section 5, Chapter IV, to show that V[fi] at p equals V[f;] at 
F(p).) 


If x is an orthogonal patch in a geometric surface M, show that 
Xuy = Xovu 
(intrinsic derivatives). (Hint: For the associated frame field; compute 


(bie (Fa) SRR ase gi 
Wai Xy) = /G ᾿ /E = Xyu a/ EG 


Then using the formula for w. given in Chapter VI, Section 6, show that 
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x (VWE)» oe Ὰ Xuv 
wei (xz) = W/E = Xu / EG’ 


Find an easier proof in the special case where M is a surface in Εὖ. 


10. (Continuation) Show that yu. = γυὼω for an arbitrary patch y. (Hint: 
There exists an orthogonal patch x such that x = γ(ᾶ,5).) 


11. If there exists a nonvanishing vector field W on M such that VyW = 0 
for all V, show that Μ, is flat. Find such a vector field on a cylinder 
in Εὖ 


4 Geodesics 


Geodesics in an arbitrary geometric surface generalize straight lines in 
Euclidean geometry. We have seen that a straight line a(t) = p + ¢q is 
characterized infinitesimally by vanishing of acceleration; thus 


4.1 Definition A curve a in a geometric surface M is a geodesic of M 
provided its acceleration is zero; a” = 0. 


In other words, the velocity α΄ of a geodesic is parallel: geodesics never 
turn. Recall that α΄ parallel implies || «’ || constant; so geodesics have 
constant speed. 

Because acceleration is preserved by isometries (Exercise 7 of Section 
3), it follows that geodesics are isometric invariants. (A direct proof 
appears in Exercise 1 of Section 5, Chapter VI). In fact, if F: M — N is 
merely a local isometry, then F carries each geodesic a of M to a geodesic 
F (a) of N—for F is locally an isometry, as discussed in Chapter VI, Sec- 
tion 4. 

The general definition of geodesics given above agrees with that of 
5.7 in Chapter V when Μ is a surface in E’, for we can deduce from Lemma 
3.4 that the intrinsic acceleration of a curve a in M C E’ is the component 
tangent to M of its Euclidean acceleration. Thus the former is zero if 
and only if the latter is normal to M. 

Suppose that a: 7 — M is a curve in an arbitrary geometric surface M 
and H,, Ey is a frame field on M. Throughout this section we use the nota- 
tion 


a = vl, ~+ Volts and a” = AF + 4. 


for the velocity and acceleration of a. From Section 3 we know that these 
components of acceleration are 


Αι = vy + Vewe1 (α΄) 
Ag be. + VjH12 (α΄) 
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and are real-valued function on the interval J. Our matin criterion for a 
to be geodesic is thus Αι = Az = 0. Using orthogonal coordinates we now 
rewrite these equations in a more informative way. 


4.2 Theorem Let x be an orthogonal coordinate patch in a geometric 
surface M.A curve a(t) = x(a;(t), a2(t)) is a geodesic of M if and only if 


1 
a,” + oF {Bay + 2B yaya. — Guar} = 0 


1 ’ ’᾽ ἢ ’ 
ας" 9G {— Lia, : + 26), αι ας + Οἷα; Ἴ = 0. 


We shall subsequently refer to these equations as A; = 0 and Az = 0. 
Note that they are symmetric, in the sense that the reversals 1 <> 2, u <> 2, 
E © G turn each one into the other. In this context we shall always under- 
stand that the functions E, G and their partial derivatives E,,, Ey, --- are 
evaluated on (αι, a2), and hence become functions on the domain I of a. 


Proof. The velocity of a is a’ = 4X, + 2 Xp, SO in terms of the asso- 
ciated frame field of x (Chapter VI, Section 6), we have 


a = (a V/E)E, + (ae /G) Es. 


Thus the acceleration components A, Az defined above become 


Αι = (α΄ VE) + (a2 VG@)on(a’) 


ἧς Joe , ᾿ (1) 
Ao = (a VG) + (a \/E )one(a ). 
Using the formula for w. from Chapter VI, Section 6, we find 
wr(a ) - wre (Ai Xu ΞΕ As X,) = (VE). αι ΞΕ (VG). ae, (2) 


VG VE 
When this is substituted in (1), the geodesic equations A; = Az = 0 
become 


(αν VE) + (WE) aia: — vee. ay’ = 0 


(as V/G)’ ae ve ay” + (/G) udi a2 = 0. 


Standard calculus computations will transform (3) to the form stated in 
the theorem. We merely remind the reader that in a Leibnizian expansion 
such as 


(3) 


f Ry! " Er 
(al VE)’ =a VE + a 7 
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the notation EF is short for E (αι, a2), so 
E’ = E,a; + E,ay’. i 


4.3 Theorem Given a tangent vector v to M at a point p, there is a 
unique geodesic a of M such that 


a(0) = p, a (0) = ν. 


Thus there are lots of geodesics in any geometric surface, and each is 
completely determined by its initial position and velocity. In ΕΖ for ex- 
ample, the geodesic determined by v at p is the straight line a(t) = p + tv. 


Proof. Let x be an orthogonal patch in M with p = x(uo, vo), and write 
V = Cox. + dox,. The geodesic equations in Theorem 4.2 have the form 


’ 
αι" = fi (αι, do, αι, as ) 


; () 
an” = δ,(αι, de, di, a ) 
Furthermore, a will satisfy the given initial conditions if and only if 
a, (0) = Uo a; (0) = Co 
(2) 


do (0) = Vo α: (0) do. 


Now the fundamental existence and uniqueness theorem of differential 
equations asserts that there is an interval J about 0 on which are defined 
unique functions αι, ας which satisfy (1) and (2). Thus a = χίαι, a) is 
the only geodesic defined on J such that a(0) = p, a (0) = v. i 


This proof is not entirely satisfactory, because the interval 7 may be 
unnecessarily small. We describe briefly a way to make it as large as possi- 
ble. Suppose that a: 4, — M and a2: I, > M are geodesics satisfying the 
same initial conditions at t = 0. Using the uniqueness property above, we 
can deduce that a, = a2 on the common part of J; and 12. Applying this 
consistency result to all such geodesics, we obtain a single maximal geodesic 
a: 1 —> M satisfying the initial conditions. (The interval J is the largest 
possible.) Intuitively this means we simply let the geodesic run as far as 
it can. 


4.4 Definition A geometric surface M is geodesically complete provided 
every maximal geodesic is defined on the whole real line R. 


Briefly: geodesics run forever. A constant curve is trivially a geodesic, 
but excluding this case, every geodesic has constant nonzero speed. Thus 
geodesic completeness means that all nontrivial (maximal) geodesics are 
infinitely long—in both directions. For example, ΕΠ is certainly complete, 
and the explicit computations in Example 5.8 of Chapter V show that 
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N = J(T) 


FIG. 7.8 


spheres and cylinders in E* are. More generally, all compact geometric 
surfaces are complete, as are all surfaces in Εὖ of the form M: g = c (con- 
sequences of Theorem 15, Chapter 10, of Hicks [5]). Removal of even a 
single point from a complete surface will destroy the property since geo- 
desics formerly passing through the point will be obliged to stop. 

There is a Frenet theory of curves in a geometric surface M which 
generalizes that for curves in the plane (Exercise 8 of Section 3 in Chapter 
II). Because M has only two dimensions, torsion cannot ve defined. If Μ 
is oriented, however, curvature can be given a geometrically meaningful 
sign, as follows. If 6: J — M is a unit-speed curve in an oriented geometric 
surface, then Τ' = β΄ is the unit tangent vector field of β. To get the principal 
normal vector field N, we “rotate T through +90°,” defining 


N = J(T), 


where J is the rotation operator from Exercise 5, Section 1 (Fig. 7.8). 
Then the geodesic curvature x, of β is the real-valued function on J for which 
the Frenet formula T’ = «,N holds. Thus «, is not restricted to nonnegative 
values as in the case of curves in E*: x, > 0 means that T-——hence 6—is 
turning in the positive direction as given by the orientation of M, and 
ky < O means negative turning. 


4.5 Lemma Let β be a unit-speed curve in a region oriented by a frame 
field E,, E2. If ¢ is an angle function from £;, to β΄ along B, then 


Kg = “ + ωμί(β᾽}. 
Proof. By definition of angle function (Exercise 15 in Chapter VI, Sec- 
tion 7), we have 
T= 6 = cosy, + sing Fp. 
Since the orientation derives from this frame field, 
J(f,) = 5 and 1 (Ε:) = --8,, 


50 
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= J(T) = —-sing E, + cosg ky. 
Using the derivative formula on page 320, we find 
Τ' = 6” = {-- singe + sing on(6’)}E; 
+ {cos ey + cos 9 wi (8’)} Eo. 
But x, = TN = T -J(T), so using the formulas for 7” and J (T), we get 
ky = (cosy + sin’y) (y + on(8’)) = 9 + wn (Q’). i 


For example, in ΕΠ the natural frame field has wi. = 0, and ¢ becomes 
the usual slope angle of the curve 8. Thus the result reduces to kK, = dg/ds, 
which in elementary calculus is often taken as the definition of curvature. 

For an arbitrary-speed regular curve a in M, the Frenet apparatus 
T, N, x, is defined—just as in Chapter II, Section 4—by reparametrization. 
Furthermore the same proof as for Lemma 4.2 of Chapter II shows 


α΄ -ὖ α" - ἜΤ ἐμὖν ὧ 
where v = || a’ || is the speed function of a. | 


4.6 lemma A regular curve a in M is a geodesic if and only if a has 
constant speed and geodesic curvature x, = 0. 


Proof. Since v > 0, we have a” = 0 if and only if ee) =x, =0. J 


The equations (") also show that a has geodesic curvature zero if and only 
if a and α΄ are always collinear. Such curves are sometimes called geo- 
desics: to get a geodesic in the strict sense of Definition 4.1 ‘it suffices to 
reparametrize a to a constant speed curve. (Proof: «x, is unaffected by 
reparametrization.) In contexts where parametrization is of some im- 
portance we shall call a curve with x, = 0 a pre-geodesic. 

Computation of explicit formulas for the geodesics of a given geometric 
surface is rarely a simple task. Our purpose, however, is not to collect 
formulas, but to study the general behavior of geodesics. Before continuing 
this study we are going to examine an important special case in which a 
considerable amount of concrete information about geodesics can often 
be obtained with only a minimum of computation. 


4.7 Definition A Clairut parametrization x: ἢ — M is an orthogonal 
parametrization for which E and G depend only on u, that is, F = 0 and 
E, = G, = 

For example, the usual parametrization of a surface of revolution is a 
Clairut parametrization. 


4.8 Lemma If x is a Clairut parametrization, then 
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1. All the u-parameter curves of x are pre-geodesics, and 
2. A v-parameter curve, u = Uo, is a geodesic if and only if Gu(wo) = 0. 


Proof. For (1) it suffices by a remark above to show that x, and Xuu 
are collinear. Since x, and x, are orthogonal, this is equivalent to 
Xy* Xun = 0. 
But the following equations imply this result: 
0 = BE, = (xueXu)o = 2Xu*Xuv 
0 = ΓΝ - (χ.." Χυ)ὰ = Xuu® Xy + Xu°Xvu- 

Similarly, for (2), the v-parameter curve, u = Uo, is pre-geodesic if and 
only if Xpv (uo, 0)*Xu(uo, v) = Ο. The following equations show that this is 
the case if and only if Gu(uc) = 0. 

0 = F, = Xuv* Xy + Xy,° Xv 
G.,(uo) = Gi, (uo, v) = 2xou (Uo, V)* Χυ (Uo, 0) for all v. 
(Recall that χα = Xv.) We have not used the condition G, = 0; its only 


effect is to show that v-parameter pre-geodesics are in fact geodesics, since 
it means that v-parameter curves have constant speed. | 


In the case of a surface of revolution this lemma provides an intrinsic 
proof that meridians are geodesics and that a parallel, u = wo, is geodesic 
if and only if h' (uo) = 0. (See Exercise 3 of Chapter V, Section 5). 

Because of the preceding lemma we shall think of a Clairut parametriza- 
tion as a “flow” whose streamlines are its u-parameter geodesics, and we 
shall measure the behavior of arbitrary geodesics relative to this flow. 


49 lemma If a = χίαι, a2) is a unit speed geodesic, and x is a Clairut 
parametrization, then the function 


c= G(a)a = VG(a1) sin y 


is constant, where φ is the angle from x, to α΄. Hence a cannot leave the 
region for which G = c’. 


We call the constant c thus associated with each geodesic a the slant 
of a, since—in combination with G—it determines the angle ¢ at which a 
is cutting across the u-parameter streamlines of x (see Fig. 7.9). 


Proof. Because FH, = G, = 0 for a Clairut parametrization, the equation 
Az = 0 of Theorem 4.2 reduces to 


G 4 
ας" + Gu ae = 0 
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Xy 


Xu 


FIG. 7.9 
But this is equivalent to the constancy of c = Gaz , since 
(Gas’)’ = G’ ax’ + G ae” = Gia’ a2 + Ga,” 
To show that c = Ὁ sin φ, compare the two equations 
ox, = (a) xu + G2 X,)*X, = Gar’ -- ς 
τ or 
a" | [|x|] c08(F -- ο) = Vasin g 


It follows immediately from | sin g| S< 1 that G = &’. | 


, 
α *X,y 


If is moving in a direction in which G is increasing, then the constancy 
of c = VG sin ¢ shows that ¢ is decreasing: ἃ is forced to turn more in the 
direction of the flow. On the other hand, if G is decreasing along a, then 
a cuts across the u-parameter geodesics at ever-increasing angles. Some 
interesting consequences are presented in Exercises 11 and 12. This inter- 
pretation is particularly simple on a surface of revolution (Exercise 13). 

We can add to the lemma above the equation 


ek. 3 m 


In fact, since a has unit speed we have 1 = a’*a’ = Ea,” + Gay”. In this 
equation substitute 


ay 


= — 2 
ae G (2) 
(from Lemma 4.9), and solve for a; to obtain equation (1). 
Conversely, a straightforward computation shows that if a; is nonzero, 
the equations (1) and (2) imply that a = x(a, a2) is a unit speed geo- 


Sec. 4] GEODESICS 333 


. ’ . e o,e 
desic. Furthermore, a; nonzero is a necessary and sufficient condition for an 
arbitrary curve a to have a reparametrization of the form 


B(u) = x(u, v(u)). 


The point of all this is that we can now give a relatively simple criterion 
for a curve of this form to be a pre-geodesic—and thereby determine the 
routes of the geodesics in a region with a Clairut parametrization. (The 
special parametrization of 8 misses essentially only the geodesics given by 
(2) of Lemma 4.8; see Exercise 12.) 


4.10 Theorem A curve B(u) = x(u, v(u)), where x is a Clairut para- 
metrization, is a pre-geodesic if and only if 


dv = +c+WVWE 
du GVG-¢ 
The constant c is then the slant of 8. 
Proof. The argument is simply an exercise in change of parametrization. 
Let a be a unit speed reparametrization of 6 derived just as in Chapter II 
from an are length function 8 for 6. Thus β is pre-geodesic if and only if 


a is geodesic. Let a, be the inverse function of s (so αι does not vanish). 
Then 


a = B(a) = x(q, v(a)), 


and we set ας = v(a,). The remarks above show that α is a geodesic (of 
slant c) if and only if 


f V — 2 ? 
a = tvG—e : a = = (E,G evaluated on αι) (1) 


VEG 


If these equations hold, then by elementary calculus 


ee oe ae 9 
dus ay'(8) VGVG-—@¢ (2) 
where the substitution of s (inverse function of a,) makes E and G merely 


functions of u. Conversely, if (2) holds, we deduce (1) using the equation 
Ea,” + Gar” = 1 which expresses the fact that a has unit speed. i 


Since the formula above for dv/du depends only on u, by the fundamental 
theorem of calculus it can be written in integral form as 


“ cwWE du 
υναν -- οἷ 


Thus for a Clairut parametrization—in particular, for a surface of revo- 


v(u) = v(u) + | 
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lution—the computation of pre-geodesics is reduced to a single integration. 
This is, of course, a vastly simpler criterion than the second-order differ- 
ential equations_of Theorem 4.2. Unfortunately, however, the integration 
can rarely be carried out in terms of elementary functions. 


4.11 Example Routes of Geodesics 


(1) The Euclidean plane ΕΠ. We begin with a surface whose geodesics we 
already know, but to illustrate the preceding result we shall find their 
routes in terms of the polar parametrization 


x(u,v) = (ὦ cos v, usin v). 


Since # = 1, F = 0, and G = w’, this is a Clairut parametrization. The 
u-parameter geodesics are just the radial lines through the origin. All 
others may be parametrized as B(u) = x(u, v(u)), where by Theorem 4.10 


ea ἘΠ 605. = 

ἄμ, ὠνῇ -- ε du μ 
Hence v — v = + cos’ (c/u), or u cos (Ὁ — %) = 6, which is the polar 
equation of a straight line. The slant c has geometrical significance as the 
distance from the line to the origin. 


(2) The hyperbolic plane H. Polar coordinates are a more natural choice 
in this case since the function g giving the geometric structure of H de- 
pends only on distance to the origin.t Thus if 

x(u,v) = (ucosv, usinv),0 <u < 2, 
then g(x) = 1 — u’/4. (We write simply g henceforth.) Now 
2 


ne ee ee F = 0, G = xox, = 5; 
g 9 


9? 
thus x is a Clairut parametrization. By Lemma 4.8 the u-parameter curves 
—KEuclidean lnes through the origin—are routes of geodesics of H. By 
Theorem 4.10, 8(u) = x(u, v(u)) is pre-geodesic provided 


dv + (cg/u*) 


du” VT (ego ᾿ 


To carry out the required integration, set 


ee yu ee ee 
— u 47); ΠΟ Μ168-| δ΄ 
Then a straightforward computation yields 


} An even better choice, the hyperbolic polar coordinates discussed in Example 
5.5, gives rise to the substitution used later in this example. 
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du Vi — w’ 
Hence 
2 
υ -- vu = cos w, or cos ὦ — m) = w= 5(1 Ὁ). 
U 4 
Thus 
2 Au 
μ΄ + 4 — — cos (v — 9) = 0 (3) 


Using the law of cosines in a diagram similar to that in Fig. 7.10, one finds 
the polar equation of a circle of radius r, centered at x (to, vo). 


εἶ + uo — 2uou cos (v — %) = τ΄. (4) 


Comparison with equation (3) shows that the route C of 8 is a Euclidean 
circle with uw’ — τῇ = 4. Since uw > 2, the center of C lies outside the 
hyperbolic plane H: χἢ + ν᾽ < 4. One can see from Fig. 7.10 that the circle 
C is orthogonal to the rim αὐ + γ΄ = 4 of H. Of course, β lies in the open 
are of C inside H, and we deduce from Theorem 4.2 that β fills this arc. 

Conclusion. The routes of the geodesics of the hyperbolic plane H are 
the portions in H of: all Euclidean straight lines through the origin, and all 
Euclidean circles orthogonal to the rim of H. 


The argument in Example 2.4 suggests that the geodesics of H have 
infinite length (a formal proof is given in Exercise 1 of Section 5); thus 
H is geodesically complete. 

The geodesics of the hyperbolic plane bear comparison with those of 
the Euclidean plane. Around 300 s.c. Euclid established a celebrated 
set of axioms for the straight lines of his plane. The goal was to derive its 


FIG. 7.10 
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FIG. 7.11 


geometry from axioms so overwhelmingly reasonable as to be “self-evi- 
dent.”’ The most famous of these is equivalent to the parallel postulate: 
If p is a point not on a line a, then there 15 a unique line 8 through p which 
does not meet a. Over the centuries this postulate began to seem some- 
what less self-evident than the others. For example, the axiom that two 
points determine a unique straight line might be checked by laying down 
a (perhaps long, but still finite) straight edge touching both points. But 
for the parallel postulate one would have to travel the whole infinite length 
of 8 to be sure it never touches a. Thus tremendous efforts were expended 
in trying to deduce the parallel postulate from the other axioms. The 
hyperbolic plane H offers the most convincing proof that this cannot be 
done. For if we replace “line” by “route of a geodesic,” then every Euclid- 
ean axiom holds in H except the parallel postulate. For example, given 
any two points it is easy to see that one and only one geodesic route runs 
through them. But it is clear from Fig. 7.11 that in H there are always an 
infinite number of geodesic routes through p that do not meet a. When the 
implications of this discovery were worked out, what was destroyed was 
not merely the modest hope of deducing the parallel postulate, but the 
whole idea that E’ is, in some philosophical sense, an Absolute, whose 
properties are “‘self-evident.”’ It had become but one geometric surface 
among the infinitely many others discovered by Riemann. 


EXERCISES 


1. Show that a reparametrization a(h) of a nonconstant geodesic a is 
again a geodesic if and only if h has the form h(t) = at + Ὁ. 
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FIG. 7.12 


. Denote by y, the unique geodesic in M with initial velocity v. For 


any number a, show that ya (t) = (at) for all ¢. 


. Let V be a vector field on a geodesic a. Show that V is parallel if and 


only if {| V || is constant and V makes a constant angle with α΄. 


. In the sphere Σ, let n be the north pole, p; and p2 points on the equator. 


Consider the broken curve β following a meridian from n to pi, the 
equator from p; to pe, then a meridian from p: back to n. Prove that 
the holonomy angle of 8 is the angle at m between the two meridians. 


5. Find the routes of the geodesics in the stereographic sphere, (1) of 
Example 2.3. 
6. In the Poincaré half-plane, show that the routes of the geodesics are: 


10. 


all semicircles with centers on the u-axis, and all vertical lines. (Hznt: 
x(u,v) = (u,v) is a Clairut patch “relative to v,” so in the text 
equations, reverse u and v, and αὶ and G.) See Fig. 7.12. 


. Let a be a unit speed curve such that a’ is never collinear with Ki, 


where E,, Ey is a frame field. If a” = Ai#, + Aske, show that the 
single equation 4: = O implies that a is a geodesic. 


. In the projective plane of radius r (Exercise 6 of Section 2), prove: 


(a) The geodesics are simple closed curves of length ar. 
(b) There is a unique geodesic route through any two distinct points. 
(c) Two distinct geodesic routes meet in exactly one point. 
(Hint: every geodesic in = is the image under the projection P: 
> — Σ of a geodesic in the sphere Z.) 


. If a is a curve in M with speed v > 0, prove: 


(a) The geodesic curvature κ of a is a”+J(a’)/v. Hence if M is a 
surface in Εὖ, x, = Usa’ X a” /v’. 

(b) If α has unit speed, then in Ex. 7 of Chapter V, Section 5, the 
vector field V is the unit normal N of a, and the function g is 
geodesic curvature ky. 


Let M be the plane with the origin deleted, and furnish Μ with the 
conformal geometric structure for which g = r = Wu? + 02. 
Find the Gaussian curvature of M and the routes of its geo- 
desics. Show that M is isometric to a surface in ΕΝ. 


. Let x be a Clairut parametrization, and let a = x(a, a2) be a unit 


398 


12. 


13. 


14, 
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u= Uy 


u-parameter curves 


FIG. 7.13 


speed geodesic with slant c. Suppose that a starts at the point 
α(0) = χίαι(θ0), a2(0)) = x(uo, v0) 


and that a; (0) > 0. If there is a number u > wo such that G(u) = 
οἷ, let um be the smallest such number. Then the v-parameter curve 


B(v) _ x (U1, v) 


15 called a barrier curve for a. Prove that: 

(a) a comes arbitrarily close to β 

(Ὁ) If β is a geodesic, a does not meet 6 (thus a asymptotically ap- 
proaches 8). 


(Continuation ) If the barrier curve β is not a geodesic, it can be shown 
that a does meet β.7 If a(t*) is the meeting point, show that a: (ΕἾ) = 0 
and that a,’ changes sign at ¢*. Thus a bounces off 8 as shown in Fig. 
7.13. (Hint: prove that a,” (t") < 0.) 


Let a be a geodesic on a surface of revolution. 

(4) Show that the slant of a isc = ἢ sin φ, where h(t) is the distance 
from a(t) to the axis of revolution, and ¢ gives the angles at 
which ἃ cuts the meridians of M. 

(b) Deduce that a cannot cross a parallel of radius | c |. 


Let a be a geodesic of slant c on the paraboloid of revolution 
Μ::-αῖ -- ν΄. 


Find the minimum value οὗ z(a), that is, the lowest height to which 
a descends. (Hint: Use a Monge patch.) 


. Prove that no geodesic on the bugle surface (V.6.6) can be defined 


on the whole real line. 


On a torus of revolution, let a be a geodesic that at some point is 


{+ We assume, of course, that a remains in the region parametrized by x. 
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tangent to the top circle (u = 7/2). Show that a remains always on 
the outer half of the torus (—7/2 S u S 7/2) and travels around 
the torus oscillating between the top circle and bottom circle. 


17. Let C be a catenoid (Example 6.1 of Chapter V) with c = 1, and let 
a be the geodesic such that 


a(0) = x(uo, 9), uo ~ 0, 


and a (0) makes angle go with the meridians. (Note that go and 7 — ¢go 
determine different parametrizations of the same geodesic.) For which 
values of go does a cross the minimal circle, u = 0, of C? 


18. A Liouville parametrization x: D — M is an orthogonal parametriza- 
tion for which E = G = U + V, where U is a function of u only and 
V a function of » only. If a = x(a, a) is a unit speed geodesic ex- 
pressed in terms of such a parametrization, show that 


[7 (αι) sin? φ — V (ae) cos’ ¢ 


. . , 
is a constant, where ¢ is the angle from x, toa. 


19. Let Εἰ, E. be a frame field on a geometric surface M. For ὁ = 1, 2) 
let x;(p) be the geodesic curvature at p of the integral curve of Hi 
through p. 

(a) Prove that K = Εἰ[κ] — Eola) — κι — ke’. 

(b) Test this formula on an arbitrary surface of revolution, using 
the frame field in Example 6.4 of Chapter VI. 

(Hint: for (a), prove we(H;) = κι) 


5 Length-Minimizing Properties of Geodesics 


The previous section considered geodesics as straightest curves; now we 
investigate their character as shortest curves. The basic problem is, roughly 
speaking, to find the shortest route from one point to another in a geo- 
metric surface. For ΕΠ the solution is simple: Given any two points p and 
q, there is a unique straight-line segment from p to 4, and this is shorter 
than any other curve from p to q (Exercise 11 of Section 2 of Chapter 11). 
For an arbitrary geometric surface M, the situation is more interesting. 
In the first place, there may be no shortest curve from p to q (Exercise 3 
of Section 4 of Chapter VI). And even if there is one, ἐξ may not be unique. 
For example, we shall soon prove the expected result that on a sphere, all 
semicircles from the north pole to the south pole have the same shortest 
length. To make the terminology precise, we use the notion of intrinsic 
distance (Chapter VI, Section 4). 
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5.1 Definition Let a be a curve segment from p to q in M. Then 
(1) ἃ is a shortest curve segment from p to q provided L(a) = p(p, 4) 
(2) ais the shortest curve segment from p to q provided that 


L(a) = p(p, q) 


and that any other shortest segment from p to q is merely a reparametriza- 
tion of a. 


In the first case we shall also say that a minimizes arc length from p to q; 
the definition means that if 8 is any other curve segment from p to q, then 
Π(β) 2 L(a). 

In the second case, we say that a uniquely minimizes arc length. ““Unique- 
ness”? must be interpreted liberally enough to allow for reparametrization, 
since monotone reparametrization (Exercise 10 of Section 2 of Chapter IT) 
does not change arc length. 

All such shortest curves will turn out to be geodesics (Lemma 5.8). 
Our first main result (Theorem 5.6) will show that short enough geodesic 
segments behave as well in an arbitrary geometric surface as they do in Ε΄. 
Some preparatory work is needed first. 

In the Euclidean plane, if one is interested in the distance to the origin, 
it is natural to use polar coordinates, for then the distance from 0 to 


x(u,v) = (wcos ὕ, usin v) 


is simply wu. We shall now generalize this parametrization to the case of an 
arbitrary geometric surface M. As for E’, the u-parameter curves will be 
geodesics radiating out from some fixed point p of M. Such geodesics may 
conveniently be described as follows: If v is a unit tangent vector at p, 
let yy be the unique geodesic which starts at p with initial velocity v. Now 
we assemble all these geodesics into a single mapping as follows: 


5.2 Definition Let δι, 65 be a frame at the point p of M. Then 


x (u, v) = Ycos ve, + sin ve, (u) 


is the geodesic polar mapping of M 
with pole p. 


Here the domain of x is the larg- 
est region of Εὖ on which the for- 
mula makes sense. A choice of v fixes 
a unit tangent vector 


ν = COS ve, + Sin vey 


FIG. 7.14 at p (Fig. 7.14). Then the u-param- 
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eter curve 
μ -- x(U,v) = yu) 


is the radial geodesic with initial velocity v. Since || v || = 1, this geodesic 
has unit speed, so that the length of y, from p = yy(0) to yy(u) is just τ. 

In the special case where δι, 6 is the natural frame at the origin 0 of E’, 
the geodesic polar mapping becomes 


x (u, v) = Ycos ve, + sin ve, (u) 
= 0 + u(cos ve; + sin ver) 
= (ὦ cos v, usin v). 


Thus x 15 a generalization of polar coordinates in the plane. 

The pole p is a trouble spot for a geodesic polar mapping. To clarify the 
situation near p, we define (in the situation described in Definition 5.2) 
a new Mapping 


y (u, v) ἘΞ Yue + veg (1). 


Differential equations theory shows that y is differentiable, and it is easy 
to check that y is regular at the origin. Thus by the inverse function the- 
orem, y is a diffeomorphism of some disc D,: u’ + v’ < εἶ onto a neighbor- 
hood Xt, of p. We call 9. a normal neighborhood of p. In the special case 
M = ἘΠ y is just the identity map y(u, v) = (u,v), so for arbitrary M, y 
is a generalization of the natural (rectangular) coordinates of ΕΖ, 

5.3 Lemma For a sufficiently small number ε > 0, let 8, be the strip 
0 < u < ein Ε΄. Then a geodesic polar mapping x: S. — M with pole p 
parametrizes a normal neighborhood Xt, of p—omitting p itself, (see Fig. 
7.15). 


Se 


FIG. 7.15 
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FIG. 7.16 


Proof. Note that x bears to y the usual relationship of polar to rectan- 
gular coordinates; that is, 


x (u, v) = Ycos ve; + sin veg (u) = Yu cos ve, + sin veg (1) 
= y(u COS 2, τ SIN 0) 


where we use the identity yy(u) = Yuy(1) from Exercise 2 of Section 4. 
Now this formula expresses x as the composition of two regular mappings: 
(1) The Euclidean polar mapping (u, v) — (u cos v, u sin v) which 
wraps the strip S. around the disc D., and 
(2) The one-to-one mapping y of D, onto IN. 
Thus x is regular and carries S, in usual polar-coordinate fashion onto the 
neighborhood 9(——omitting only the pole. E 


We draw a fundamental consequence: If q = x(uo, vo) 15 any point in a 
normal neighborhood % of p, then there 1s only one unit speed geodesic from 
p to q which lies entirely in Ni, namely, the radial geodesic 


y(u) = χίω, Uo) Ou wo. 


(Proof: Any unit-speed geodesic starting at p is, by the uniqueness of 
geodesics, a w-parameter curve of the polar parametrization. As suggested 
by Fig. 7.16, all except v = vp + 22m lead out of δὲ without hitting q, and 
different choices of n still give the same geodesic y by the usual ambiguity 
of polar coordinates). 


5.4 Lemma _ For a polar geodesic parametrization, H = 1,F =0,G> 0. 
Proof. Since the u-parameter curves are unit-speed geodesics, we have 
Ε τὸ x,°x, = l, and Ki. = Ὁ; 
Thus 
Fy = (XuXy)u = Xu’ Xou = XutXw = ZH, = 0, 


so F is constant on each u-parameter curve. Now the functions EF, F, G 
are well-defined even when x is not restricted to the strip S,.. The v-param- 
eter curve v — x(0, v) is simply the constant curve at the pole p, so 
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x, (0, v) = 0. 


But then F (0, v) = 0 for all v, and since F, = 0, we conclude that F is 
identically zero. Because x (now restricted once more to the strip S,) is a 
parametrization, that is a regular map, we know that EG — ΕΞ = EG is 
never zero. Hence G > 0. a 


5.5 Example We explicitly work out geodesic polar parametrizations 
in two classic cases. 


(1) The unit sphere 2 in EK’. For simplicity let p be the north pole (0, 0,1). 
To get the geodesics radiating out from p as in Fig. 7.17, we change the 
geographical parametrization to 


x(u,v) = (sin τ COs ὕ, sin u sin v, 605 4). 


Each u-parameter curve is indeed a unit-speed parametrization of a great 
circle, hence is geodesic. For u = 0 we find 


x, (0, v) = (cos v, sin υ, 0) 


COS ve, + Sin veg 


where 


ει = Ui(p), ex = 9). 


Thus by the uniqueness of geodesics, 


x (u, v) = Ycos ve; + sin veg (u) 


which shows that x as defined above is the polar geodesic mapping (Defi- 
nition 5.2). It is easy to see that the largest possible normal neighborhood 
3. of p occurs when ε = 7, for on the strip S,, x is a polar parametrization 
of all the sphere except the north and south poles. 


(2) The hyperbolic plane H (Example 2.4). We choose p = (0, 0) and 


FIG. 7.17 
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e, = U,(p), e = U2(p). (Since the function g is 1 at the origin, this zs a 

frame.) We know from Example 4.11 that the geodesics of H through the 

origin follow Euclidean straight lines. Thus for any number v, the curve 
a(t) = (ἐ cos υ, ¢ sin v) 


is at least a pre-geodesic of the type we are looking for. In Example 2.4 we 
found the arc length function s(t) = 2 tanh ‘(¢/2) for such a curve; thus 


s— «(2 tanh δ) = (2 tanh ὃ cos υ, 2 tanh ὁ sin ») 


is the unit-speed reparametrization of a. Shifting notation from s to u, we 
obtain 


x(u,v) = (2 tanh 5 cos v, 2 tanh = sin ) : 


Since the u-parameter curves of x are unit-speed geodesics and 
x, (0, v) = cos ve, + sin ven, 


we conclude as in (1) that x is a geodesic polar mapping. The normal 
neighborhood in this case is the entire surface H. 


5.6 Theorem For each point q of a normal neighborhood XX, of p the 
radial geodesic segment in 9, from p to q uniquely minimizes arc length. 


Proof. Let x be the polar parametrization of the normal neighborhood 
V.. If 


q = x(Uo; 0), 
the radial geodesic segment 1s 


y(u) = x(u, 0), ΟΞ usw. 


Now let a be an arbitrary curve segment from p to q in M; we may arrange 
for a to be defined on the same interval as γ. 
We begin by proving 


L(y) Ξ L(a). (1) 


First consider the case (Fig. 7.18) where 
a stays in the neighborhood 9t.. We may 
assume that once having left p, a never 
returns to p—if it did, throwing away 
this loop would only shorten a. Thus it 
is possible to write 


FIG. 7.18 a(t) = x(a:(t), ae(t)). 
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Since a(0) = p and a(uo) = q, we have 


a(0) = 0 a; (uo) 


Uo 
(2) 


ar(0) = vo Qo (uo) = Vo + 2πΉ. 


(The term 2zxn results again from the nonuniqueness of angles in polar 
coordinates. ) 
Since for x we have E = 1 and F = 0, the speed of a is 


Ι α΄ || = Var? + Gaz”. 
Now 


/a," + Ga? = Va? -- [αὐ] 2a (3) 


Hence 
pa aes 72 / [᾿ έ 
Lia) = i V/ a? + Ga,” dit 2 : αι αἱ (4) 


= a;(uo) — ατ(0) = uo 


where the last step uses (2). But the radial geodesic y has unit speed, so 


uo 
L(y) = [ dt = Uo, 
0 


and we conclude that 
L(y) Ξ Lia). 


If a does not stay in 9. we have strict inequality, L(y) < L(q@). For a 
must cross the polar circle, uw = wo—indicated by a dashed line in Fig. 7.18 
—to escape from X..t But by the proof above it must already have arc 
length at least. uw = L(y) when it reaches the circle. 

Now we prove the uniqueness assertion: 


If L(a) = L(y), then a is a reparametrization of y (5) 


The argument above shows that if L(a) = L(y), then a stays inside 
9, and the inequality in (4) becomes equality. The latter implies that 
Vay? + Ga”? = a, . Since G > 0 we conclude from (8) that 


αι = 0, ας = 0. (6) 
Thus a, has constant value vp (so n = 0 in (2)) and 
a(t) = x(a(t), v0) = y(a(t)), 
showing that a is in fact a monotone reparametrization of γ. | 


+ A careful proof will involve the Hausdorff axiom (Ex. 5 of I1V.8) which we 
assume throughout this chapter. 
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FIG. 7.19 


This fundamental result shows, as we remarked earlier, that if points 
p and q are close enough together, then—as in Euclidean space for arbitrary 
points—there is a unique geodesic segment from p to q which is shorter 
than any curve from p to q. (Unlike the Euclidean case however, there 
may be many other nonshortest geodesics from p to q.) If x is a geodesic 
polar parametrization at p we shall also call the route C, of the v-parameter 
curve, u = e, the polar circle of radius ε at p. (Fig. 7.19). Theorem 5.6 
shows that Οὐ, does in fact consist of all points at distance ε from p. 

In special cases where large normal neighborhoods are available, this 
local information may be decisive. 


5.7 Example Length-minimizing properties of geodesics on the sphere = 
of radius r. By a mere change of scale we can conclude from Example 5.5 
that each point p of 2 has normal neighborhood 9,,: all of Σ except the 
point, —p, antipodal to the pole p. Hence Theorem 5.6 implies: 

(a) If two points p and q of = are not antipodal (that is, 4 ~ —p), 
then there is a unique shortest curve y from p to q. But we know all the 
geodesics of 2: y can only be the one that folllows the shorter are of the 
great circle through p and q. 

(Ὁ) Intrinsic distance p on Σ is given by the formula 


p(p,q) = rd 


where ὃ (0 S ὃ S 7) is the angle from p to 4 in 
E’ (Fig. 7.20). If p and q are not antipodal, this 
follows from (a), since 


p(p, q) = L(y) = re. 


As q moves toward the antipodal point —p of p 
we deduce by continuity that p(p, —p) = rz. 
FIG. 7.20 Hence 
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FIG. 7.21 


(c) There are infinitely many minimizing geodesics from a point p on 
> to the antipodal point —p, namely (constant-speed parametrizations of ) 
semicircles from p to —p. (Proof: These all have length rr = p(p, —p).) 

(d) No geodesic segment γ of length L(y) > ar can minimize arc length 
between its end points. This follows immediately from the fact that in- 
trinsic distance p never exceeds zr. It is geometrically clear, since if 7 
starts at p, its length exceeds zr as soon as Ὕ passes the antipodal point 
—p. But then the other arc γ΄ of the same great circle is shorter than 7. 


Suppose that a is a curve segment in M from p to q, and β 15 a curve 
segment from q to r. Now α and 8 cannot generally be united to form a 
single (differentiable) curve from p to r, since there may be a “corner” 
at q as in Fig. 7.21. Using the techniques of advanced calculus, one can 
“round off” this corner, obtaining a curve segment y from p to r which 
(to state the weakest theorem) is only slightly longer than a and 6. Ex- 
plicitly, for each « > 0 there is a y such that L(y) S L(a) + L(B) + «. 

It follows that intrinsic distance satisfies the triangle inequality. In fact, 
given points p,q, and r the definition of intrinsic distance shows that for 
any e > 0 there exist curves a and β as above such that 


Lia) S$ p(p,q) +e, LB) S ρί(ᾳ, τ) τὶ ε. 


Rounding off the corner at q costs at most another e: We get a curve 
segment y from p to r such that 


p(p,r) S L(y) S e(p,q) + ρίᾳ, r) + 3¢. 


But since e¢ is arbitrary, we conclude that 


p(p, r) 5 p(p, q) a ρίᾳ, r). 


5.8 Lemma If a is a shortest curve segment in M from p to q, then a 
is geodesic. 


Proof. We shall prove that if a: [α, ὃ] — M is a curve segment from p to 
q which is not a geodesic, then L(a) > p(p, q). But if a is not geodesic, 
then at some time ἐρ the acceleration a” (é) is not zero. By continuity a” 
is nonzero near fo, 80 we may assume fy < ὃ. For e > 0 sufficiently small, 
a(to + €) lies in a normal neighborhood of a (to), and the segment of a from 
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FIG. 7.22 


to to t + e€ is not a geodesic, since a” (4) ~ 0 (Fig. 7.22). But then by 
Theorem 5.6 its length, Z.,,:,+., is strictly greater than the intrinsic dis- 
tance from a(to) to a(t + ε). Thus by the triangle inequality, 


L (a) Layto ΞΡ Litostoxe a τη ξεν 
p(p, a(to)) + pla(to), α(ρ + €)) + pla(to + ε), 4) 
p(p, q). i 


This result is not too surprising: A shortest road can never turn. Nor 
will it have any corners, for a somewhat more sophisticated argument 
shows that a (possibly broken) shortest curve must in fact be an (un- 
broken ) geodesic. 

We have now reached the main result of this section. 


IV V 


5.9 Theorem Given any two points p and q in a geodesically complete 
geometric surface M, there is a shortest geodesic segment from p to q. 


Proof. The scheme is an ingenious one, worked out successively by several 
mathematicians. (See Theorem 10.9, p. 62, of Milnor [7].) We begin by 
selecting a candidate for shortest curve from p to q. Let 


Bw) =x@,v), Ov S 2π, 


parametrize the polar circle C of radius a in a normal neighborhood of p. 
By Exercise 6 it follows that the function v — ρ(β (υ), q) is continuous on 
the closed interval [0, 27]; hence the function takes on its minimum value 
at say vo. Let y be the parameter curve, v = vo. Since M is geodesically 


complete, y (uw) is defined for all wu 2 0. We will show that y hits q—in 
fact, that 


y(r)=q — wherer = p(p, 4). (1) 


(This situation is illustrated in Fig. 7.23.) Since y has unit speed, it will 
follow that 


L(y) Ξ ha p(p, 4), 


thus proving the theorem. 
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4 = 7(r) 


FIG, 7.23 


To establish (1), we use a variant of the standard induction argument 
in which integers are replaced by real numbers. For each number u 2 0 
consider the assertion 


Q@(u): p(u),q) =r—u (2) 


where, as above, r = p(p, q). This says that y (unit speed) is efficient: 
After traveling distance u, the distance to q has been reduced by precisely 
u. The proof will be finished 1} we can prove that @(r) 15 true, for then 


p(y (r), q) = 0, 


so by Exercise 5, y(r) = q. We make a start on this by showing that @(a) 
is true for a as above; that is, 


ρίγ(α), 4) =r — a. (3) 
According to Theorem 5.6, p(p, y (@)) = a; hence by the triangle inequality 
r= p(p,q) S a+ ρ(γ(α), 4). 


To get (3) we must reverse this inequality. By definition of intrinsic dis- 
tance, for any e > 0, there is a curve segment a from p to q such that 


L(a) S p(p,q) + ε. 


Now a must hit the polar circle C’, say at a(t), and we observe that the 
portion of a from p to a (to) has length L; = a, and the remainder of α has 
length 


Le = p(a (to), q) = p(y(a), q). 
(The latter since 7 (@) was a nearest point to q on C.) Thus 
a+ p(y(a), q) s4+h= D(a) = p(p, q) + € 


Since εἴ was arbitrary, we obtain the inequality 


a+ p(y(a),q) S p(p, 4) 


required to prove (3). 
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FIG. 7.24 


Now we turn to the inductive step of the proof. Since p cannot be nega- 
tive, @(u) is nonsense for u > r. Thus the set of numbers a for which 
@(a) is true has a least upper bound ὃ, with ὃ S r. Since the functions 
involved in the assertion @(a) are continuous, it follows from the defini- 
tion of least upper bound that @(b) is true. 

Here is the plan of the rest of the proof: Assume b < r and deduce a con- 
tradictton. Then (since ὃ S 7) we must have ὃ = r; hence @(r) is true, as 
required. 

Let C* be a polar circle of radius a” < r — ὃ in a normal neighborhood 
of y(b). By reproducing the argument for the circle C, we obtain a point 
ce” such that 


p(e’,q) = ρίγ ὁ), q) — α΄. | (37) 
(See Fig. 7.24.) But @(b) reads ρί(γ (Ὁ), ᾳ) = r -- ὃ, so 
ρ(ε΄, 4ᾳ) =r—b—a’. (4) 
The main step that remains is the proof of 
e'=y(b+a'). (5) 


This is not too difficult. By the triangle inequality, 
ρίφ, ς΄) + p(e’,q) 2 p(p,q) = 7. 
Using (4) we get 
ρίφρ, ε΄) Σ ὃ - α΄. 


But there is a broken curve from p to οὐ whose length is precisely ὃ + a”. 
In fact, referring to Fig. 7.24, we can travel on y from p to y(b) with arc 
length b, then from y(b) to εὖ on a radial geodesic with arc length a’. 
Thus by the remark preceding this theorem, this curve is not actually 
broken. Hence it is y all the way, so y(b + a’) is precisely εὖ. 

Finally, we substitute (5) in (4), obtaining 


ρίγ(ὃ -᾿ αὖ), ᾳ) =r— ὦ - a’). 
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This says that @(b + αὖ) is true, and since ὃ + a” is strictly larger than 
the upper bound ὁ, we have the required contradiction. i 


EXERCISES 


1. In the hyperbolic plane H, find the intrinsic distance from the origin 
0 to an arbitrary point p. Deduce that all geodesics of H have infinite 
length, hence H is complete. (Hint: Use the triangle inequality.) 


2. For the Poincaré half-plane (Exercise 6 of Section 4): 
(a) Find an equation F(z, y, 6) = Ὁ for the routes of the semicircular 
geodesics through the point (0, 1). 
(Ὁ) Find an equation G(z, y, a) = 0 for the polar circles centered at 
(0, 1). (Hint: they are the orthogonal trajectories of the curves in 
(a).) 


(c) Make a sketch showing several curves from each family. 
3. At the point p = (r, 0, 0) of the cylinder M: x’ + 7° = τῇ, let 
e, = (0, 1, 0) and 62 = (0,0, 1). 


Find an explicit formula for the mapping y (p. 341) in this case. What 
is the largest normal neighborhood of the point p? 


4. Test the scheme used to prove Theorem 5.9 in the special case ΜΠ = ἘΞ. 
Explicitly: Starting from the geodesic polar mapping 


x(u,v) = (ρῃ + u cos v, po + wsin v) at p. 


follow the first paragraph of the proof of Theorem 5.9 to determine the 
geodesic +. 


5. Intrinsic distance is a metric on M. Show that 

(a) A normal neighborhood %. of p consists of all points q of M such 
that p(p,q) < «. 

(b) p satisfies the three metric properties: (i) p = 0; and p(p, q) = 0 
if and only if p = q, (ii) p(p, 4) = pq, p), and (iii) the triangle 
inequality. 

(Hint: It is necessary to use the Hausdorff axiom for the same 
purpose as in the footnote on page 345.) 


6. Intrinsic distance is continuous. In a geometric surface M, define p; > p 
to mean that the sequence of real numbers p(p, p;) converges to 0. 
Prove that if p: — p and q: — q, then p(p;, qi) converges to p(p, q). 

7. Let a and β be two different unit-speed geodesics which start at the 
same point a(0) = 6(0). If a and β meet again after having traveled 
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the same distance r > 0, that is, a(r) = 8(r), prove that neither a or 
8 minimizes arc length past r. (Use the fact that broken geodesics 
cannot minimize arc length. ) 


8. (Continuation). On the cylinder M: x + y* = r’, prove: 
(a) A geodesic starting at (a, b, c) cannot minimize arc length after it 
passes through the antipodal line t > (—a, —b, t). 
(b) If q is not on the antipodal line of p, show that there is a unique 
shortest geodesic from p to q. 
Derive a formula for intrinsic distance on the cylinder. 


9. Show that the converse of Theorem 5.9 is false: Give an example of a 
geometric surface M such that any two points can be joined by a mini- 
mizing geodesic, but M is not geodesically complete. 


10. Let γ: [a, ὁ] — M parametrize a portion of a meridian of a surface of 
revolution M. Prove that y uniquely minimizes are length. (Hint: 
Express a competitive curve a as χίαι, a2) where x is a canonical 
parametrization, and follow the scheme of Theorem 5.6.) 


11. Let M be an augmented surface of revolution (Ex. 12 of IV.1). 

(a) If M has only one intercept p (on the axis of revolution) show 
that every geodesic y of M starting at p uniquely minimizes arc 
length. | 

(b) If M has a second intercept q show that the assertion in (a) holds 
if and only if y does not reach q. 

(Hint: No computations are needed.) 


6 Curvature and Conjugate Points 


We briefly examine the influence of Gaussian curvature K of a geometric 
surface M on the geodesics of M. 


6.1 Definition A geodesic segment y from p to q locally minimizes are 
length from p to q provided that for any curve segment a from p to q 
which is sufficiently near y we have L(a) 2 L(y). 


To clarify the phrase “sufficiently near,’”’ we first define a to be e-close 
to y provided there is a reparametrization ἃ of a, on the same interval J 
as y, such that p(a@(t), y(t)) < ε for allt in J (Fig. 7.25). Then we change 
the ending of Definition 6.1 to “provided there exists an e > Ὁ such that 
for any a which is e-close to y, we have L(a) = L(y).” This local mini- 
mization is strict (or unique) provided we get strictly inequality 


L(a) > L(y) 


unless a is a reparametrization of +. 
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FIG. 7.25 


To get an intuitive picture of this definition we shall imagine that y is 
an elastic string—or rubber band—which (1) is constrained to lie in M; 
(2) is under tension; and (3) has its end points pinned down at p and q. 

Because y is a geodesic, it is in equilibrium: If it were not geodesic, its 
tension would pull it into a new shorter position. But is the equilibrium 
stable? If y is pulled aside slightly to a new curve α and released, will it 
return to its original position y? Evidently Ὑ is (strictly) stable if and only 
if y is a (strict) local minimum in the sense above, for if α is longer than γ, 
its tension will pull it back to γ. 

Investigation of local minimization depends on the notion of conjugate 
points. If y is a unit-speed geodesic starting at p, then y is a u-parameter 
curve, v = vo, of a geodesic polar mapping x with pole p. We know that 
along y the function G = x,«x, is zero at u = 0, but is nonzero immediately 
thereafter (Lemma 5.4). A point y(s) = x(s, v9) with s > 0 is a conjugate 
point of y(0) = p ony provided G(s, 1) = 0. (Such points may or may not 
exist. ) 

The geometric meaning of conjugacy rests on the interpretation of 
WG = || x, || as the rate at which the (radial geodesic) u-parameter curves 
are spreading apart. Roughly speaking, for fixed « > 0, if WG = || x, || 
is large, then the distance from x(u, v) to x(u, v + e) is large: The radial 
geodesics are spreading rapidly. When +/G is small, this distance is small, 
and the radial geodesics are pulling back together again. Thus when G 
vanishes at a conjugate point 


y(si) = χίϑ,, Vo), 


it suggests that for v near vo, the u-parameter curves have all reached this 
same point after traveling (at unit speed) the same distance s, (lig. 7.26). 
Unfortunately this meeting may not actually occur. (G controls only the first 
derivative terms, and higher-order terms may still be nonzero even though 
G vanishes. ) 


The Euclidean plane ΕΠ should give the “standard” rate at which radial 
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v(s1) = χίϑι, 0) 


p = (0) 


FIG. 7.26 


geodesics spread apart, and for x(u, v) = (u cos v, usin v), we have 
VG = u. 
In particular, there are no conjugate points. Let us compare the cases 


discussed in Example 5.5, the unit sphere 2 and hyperbolic plane H. For 
x, we find 


“Ὁ = sin u. 


Thus radial geodesics starting, say, at the north pole p of 2, spread less 
rapidly than in E’, since sin wu < u for u > Ὁ. Indeed one can see in 
Fig. 7.17 that after passing the equator they begin to crowd closer to- 
gether. All have their first conjugate point after traveling distance 7, since 
/G(x,v) = sin = 0. In this case, of course, the meeting of geodesics 
actually takes place—at the south pole of 2. 

For the hyperbolic plane, we know that the geodesics radiating out from 
the origin are just Euclidean straight lines, but they are spreading more 
rapidly than in Ε΄, as one may surmise from the fact that in H “rulers 
shrink as they approach the rim.” To prove it we use the data in (2) of 
Example 5.5 to compute 


4/G@ = sinh τ. 
Thus να > u for u > 0, and again there are no conjugate points. 


6.2 Theorem If y is a geodesic segment from p to ᾳ such that there are 
no conjugate points of p = 7(Q) ony, then γ locally minimizes are length 
(strictly ) from p to q. 


Proof. Let x be a geodesic polar mapping at p, and restrict its domain to 
the region in E’ on which G > 0. Because there are no conjugate points of 
p on y, we may write y(w) = x(u, %) forO S wu Ξ uw. (Thus we allow 
u = 0 in this equation, as usual, even though G = 0 there.) Then let a 
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(αι ᾽ az) 


FIG. 7.27 


be another curve segment from p to q with a also defined on the interval 
[0, wo]. Now our proof rests on the fact that if a 1s sufficiently close to Ὕ 
(as defined earlier), then a has an expression 


a(t) = x(a(¢), ae(t)) 
which is so close to that of y that 
a,(0) = 0,» ay(to) = Uo. 


(Fig. 7.27). 

A complete proof of this rather plausible assertion is not trivial. There 
is no trouble at uw = 0, since we can replace a short initial segment of a 
by a radial geodesic—with no loss of generality, since this will not lengthen 
a. Then a, and ae are constructed in step-by-step fashion using the fact 
that x is a regular mapping, and hence is locally a diffeomorphism. 

Then exactly as in the proof of Theorem 5.6 we have 


u 9 uo 
La) = [ Vay’? + Ga,’ αἱ [ a; αἱ 
0 0 


ατ(ιιο) — a(0) = uw = L(y) 


and if L{a) = L(y), a is merely a reparametrization of γ. i 


IV 


Our task now is to free the notion of conjugate point from dependence 
on geodesic polar mappings. To do so we examine the “spreading coeffi- 
cient” ~/G more closely. 


6.3 Theorem Let x be a geodesic polar mapping defined on a region 
where G > 0. Then WG = || x, || satisfies the Jacobi differential equation 


(VG@)u + KVG =0 
subject to the initial conditions 
/G(0,v) = 0 (ν, 4).(0, νυ) = 1 ~~ forall». 
The restriction G > 0 is needed to ensure that +/G is differentiable. 
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Now V/G(u, v) is actually well-defined for u = 0; indeed, 
VG(0,v) = || x, υ) || = 0. 


However, ν Ὁ need not be differentiable at u = 0, so we shall interpret 
(/G)u(O, v) and (WG)ux (0, v) as limits, for example, 


(VG)u(0, v) = limu+o WG). (u, 2). 


Proof. The Jacobi equation follows immediately from Lemma 6.3 of 
Chapter VI, since as shown in Lemma 5.4, Εἰ = 1 and F = Ο for x. Thus 
by the remarks above, it suffices to prove 


lim (fG@).u(u,v) = 1 (u > 0). 
u+>d 
We need only consider a single radial geodesic y(u) = x(u, vo), setting 
g(u) = VG(u, v) for u > 0. 
Again, since & = 1 and F = 0, we obtain a frame field 
EL =7 - χ,, Ei, = χ, 4 ony for u > 0. 


Since y is a geodesic, E, is parallel and by Exercise 3 of Section 4, so is 
E.. By parallelism, 1. is thus well-defined at u = 0 (Fig. 7.28). Now 


E,(0) = xu (0, v0) = cos vp δι + Sin Uo 62 
hence 

E.(0) = —sin vo δι + COS U 62. 
Furthermore, since FE, is parallel and x, = gH, on y, we get 


δον ΞΟ ee 9: on y for u > 0. 


Ey 


p = 7(0) 


FIG. 7.28 
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Taking limits as u — 0 yields 
Xue(0, %) = (lim g'(u)) H2(0). 


But 
x, (0, v) = cosve, + sin ν eg for all v; 
hence 
Xu» (0, v0) = —sin ve, + cos ne. = E2(0). 
Thus the last equation implies lim... g (0) = 1; that is, 
lim (VG)u(u, νυ») = 1 


for arbitrary vp. ἢ 


In terms of the spreading apart of radial geodesics, the initial conditions 
above show that as they first leave the pole p in any geometric surface, 
they are spreading at the same rate as in the Euclidean plane Ε΄. For there 
we found ΨΌ = u; hence 


/G (0, υ) = 0, (/G).(0, v) =). 


However, the Jacobi equation, written /G@)u. = —K WG, shows that 
thereafter the rate of spreading depends on Gaussian curvature. For K < 0, 
radial geodesics spread apart faster than in Ε΄. (We observed this earlier 
in the hyperbolic plane.) For K > 0 the rate of spreading is less than in 
Ε΄ (as on the sphere). 

In particular, to locate conjugate points, it is no longer necessary to 
explicitly construct geodesic polar mappings, as we have done heretofore. 
We can find ~/G on a geodesic y by simply solving the Jacobi equation on 
Ύ, subject to the given initial conditions. Explicitly, Theorem 6.3 implies 
the following result. 


6.4 Corollary Let y be a unit-speed geodesic starting at the point p 
in M. Let g be the unique solution of the Jacobi equation on y, 


g” + Ky)g =0 


such that g(0) = 0, σ΄ (0) = 1. Then the first conjugate point of y(0) = p 
on y (if it exists) is (81), where 8ι is the smallest positive number such that 
g(s1) = 0. 


6.5 Example Conjugate points 

(1) Let y be a unit-speed geodesic starting at any point p of the sphere 
Σ of radius τ. The Jacobi equation for y is thus σ΄ + g/r’ = 0, which has 
the general solution 


358 RIEMANNIAN GEOMETRY [Chap. VII 


g(s) =A sin - ge cos - 


The initial conditions g(0) = 0, σ΄ (0) = 1, then give g(s) = r sin (s/r). 
The first zero of this function with s, > 0 occurs at s, = xr. Thus the jirst 
conjugate point of y(0) = p ony 18 at the antipodal point of p. (This agrees 
with our earlier computation for the unit sphere by means of geodesic 
polar mappings. ) 

(2) Let y be a unit-speed parametrization of the outer equator of a 
torus of revolution T with radii R > r > 0. Now y is a geodesic and on y 
we know that K has the constant value 1/r(R + r). Thus by Corollary 
6.4, the first conjugate point y(s:) of y(0) = p ony will occur at exactly 
the same distance 8) along y as uf y were on a sphere with this curvature 
K. It follows that 8ι = r+W/r(R + 1). 


6.6 Corollary There are no conjugate points on any geodesic in a surface 
with curvature K Ξ 0. Hence every geodesic segment on such a surface 
is locally minimizing. 


Proof. Apply Corollary 6.4 to a geodesic y in M. Since g(0) = 0 and 
g (0) = 1, we have g(s) 2 Ofors = 0, at least up to the first conjugate 
point (if it exists ). But Κ S Oimplies g” = —Kg = 0,s0q is an increasing 
function; in fact σ΄ = 1. Hence g(s) = sup to the first conjugate point— 


which can thus never occur. The final assertion then follows from Theorem 
6.2. i 


For example, on a circular cylinder C (K = 0) the helical geodesic γ 
from p to q indicated in Fig. 7.29 is indeed stable, as one can verify by direct 
experiment. Although locally minimizing, it is certainly not minimizing. 
Evidently the straight-line segment σ provides a considerably shorter 
way to get from p to q. 


FIG. 7.29 FIG. 7.30 
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To carry the study of conjugate points much further, it is necessary to 
use the calculus of variations (see Milnor [7]). We shall quote just one 
result, which supplements Theorem 6.2. As soon as a geodesic y starting at 
p passes the first conjugate point of p on Ὕ, it no longer locally minimizes arc 
length. This is fairly easy to see on a sphere 2. In Fig. 7.30 the geodesic + 
from p to q is only slightly longer than the first conjugate distance zr. 
If the plane of the great circle of y is rotated slightly about an axis through 
the end points p and q, it will slice from Σ a curve segment a which, as one 
can verify analytically, is strictly shorter than y. (Note that the only 
shorter geodesic from p to q is not near γ.) 

Theorem 6.3 can also be used to give a rather intuitive description of 
Gaussian curvature in an arbitrary geometric surface. 


6.7 Lemma If x is a geodesic polar mapping with pole p, then 
3 
VG (u,v) -- α -- Κ) = + ο(υὐ (ὦ 2 0). 


Throughout, -o(u") denotes a function of ὦ and v (« > 0) such that 
lim,.0 0(uw")/u™ = 0. In the formula then, if u is small enough, o(u’) is 
negligible compared to the first two terms. 


Proof. As before, consider g(u) = ~/G (u, v) on a radial geodesic 
y(u) = x(u, v). As a solution of the Jacobi equation on 7, g is differentiable 
at u = 0. Thus it has a Taylor expansion 


g(u) = g(0) + g'(0)u + 9(0) 5 + gO) ᾿ς + o(u’). 


The initial conditions in Corollary 6.4 are g(0) = 0, g (0) = 1; hence from 
the Jacobi equation we get g’’(0) = 0. Differentiating the Jacobi equation 
gives 

vir 


9΄ + ΚΑῚ + K(y)g’ = 0. 
Hence 
g (0) = ~K(y(0)) = —K(p). 
Substitution in the Taylor expansion then gives the required result. Ι 


Suppose that the inhabitants of a geometric surface 1 want to deter- 
mine the Gaussian curvature of M at a point p. By measuring a short 
distance e in all directions from p, they obtain the polar circle C, of radius e. 

Now if M = Ε΄, the circumference of C, is just L(C.) = 2πε. But for 
K > 0 the radial geodesics from p are not spreading as rapidly, so C, 
should be shorter than 27e; and for Καὶ < 0 they are spreading more rapidly, 
so Οἱ should be longer than 2πε. 
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FIG. 7.31 


The relation between L(C,) and K can be measured with some precision. 
For δ. > 0 small enough, C, is parametrized by v > x(e, v), where x is a 
geodesic polar parametrization at p. Thus 


L(C.) = Γ᾽ JWG (ε, υ) db. 


Hence by the preceding lemma, 
3 
L(C.) = 2π (« — K(p) = a o(e?)). (*) 


Thus if surveyors in M measure L (C,) very carefully for ¢ small, they can 
determine approximately what the Gaussian curvature of M is at p. Taking 
limits yields 

6.8 Corollary Κρ) = lim,.o (8/me*) (ὅπε — L(C,)). 


We can easily test formula (*) for a sphere = of radius r in Εὖ As in 
Fig. 7.31, the polar circle C, with center p is actually a Euclidean circle 
of Euclidean radius r sin 3, where & = e/r. Thus by the Taylor series of 
the sine function, 


3 
L(C,) = 27 (- sin 3 = 9π (« ἜΣ ἐξ + o(e")) 


which gives yet another proof that Σ has Gaussian curvature K = 1/r’. 


EXERCISES 


1. Let x be the polar parametrization of the hyperbolic plane given in 
Example 5.5. Derive ~/G@ (u, v) = sinh wu in two different ways: by 
computing x,°x,, and by solving the Jacobi equation. 
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2. If C, is a polar circle around a point p of M, cail the region enclosed by 
C, the polar disc D, of radius e. 
(a) Show that the area of the polar disc is 


4 


rare je’ ~ K(p) 5 + o¢e') | 


2 
hence 
2 
pe 0. 
WT e-0 ΞΕ 


(0) Use this formula to find the Gaussian curvature of a sphere of 
radius 7. 


3. At the origin 0 in the hyperbolic plane, find the length of the polar 
circle C, and the area of the polar disc D, (0 < ε < 2). Deduce from 
each result that Καὶ (0) = —1. 


4. Let M be an augmented surface of revolution (Ex. 12 of IV.1). 

(a) If M crosses A at only one point p (as on a paraboloid of revolu- 
tion), show that p has no conjugate points on any geodesic. 

(b) If M crosses A at two points, p and q, (as on an ellipsoid of revolu- 
tion), show that p and q are conjugate on every geodesic joining 
them. (Hint: Theorem 6.3 of Chapter V provides a solution of the 
Jacobi equation. ) 


The following exercises deal with a useful variant of the polar geodesic 
parametrization in which the pole p is replaced by an arbitrary regular 
curve. 


5. Let 8: I — M be a regular curve in M, and let X be a (nonvanishing ) 
vector field on 8 such that β΄ and X are linearly independent at each 
point. Define 


χίω,υ) = γχω (ὦ); 


thus the w-parameter curves of x are geodesics cutting across 6 with 

initial velocities given by X (Fig. 7.32). Prove: 

(a) x is a regular mapping on some region D containing the interval 
(0,v), vin 1. 

(Ὁ) By a suitable choice of 8 and X, this parametrization x becomes 
(i) the identity map of Ε΄ (natural coordinates), (ii) the canonical 
parametrization of a surface of revolution, and (iii) a ruled para- 
metrization of a ruled surface (Chapter V, Section 5). 


6. (Continuation). If β is a unit-speed curve, and X is the unit normal N 
of β (Section 4), show that for x: H = 1, F = 0, and “Ὁ is the solution 
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FIG. 7.32 


x(%o , V0), focal point 


B(v0) 


FIG. 7.33 


of the Jacobi equation (W/@)u. + K-~G = 0 such that 
VG (0,0) = 1 and (VG@)u(0, v) = —K,y(v). 


The natural choice of X in the preceding example means that G for this 
parametrization is geometrically significant. If G(wo,v) = 0, then (by 
analogy with conjugate points) we say that x(uo,v) is a focal point of B 
along the normal geodesic v = v. Here light rays emerging orthogonally 
from β tend to meet (Fig 7.33). 


7. (a) If β is a circle of latitude on a sphere 2, show that the north and 
south poles of 2 are the only focal points of β. 
(b) If β is a curve in the Euclidean plane, show that its focal points 
are exactly its centers of curvature; that is, the points on its evolute. 
(See Ex. 15 of IT.4.) 


7 Mappings that Preserve Inner Products 


We have already seen that a local isometry F: M — N carries geodesics 
of M to geodesics of N. Using the notation y, for the geodesic with initial 
velocity v, we can be more explicit. 


7.1 Lemma If F: M — Nis a local isometry, and v is a tangent vector 
to M at p, then 


F (yo) = YF.) 


Sec. 7] MAPPINGS THAT PRESERVE INNER PRODUCTS 363 


Proof. By the remark above, ¥ = F'(y.) is a geodesic of N. Its initial 
velocity is the tangent vector 


7 (0) = Fe (vv (0)) = Fx (v) 


to N at F(p). Thus by the uniqueness of geodesics (Theorem 4.3), 7 is 
precisely yr, (v). 

It follows that a local isometry is completely determined by its effect 
on just one frame. 


7.2 Theorem Let F and G be local isometries from M to N. If for some 
one frame e, 6 at a point p of M we have 


Fy (e1) = Gs (ex), F's (e2) = Gx (ee), 


then F = 6. 


Proof. If M is geodesically complete, the proof is particularly easy. If 
4 is an arbitrary point of M, then by Theorem 5.9 there is a vector v at 
the special point p such that y,(r) = q. From the hypothesis on Fs and 
Gs, we deduce by linearity that Fs and Gs agree on v = ce; + Ceo. Thus 
the preceding lemma shows that 


F (yo) = Yr,0) = Ya,) = Gr). 


Hence, in particular, 
F(q) = F.(7)) 


or all points ᾳ of M. 

The proof for M arbitrary is a refinement. Using Lemma 5.3 it 1s possible 
to get a broken geodesic 8 from p to q and deduce Κ΄ (8) = G(8) by applying 
the argument above to each unbroken segment of 8. 


α(γ.(5)) = 6 (4) 


We shall now use the fact that local isometries preserve geodesics to 
construct some local isometries. The goal is to demonstrate a family re- 
semblance among geometric surfaces of the same constant curvature. 
Given any number K, there is a particularly simple geometric surface 
M (ΚῚ whose Gaussian curvature has constant value K. 

(1) If K > 0, let M(K) be the sphere Σ of curvature K (hence radius 
1/VK). 

(2) If K = 0, let M(K) be the Euclidean plane Ἐπ. 

(3) If Καὶ « 0, let M(K) be the hyperbolic plane H of curvature K 
(hence pseudo-radius 1/+/ — K: see Exercise 4 of Section 2). 

We shall call M (ΚῚ the standard geometric surface of constant curvature 
K. Of course, there are many other constant curvature surfaces; these are 
distinguished by the fact that they are geodesically complete and simply 
connected (p. 176). 
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7.3 Theorem Let N be a geodesically complete geometric surface with 
constant Gaussian curvature K. Then there is a local isometry F of the 
standard surface /(K) onto N. 


The first mapping in Example 4.6 of Chapter VI is an instance of this 
theorem, as is the local isometry (Exercise 6 of Section 2) of a sphere onto 
a projective plane. 


Proof. The Case K « 0. We use the language of Example 2.4, where 
K = —1.A mere change of scale (Exercise 4 of Section 2) takes care of arbi- 
trary K « 0. As in (2) of Example 5.5, let p be the origin of H = M(—1), 
with δι = U,(p) and 6 = U2(p). Let δι, δ. be a frame at an arbitrary 
point of NV. Then let x and x be the resulting geodesic polar mappings of 
H and N. 


For the surface N, we assert that 

(1) x is defined on the entire right half-plane δ: u > 0 (a consequence 
of geodesic completeness ). 

(2) Its image x(S) covers all of N except possibly the pole p (a conse- 
quence of Theorem 5.9 and the definition of geodesic polar mappings). 

(3) x: 8 -- N is a regular mapping. (By Lemma 5.4, E = 1, and F = 0, 
but we have observed earlier that the Jacobi equation for K = —1 gives 
/G = sinh u, so EG — Γ᾿ = sinh’u > 0on S.) 

This general result is thus valid for x: S — H as well, but here we know 
more. By Example 5.5 the whole surface H is a normal neighborhood of 
the pole p; thus x has only the usual ambiguities of polar coordinates; the 
equation x(u, v) = q determines u uniquely, and v uniquely but for addi- 
tion of some multiple of 2x (q + p). From this extra information we con- 
clude that the formula 


F(x(u,v)) = x(u, v) 
is consistent and thus defines a mapping F of H onto all of N. 
(To prove differentiability of F at the pole p we must resort, as in the 
proof of Lemma 5.3, to the mappings y and ¥ corresponding to x and x.) 


It is easy to show that F is a local isometry by using the criterion of Lemma 
4.5 of Chapter VI. Indeed, from (3) above, we have 


E=1=8, F=0=F, G = sinh’u = G, for u > 0, 


and at the pole p the preservation of inner products is an honest consequence 
of continuity. 


The Case K = 0. This is a word-for-word copy of the preceding argument 
except that 


M(K) = EF and G=G=vw. 
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The Case K > 0. Here a new idea is required, since the largest normal 
neighborhood Xt of a point p in the sphere 2 = M(K) is not all of Σ: The 
antipodal point —p is omitted. 

Arguing as in the case Καὶ < 0, we get a local isometry 11: 3} — N. Now 
repeat this argument once more at a point ρ΄ in Σ different from both p 
and —p. We obtain another local isometry F2: 30” — N where 9" is all 
of Σ except -- ρ΄. The frames determining F, are chosen so that the deriva- 
tive maps of F; and F, agree at ρ΄. Thus by Theorem 7.2, F; and F2 are 
identical on the overlap of δὲ and 9v*. But 9 and 91 cover the whole sphere 
Σ, so taken together Μὴ and F, constitute a single local isometry F: Σ — N. 
Because Σ is compact and N is connected, Exercise 6 of Section 7 in Chapter 
IV shows that F carries Σ onto M. i 


An isometry F: M — M of a geometric surface onto itself may be viewed 
as a symmetry of M. Every feature of the geometry of M is the same at each 
point p as at F(p), since this geometry consists of isometric invariants. 
The results of Exercise 9 of Section 4, Chapter VI, show at once that the 
set 4 (ΜΠ) of all isometries 1: M — M fornis a group, just as do the set of 
all isometries of Euclidean space (Exercise 7 of Section 1 of Chapter III). 
We call 9(M) the isometry group of M. 

This group J (J) is, of course, intrinsic to M@, and when Μ is a surface 
in Εἰ, should not be confused with the group $(M) of Euclidean symmetries 
of M (Exercise 7 of Section 8, Chapter VI). A Euclidean symmetry F of 
M c E’ is an isometry of ΕΖ such that F(M) = M; these exist when the 
shape of M in ἘΠ is symmetric in the ordinary sense of the word. Each 
Kuclidean symmetry F of M gives rise to an isometry F | M: M — M, but 
in general this process does not give all isometries of M C Εὖ (Exercise 9). 

For an arbitrary geometric surface M, the isometry group g(M) gives 
a novel algebraic description of M. Roughly speaking, the more sym- 
metrical M is the larger 9(M) is. For example, although we shall not carry 
out the proof, the ellipsoid 


2 2 2 
. ψ an 
Mi Τα ΞΙ (a>b>c) 


has exactly eight elements in its isometry group, these all arising from its 
Kuclidean symmetries as described above: three reflections (one in each 
coordinate plane), three 180° rotations (one around each coordinate axis), 
the isometry p — —p, and, of course, the identity map of M. 

The smallest possible isometry group 9(M) occurs when the identity 
map of M is the only isometry of M. We can produce such a geometric 
surface by putting a bump on the ellipsoid in such a way as to destroy all 
seven of its nontrivial isometries. 

By contrast, a geometric surface M has the maximum possible sym- 
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FIG. 7.34 


metry when every possible isometry permitted by Theorem 7.2 actually 
exists. That is, given frames δι, €2 and δι, €, at any two points of M, there 
exists an isometry F: M — M such that 


Fy, (e1) ΞΞ e1, F's (e2) = @p. 


In this case, we shall say that M is frame-homogeneous; any two frames on 
M are symmetrically positioned. 

Thus what we proved in Theorem 2.3 of Chapter III is that ΕΠ is frame- 
homogeneous, and the same proof is valid for arbitrary E”, in particular 
for E’. In the exercises for this section, we shall see that every standard 
surface M (ΚῚ of constant curvature 1s frame-homogeneous. 


7.4 Definition A geometric surface Μ 15 point-homogeneous (or merely 
homogeneous) provided that given any two points p and q of / there is an 
isometry fF: M — M such that F(p) = gq. 


A frame-homogeneous surface, is of course, homogeneous—but not 
conversely. A circular cylinder C in ΕΠ furnishes an example. In fact, if 
F is a rotation of ἘΠ about the axis of C, or a translation of ἘΠ along this 
axis, then F carries C onto C’, producing an isometry of C’. Hence given any 
points p and q of C, we can first rotate to bring p to p on the same ruling 
as 4, then translate p to q. The composition of these two isometries 15. an 
isometry carrying p to q. On the other hand, C 15 not frame-homogeneous: 
all its points are geometrically equivalent, but not all its frames. (Proof: 
For the unit vectors shown in Fig. 7.34, no isometry could carry e; to δι, 
for by Lemma 7.1, F would have to send the one-to-one geodesic ve, to 
the periodic geodesic yg,—an impossibility, since F is one-to-one. ) 

Homogeneity is a very strong restriction. 


7.5 Theorem If a geometric surface M is homogeneous, then M 15 
geodesically complete and has constant Gaussian curvature. 


Proof. Constancy of curvature follows immediately from the definition 
of homogeneity and the fact that isometries preserve curvature. The proof 
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FIG. 7.35 


of completeness is more interesting. If M is not geodesically complete, there 
is a maxvmal unit-speed geodesic a defined only on an interval, say, 1: 
t < a, which is not the whole real line. Let us show that this is impossible. 
By Lemma 5.3, all geodesics emanating from some arbitrary point p of 
M run at least for some fixed distance e > 0. Choose f in 7 such that 
a — ty) < e/2. Because M is homogeneous, there is an isometry F: M — M 
such that F(p) = a(t). Now for some unit vector u at p, F+(u) = a@ (to). 
Thus the geodesic segment F(y,,) has initial velocity 


Fs (yu (0)) = Fe (a) = a (to) 


and runs for distance ε at unit speed (Fig. 7.35). But then a shift of para- 
metrization enables us to apply Theorem 4.3 and thereby define a on the 
interval I*:t < t + ©. But to + € > a, so this contradicts the maximality 
of the interval J, and thus proves M is geodesically complete. a 


As the title of this section suggests, (local) isometries are not the only 
inner-product-preserving mappings of importance in geometry. We shall 
take a brief look at the other main types. 


7.6 Definition Let F: M — Εὖ be a mapping of a geometric surface into 
Εὖ If the derivative map F's preserves inner products of tangent vectors, 
then F is an tsometric immersion. If F is also one-to-one, then F is an 
tsometric imbedding. An isometric imbedding F such that the inverse func- 
tion F-': F(M) -- M is continuous is said to be proper. 


This definition is unduly restrictive. Evidently we could replace E°—or 
even M—by any Riemannian manifold (p. 308). 


7.7 Lemma If F: M — Eis a proper isometric imbedding of a geometric 
surface M into Εὖ, then the image F(M) is a surface in Εὖ and the function 
F: M — F(M) is an isometry. 

Proof. If x: D — M is a proper patch in M, then the composite mapping 
F(x): Ὁ - Εὖ is a patch that lies in F(M). Furthermore, F(x) is a proper 
patch. In fact, its inverse function F(x(D)) — D is just x Γ΄, which is 
continuous since x’ and F’ are continuous. Thus we can easily check 
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Definition 1.2 of Chapter IV. Now as a geometric surface, δ΄ (7) uses the 
dot product of Εὖ and by definition F: Μ — Ε preserves inner products. 
Hence when considered as a mapping of M onto (Μὴ), F preserves inner 
products. | 


Thus the study of the geometry of surfaces in ΕΠ is exactly the same as 
the study of proper isometric imbeddings of geometric surfaces into E’. 
This rather technical fact is important only because it suggests a considera- 
ble generalization of our work in Chapters V and VI. We could just as well 
have studied the far larger class of isometric immersions into ΕΝ, dropping 
the one-to-one and properness restrictions. There is, in fact, no real diffi- 
culty involved, except for complications of notation. 

As in the special case discussed on page 308, the image F'(M) of an 
isometric immersion F: M — Εὖ may cut across itself; nevertheless, we 
shall think of it as a kind of defective surface in Εὖ, If we define the shape 
operator of such an immersed surface, this should at least suggest how to 
generalize the rest of Chapters V and VI. 

Because inner products are preserved, an isometric immersion F is 
regular. Thus Fx (Τ, (ΜῊ) is a two-dimensional subspace of Τρ) (ΕἾ); it 
plays the role of a tangent plane for F(M) at F(p). A unit normal function 
U assigns to each point p (in some region of M) a unit vector orthogonal 
to Fy (T,(M)). If a isa curve in M, then U, is a vector field on F(a) in 
Εὖ Then if v is the initial velocity of a, we define S(v) to be the unique 
vector in T,(M) such that 


Fx (S(v)) = — Ua (0) 


This shape operator S is again a symmetric linear operator on T,(M/). 

Most of our earlier results hold up rather well under generalization. 
For example, if the Gaussian curvature K of / is defined intrinsically as 
in Section 2—then by reorganizing the logic in Chapter VI, Section 2, we 
can show that K = det S. 

A theorem such as Theorem 3.7 of Chapter VI becomes more informative: 
If M is a compact surface with constant curvature K(>0), and F: M - Εὖ 
is an isometric immersion, then F is an isometry of M onto a Euclidean 
sphere Σ of radius 1/+/K in E’. 

In other words, even if we give F(M) permission to cut across itself, 
this cannot happen: F'(//) can only be an ordinary round sphere in E’. 

We have seen that there are geometric surfaces M which cannot be 
isometrically imbedded in E*—for example, the flat torus (Example 2.5) 
or the projective plane, Exercise 6 of Section 2. In this case it is natural 
to try to imbed M in a higher dimensional Euclidean space Ε΄. The larger 
n is, the less difficult the task becomes. (Roughly speaking, with more 
dimensions available for M to curve through, there is a better chance that 
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a shape can be found for M which is compatible with its intrinsic geometry. 
See Chapter VI, Section 9.) 
Thus, although there are no flat toruses in Ε΄ they can be found in Ε΄. 


7.8 Example An isometric imbedding of a flat torus in Ε΄. Start with 
the mapping x: ἘΠ > Ε΄ such that 


x(u,v) = (cos u, sin u, Cos 2, sin v). 
If x is the parametrization of the flat torus T given in Example 2.5, then 
the formula | 
F (x(u, v)) = x(u, ») 
is consistent; in fact it defines a one-to-one mapping F: T -- Ε΄. The proof 
consists in observing that 
x(u,v) = x(u,1) Ou = ut 2πηι,υι = v + 2πη «5 x(u, v) = X(u, v;,). 


Reading the implication arrows from left to right we get the required 
consistency; the reverse direction shows that F is one-to-one. 

Then F is an isometric imbedding provided F+ preserves inner products. 
In the usual fashion we compute 


(—sin u, cos u, 0, 0) 


ν 
[Ἵ 
I 


x, = (0, 0, —sin νυ, cos v) 
Hence 


These functions agree with E, F, and G for x, so exactly the same argument 
used to prove Lemma 4.5 of Chapter VI shows that Fs preserves inner 
products. 


The general situation here is not well understood. Although every 
compact geometric surface can be isometrically imbedded in ΕἾ", it re- 
mains a possibility that 17 can be replaced by as low a dimension as 4. 


EXERCISES 


1. Let F: M —N be a local isometry, and suppose that M is geodesically 
complete. Show that F is onto if and only if N is geodesically complete. f 


2. Prove that a geodesically complete geometric surface with constant pos- 


+ Though the proof is not elementary, it is known that both of these properties 
are consequences of the geodesic completeness of Af. 
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itive curvature is compact. (The result still holds if merely Καὶ = c > 0. 
See Myers’ theorem in Hicks [5].) 


. Suppose that in M any two points can be joined by at least one geodesic, 


and that in N any two points can be joined by at most one geodesic. 
Prove that every local isometry F: M — N of such surfaces is one-to- 
one. 


. Let F: M — M be an isometry that is not the identity mapping. If a 


unit speed curve is fixed under F, that is, 
F(a(s)) = a(s) for all s, 


show that α is a geodesic of M. 


. Let x and x be geodesic polar parametrizations of normal neighbor- 


hoods 2, and 9%, (same ε) in two geometric surfaces. If K (x) = K(x) 
on the common domain S, of x and x, prove that 9, and δῖε are iso- 
metric. 


. Prove that the sphere Σ and hyperbolic plane H are frame homogene- 


ous. (Hint: for = derive the required isometries from orthogonal 
transformations of E’; for H use Theorem 7.3 and a preceding exercise. ) 


. Show that the flat torus (Example 2.5) is homogeneous, but not frame 


homogeneous, and that an ordinary torus of revolution in Εὖ is not 
homogeneous. 


. Prove: 


(a) For the right circular cylinder C: x” + y’ = r’ in Εὖ every isometry 
F:C -- has the form 


F(p) = (pi cos ὃ + ρὲ sin J, p, sin ὃ + ρὲ cos ὅ, ες + a) 


where € = +1. 
(b) Every isometry of a sphere or right circular cylinder in ΕΠ is the 
restriction of an isometry of Εὖ 


. Let M be the cylinder in ΕΠ whose cross-sectional curve is the ellipse 


4x” + y’ = 4. (Any other closed noncircular curve could be used. ) 
Show that there is an isometry of M which is not the restriction of an 
isometry of Εὖ (Hint: parametrize M by x(u, v) = a(u) + vUs, 
where a is a periodic unit-speed parametrization of the ellipse. ) 

In the sphere 2 of radius r, let T be a triangle whose sides are geodesic 
segments of lengths a, ὃ, and ὁ (all less than wr). Let 3 be the angle 
of T at the vertex p opposite side a. 

(a) Prove the law of cosines: 


a b Cc . Ob. 6 
cos — = cos - cos--+ sin -- sin - cos 9. 
r r r rT γ 
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(b) Show that this formula approximates the usual Euclidean law 
of cosines when r is large compared to a, ὃ, c. 
(Hint: to determine cos ὃ. find unit vectors uw, τὰς at p tangent 
to the sides b and c.) 


11. Prove that the projective plane (Exercise 6 of Section 2) is frame 
homogeneous. (Hint: if F: 2 — = is an isometry of the sphere = C E’, 
then F(—p) = —F(p), hence there is a mapping F: = — Σ such that 
PF = FP.) 


12. Show that the isometry groups of isometric surfaces are isomorphic. 


13. If M is a surface in Εἰ that does not le in a plane, show that the func- 
tion F — F | M is an isomorphism of the Euclidean symmetry group 
$(M) onto a subgroup of the isometry group 9(M/). 


Isometries of the hyperbolic plane may be constructed explicitly by 
recognizing a point of the plane as a complex number 


z=utw= (u,v), 
and using exercises of Section 1. Thus if | z | denotes the magnitude of z, 
lz εκ εξ- εἶ -- υἷ, 


the hyperbolic plane may be described as the disc | z| < 2 with conformal 
geometric structure given as in Example 1.3 by g(z) = 1 — | 2|7/4. 


14. (A translation of the hyperbolic plane.) For a fixed real number c = (c, 0) 
in H, let T be the mapping Τ (2) = 4 [(z + c)/(cz + 4)] defined on H. 
(a) Show that T(H) Cc dH, and that 7: H — Η is one-to-one and onto. 
If H’ denotes the same disc, | z| < 2, but with the usual Euclidean 
structure, then Exercise 7 of Section 1 shows that T: H’ > H’ is a 
conformal mapping with scale factor \(z) = | dT/dz |. 
(b) Show that this scale factor is 


4 -- εἰ 


A(z) = Pea 


(c) Deduce that T: H — H is an isometry of the hyperbolic plane. 
(Hint: Use Ex. 9 of VII.1.) 

These methods can be used to show that H is frame-homogeneous, 
and—carried somewhat further—to give an elegant derivation of the 
geodesics of H. 


15. (The Poincaré half-plane P is isometric to the hyperbolic plane H.) 
In terms of complex numbers, P is the half-plane Im z > 0 with con- 
formal geometric structure g(z) = Im z. (Im z is the imaginary part 
v of z = u + ww.) Let F be the mapping 
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2+ 22 
12 +2’ 


F(z) = 


defined on H. Show that 

(a) Im F(z) = (4— [ἰ2[΄}] 2 -" 21. 

(b) F is a one-to-one mapping of H onto P. (Compute F * explicitly.) 

(c) Relative to Euclidean structures, F is conformal, with scale factor 
A(z) = 4/ | iz + 215. 

(d) F: H — P is an isometry. 

Make a sketch of H and P indicating the images in P of each of the 

four quadrants of H. 


8 The Gauss-Bonnet Theorem 


We have seen that the Gaussian curvature K of a geometric surface M@ 
has a strong influence on other geometric features of M such as parallel 
translation, geodesics, isometries, and, of course, the shape of M if it 
happens to be in Εὖ. Now we will show that the influence of Gaussian curva- 
ture penetrates to the ultimate topological conformation of M—to proper- 
ties completely independent of the particular geometric structure on M. 

The main step in this proof is a theorem which relates the total curva- 
ture of a 2-segment to the total amount that its boundary curve turns. 

For an arbitrary curve a in M, the geodesic curvature tells its rate of 
turning relatwe to arc length. Thus to find the total amount a turns, we 
integrate with respect to are length: 


8.1 Definition Let a: [a,b] — M be a regular curve segment in an oriented 
geometric surface M. The total geodesic curvature [. «x, ds of a is 


8 (Ὁ) 
[ κυί8) ds 
8(α) 


(α 


where «x,(s) is the geodesic curvature of a unit-speed reparametrization of 
a. 


The total geodesic curvature of a in M is thus an analogue of the total 
Gaussian curvature of a surface in E*. For example, let C be a circle of 
radius r in Εὖ, where ΕΖ has its natural orientation. If a is a curve making 
one counterclockwise trip around C’, then a has constant geodesic curvature 
ky = 1/r. Thus 


[ ds = 1 32πν = 2, 


regardless of the size of the circle. A clockwise trip around C' will have total 
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curvature —2z, for in general: If the orientation of M is kept fixed, then 
the total geodesic curvature of a curve segment a is unaffected by orien- 
tation-preserving reparametrization, but has its sign changed by an orien- 
tation-reversing reparametrization. (The former is clear from the defini- 
tion; the latter can be deduced, for example, from the following lemma.) 


8.2 Lemma Let a: [a,b] — M be a regular curve segment in a region of 
M oriented by a frame field £,, 1224. Then 


J ds = g(b) cag g(a) + [ W192 


. . / . . 
where ¢ is an angle function from FE, to a on a, and ay: 15 the connection 
form of Fy, Ee. 


Proof. None of these terms are affected by orientation-preserving 
reparametrization; thus we may assume that a is a unit-speed curve. But 
then the result follows immediately by integrating the formula in Lemma 
4.5 | 


For the integration theory in Chapter VI, Section 7, we used 2-segments 
x: αὶ — M which were one-to-one and regular on the interior R° of R. 
Now we shall impose the more stringent requirement that x be one-to-one 
and regular on the boundary of FR as well. (This is equivalent to saying 
that x: αὶ — M is the restriction to R of a patch defined on some open set 
containing PR.) 

When x is a one-to-one regular 2-segment, its edge curves a, B, y, ὃ 
(Definition 6.4, Chapter IV) are one-to-one regular, and we shall think 
of the boundary dx = a + β — y — ὃ 85 ἃ single broken curve enclosing 
the rectangular region x(R). We now want to define the total geodesic 
curvature of dx. The definition of geodesic curvature shows that the total 
geodesic curvature of a curve is simply the total angle that its unit tangent 
T turns (relative to arc length). But to go all the way around 


Ox=a+tB-—-y-—5 


we must get not merely the total turning on the edge curves; that is, 


[ as= [ «ἀπ [x ast [ cds + | xy ds 
Ox a β —Y --ὃ 
= [ Kg ds + [ Ke ds mere [ Kg ds a [on ds 
a β Ύ ὃ 


but also the angles through which a unit tangent T on dx would have to turn 
at the four corners of the rectangular region x(R) (Fig. 7.37). For 


R:asxsusb, cSvezd 
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FIG. 7.36 


FIG. 7.37 


these ‘‘corners’”’ 


Pi = x (a,c), pe = x(b,c), με = x (b,d), ps = x (a, d) 


are called the vertices of x(R). 

In general, if a regular curve segment a in an oriented region ends at the 
starting point of another segment 8, say a(1) = β(0), then the turning 
angle ε from α to β is the oriented angle from a (1) to β΄ (0) which is smallest 
in absolute value (Fig. 7.36). For a 2-segment we use the orientation 
determined by x, that is, the area form dM such that dM (x.,x,) > 0, to 
establish some terminology which is familiar in the case of a polygon in 
the plane. 


8.3 Definition Let x: R — M be a one-to-one regular 2-segment, with 
vertices pi, pe, ps3, ps. The exterior angle e; of x at p; (1 S 27 S 4) is the 
turning angle at p; derived from the edge curves a, 8, —y, —6, a, -:- in 
order of occurrence in 0x. The zntertor angle +; of x at p; ism — δ; (Fig. 7.37). 


This definition is given with more general applications in mind; in the 
case at hand, exterior angles can easily be expressed in terms of the usual 
coordinate angle ϑ from x, to x, (0 < 3 < a) by 


δὶ] =a7r— v, δ. = ὃ. δ2 Ξε π -- Bs δ, = U4 


where δ᾽; is the coordinate angle at the vertex p;. For example, let us con- 
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FIG. 7.38 


sider the situation at ps, as shown in Fig. 7.38. By the definition of the 
edge curves, 8 is x,, but (—y)’ is —x,, since --Ύ is an orientation-reversing 
reparametrization of y. Thus e3; + ὅς = a. (Analytical proofs may be 
based on the definition of oriented angle in Section 7, Chapter VI.) 

We are now ready to prove the fundamental result of this section. 


8.4 Theorem Let x: R — M be a one-to-one regular 2-segment in a 
geometric surface M. If dM is the area form on x(f&) determined by x, 
then 


[[ Kaw + [ wast (atetert ey) = 2π 


ee 
total Gaussian total geodesic 
curvature of x curvature of 0x 


(The geodesic curvature and exterior angles use the orientation of x(R) 
given by dM, where dM (x,,x,) > 0. Note that M itself need not be ori- 
ented—or even orientable. ) 

We call this result the Gauss-Bonnet formula with exterior angles. Since 
€; = 2 —1t;forl $7 S 4, the formula may be rewritten 


[[ Kam + [ uds=(atatatu) —2 


in terms of the interior angles of x(R). 


Proof. Let E, = x,/*~/E on the region x(R). Then let EF, be the unique 
vector field such that 2, FE. is a frame field with dM(f,, FE.) = +1. In 
this case (compare with p. 292), the second structural equation becomes 


dou = —  Κθι A Ao = —K dM 


The power for this proof is supplied by Stokes’ theorem (6.5 of Chapter 
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See IV) which gives 


my, |[ kaw + | w= 0. (1) 


Let us now use Lemma 8.2 to evaluate 


[oa [ow + fon - | on - fon (2) 


On a we have a’ = x, = ΨΈ F,, so the 
angle φ from Εἰ to a’ is identically zero. Thus by Lemma 8.2, 


[ on = [x ds. (3) 


Next we try a harder case, say fs wir. Here the angle φ from 


J 


FIG. 7.39 


Xu / 
By = τῇ ἴο ὃ = Χο 


is precisely the coordinate angle 3 from x, to x, (See Fig. 7.39.) Hence by 
Lemma 8.2 we get 


[4 -- ϑι -- ϑι Ὁ for 
ὃ ὃ 


where, as above, 0 « ϑ; < π is the coordinate angle at the vertex p; of x 
(1 Sj Ξ 4). But since 


ὃὶ τ π -- εὶ and 4 = &4, 
This becomes 


[ἡ - τ -- εὐ τ οἱ τὸ [ὦ ae (4) 
ὃ 
In an entirely similar way we find 


[on ---- τῷ εν τὸ Ὁ | mds (5) 
β β 


[ ou = [« ds. | (6) 


toa fe ds+ | xgds— [xg ds— | xy ds— 2+ (r+ ext εἰ Ὁ εἰ 
Ox α β Ύ 


and 


Thus (2) becomes 


- | Kg ds — Qe + (ει + δὶ + ες + &4). 
Ox 


Substitution in (1) then yields the required formula. | 
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FIG. 7.40 


The Gauss-Bonnet formula actually depends not on the particular 
mapping x: R — M, but only on its image δὲ = x(#). Explicitly, if x is 
another one-to-one regular 2-segment x with the same image ®, then each 
of the six terms in the Gauss-Bonnet formula for x has exactly the same 
numerical value as the corresponding term for x. This should be no sur- 
prise if x and x have the same orientation, that is, determine the same 
area form on &. But suppose they have opposite orientation (as in Fig. 
7.40) so that dM, = —dM;. To take the trickiest case, consider correspond- 
ing edge curves such as α and βὶ in the Fig. 7.40. Now α and β run in 
opposite directions: B is an orientation-reversing reparametrization of a. 
But the geodesic curvatures of a and B are computed in terms of the op- 
posite area forms dM, and dM;. Thus there are two sign changes, so 


[ ods = | uy ds 
a B 


The remainder of this section will be devoted to applications of the Gauss- 
Bonnet formula. The basic idea is to extend it to more general regions— 
in particular to entire geometric surfaces. To do so we must look at some 
fundamental properties of surfaces which do not involve geometry. 

A rectangular decomposition Ὁ of a surface M is a finite collection of 
one-to-one regular 2-segments x1, --- , xs whose Images cover M in such 
a way that if any two overlap they do so in either a single common vertex 
or a single common edge. 

Evidently a rectangular decomposition is a special kind of paving (Defi- 
nition 7.3 of Chapter VI), but the regions x;(R;) are now really ‘“‘rectangu- 
lar” (since x; is one-to-one regular on all of R;) and they are required to 
fit together very neatly, as in Fig. 7.41 (compare the paving in Fig. 6.17). 


8.5 Theorem Every compact surface M has a rectangular decomposition. 


(Hence in particular M has a paving.) This result is certainly plausible, 
for if M is made of paper, we could just take a pair of scissors and cut out 
rectangular pieces until all of M is gone. A general proof is given in Lef- 
schetz [8] (use Exercise 10). 

We shall understand that a rectangular decomposition 0 carries with it 
not only its rectangular regions x;(R;)—called faces—but also the vertices 
and edges of these regions. | 
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FIG. 7.41 


8.6 Theorem If D is a rectangular decomposition of a compact surface 
M, let v, 6, and f be the number of vertices, edges, and faces in ©. Then 
the integer v — 6 + f is the same for all rectangular decompositions of M. 
This integer x (J) is called the Huler-Poincaré characteristic of M. 


The natural proof of this famous theorem is purely topological, however 
it 15 an easy consequence of Theorem 8.8. 

These results may easily be generalized. First, instead of an entire surface, 
we could deal with a polygonal region, one which can be decomposed into 
rectangular regions x,;(R;) fitting together neatly (as above). Second, 
we could everywhere replace rectangles R by polygons. (A polygon P is the 
bounded region in ΕΠ enclosed by a simple polygonal curve—P including 
this curve.) Combining both generalizations we get the concept of polyg- 
onal decomposition D of a (polygonal) region ® in M. The Euler-Poincaré 
characteristic x(@) of ® is still independent of the choice of polygonal 
decomposition 0. 


8.7 Example LHuler-Poincaré characteristic. 

(1) A sphere 2 has x(Z) = 2. By “inflating” a cube as in Fig. 7.42 we 
get a rectangular decomposition Ὧι of 2. Ὧι has v = 8,e = 12, f = 6— 
and thus x = 2. Inflating a prism gives a polygonal decomposition D, 
with v = 6,e = 9, f = 5—again x = 2 (Tig. 7.42). 


ΓΝ ὡς 
Ὁ - 
D 
2 


NY 


Di 


FIG. 7.42 
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FIG. 7.43 


(2) A torus T has x(7) = 0. Picture T as a torus of revolution, and cut 
it along any three meridians and three parallels. This gives a rectangular 
decomposition D for which v = 9, e = 18, f = 9, hence x = 0. 

(3) Adding a handle to a compact surface reduces its Euler-Poincaré 
characteristic by 2. 

Roughly speaking, a “handle” is a torus with the interior of one face 
removed. (We suppose that M and the torus are given in some rectangular 
decomposition.) To add a handle to M, remove the interior of a face of M 
also, and to the resulting rim smoothly attach the rim of the handle, so 
that the vertices and edges of the two rims coincide (Fig. 7.43). 

This operation produces a new surface M’ already equipped with a rec- 
tangular decomposition. The Euler-Poincaré characteristic of M’ is 


x (iM) at 2, 


since its decomposition has exactly two faces less than M and the torus 
combined. (Coalescing the two rims eliminates four vertices and four 
edges as well, but this has no effect on x.) 


It is easy to see that diffeomorphic surfaces have the same Euler-Poincaré 
characteristic, for if x, --- , xy is a decomposition of M and F: M -» M 
is a diffeomorphism, then F(x,), --- , F (xy) is a decomposition of M with 
exactly the same », 6, and f. 

For example, no matter how wildly we distort the sphere 


Set+yYst+27 =1, 


the resulting surface M will still have Euler-Poincaré characteristic 2. 
So long as no geometric structures are involved, the word “sphere” might 
be used to mean “a surface diffeomorphic to 2.” To avoid any possible 
confusion we shall stay with the longer terminology. 

Suppose we start with the sphere = and successively add ἢ handles 
(h = 0,1, 2, ---) to obtain a new surface 2(h). What is remarkable about 
the operation of adding handles is that every compact orientable surface M 
ts diffeomorphic to some X(h). In this case we shall say that M itself has 
h handles. By (3) of Example 8.7, it follows that 


x(M) = x(Z(h)) = x(Z) — 2h = 2 — 2}. 
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FIG. 7.44 


In Fig. 7.44, for example, all four surfaces have just one handle, and thus 
all have x = 0. 

Although we have used the concepts of calculus in this brief discussion 
of the Euler-Poincaré characteristic, our remarks remain valid if differen- 
tiability is everywhere replaced by continuity. The Euler-Poincaré char- 
acteristic is, in fact, a topological invariant.t 

Returning now to the subject of geometric surfaces, we prove a spectacu- 
lar consequence of Theorem 8.4. 


8.8 Theorem (Gauss-Bonnet) If M is a compact orientable geometric 
surface, then the total Gaussian curvature of M is 2rx(M), where x(M) 
is the Euler-Poincaré characteristic of M. 


Proof. Fix an orientation of M with area form dM, and let D be a rec- 
tangular decomposition of M whose 2-segments x, --- , xy are all positively 
oriented. Thus Φ is in particular an oriented paving of M as defined in 
Chapter VI, Section 7. By definition the total curvature of MW is 


[[xau = ff wam 7 


i=] 


We shall apply the Gauss-Bonnet formula to each summand. (This is 
permissible, since on each region x;(R;) the area form dM is the one de- 
termined by x;.) In terms of interior angles, this formula reads 


ΤΑ topological invariant is a property preserved by every homeomorphism (that 
is, continuous function with a continuous inverse). A diffeomorphism is a homeo- 
morphism, but not conversely. However it is a peculiarity of low dimensions that 
two surfaces are diffeomorphic if (and only if) they are homeomorphic. 


Sec. 8] THE GAUSS-BONNET THEOREM 381 


|| Kam =-J qj ds-2 t+ lutatetu) (2) 


Now consider what happens when (2) is substituted in (1). 

Because M is ἃ surface—locally like E’—each edge of the decomposition 
D will occur in exactly two faces, say x;(R,;) and x;(R;). Let a; and a; 
be the parametrizations of this edge occurring in dx; and ὅχ;, respectively. 

Because these regions have the same orientation as WM itself, a; and a; 
are orientation-reversing reparametrizations of each other, as in Fig. 
7.45. Thus 


a 


x, ds + | kg ds = 0. 


It follows that 
f 
» [ k, ds = 0 (3) 
=1 “Ox; 


for we have just seen that the integrals over edge curves will cancel in 
pairs. (As usual, we write v, e, and f for the number of vertices, edges, 
and faces in the decomposition. ) 

Thus the substitution of (2) in (1) yields 


[| x au = Inf +4 (4) 


where g is the sum of all interior angles of all the faces in the decompo- 
sition. But the sum of the interior angles at each vertex is just 27 (Fig. 
7.46), so 4 = 2xv. Thus 


[. Ra = οἰὸς aos (5) 


FIG. 7.45 
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FIG. 7.46 


A simple combinatorial observation will complete the proof. The faces 
of the decomposition Ὁ are rectangular: Each face has four edges. But each 
edge belongs to exactly two faces. Thus 4f counts e twice; that is, 4f = 2e. 
Equivalently, —f = f — e,so (5) becomes 


[[ Kam = 2n(v — 6 +f) = 2xx(M). i 


Because the Euler-Poincaré characteristic is a topological invariant, 
this theorem shows that total curvature 1s a topological invariant. 

Explicitly we let M and M be geometric surfaces that are merely diffeo- 
morphic.t Then the Gaussian curvatures K and K of M and M can be 
quite different—but their total curvatures are identical, for (being diffeo- 
morphic) M and M have the same Euler-Poincaré characteristic; hence 


[| x au = 2nx(M) = 2nx(M) = [[ x aa. 


We have already seen instances of this theorem. For example, the torus 
in Example 2.5 has K = 0, hence total curvature zero. Alternatively, this 
same surface acquires from ἘΠ its usual geometric structure as a torus of 
revolution, for which the curvature is variable—but we found in Chapter 
VI, Section 7, that its total curvature is also zero. (The diffeomorphism in 
this case is just the identity mapping.) 

In general it suffices to count handles to find total curvature. 


8.9 Corollary If M is a compact orientable surface with h handles 
(ἢ = 0,1, 2, ---), then for any geometric structure on ΠΝ, the total curva- 
ture is 4π(1 — h). 


Proof. We have already seen that M has Euler-Poincaré characteristic 
2 — 2h. : 


} See footnote, page 380. 
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The Gauss-Bonnet theorem (Theorem 8.8 or 8.9) provides a way to attack 
some seemingly formidable problems. For example, (1) of Example 2.3 
shows that if one single point is removed from a sphere 2, there exists a 
geometric structure on the punctured sphere with K = 0. But there can be 
no geometric structure on an entire sphere Σ for which Καὶ < 0, since then 


[[ xaz so, 
Σ 


contradicting 2πχ(Σ) = 4π. Reversing this argument, we find that a 
compact orientable geometric surface with K > 0 must be diffeomorphic to a 
sphere. Its total curvature is positive—but in Corollary 8.9, h is a nonnega- 
tive integer, so it must be zero. Thus the surface has no handles; it is diffeo- 
morphic to the sphere Σ = Σ(0). Further results of this type are given in 
the exercises. 

The Gauss-Bonnet theorem is proved by cutting M into rectangular 
regions, and applying the Gauss-Bonnet formula to each. The scheme works 
because all these regions are consistently oriented by an orientation of M 
itself, so that the integrals {x, ds on the boundaries of these regions cancel 
in pairs. Here in essence is the fundamental idea of algebraic topology; 
indeed considerations of this kind led Poincaré to its invention (see Lef- 
schetz [8]). By applying this scheme to suitable regions in M we can get a 
more general form of the Gauss-Bonnet theorem (Exercise 8). A corollary 
(Exercise 11) shows how to extend Theorem 8.4 from rectangles to ar- 
bitrary polygons. To see how the notion of boundary generalizes in such situ- 
ations we shall give a direct (and logically unnecessary) proof of Exercise 
11 in the special case of a triangle, that is, the one-to-one regular image A 
of an ordinary triangle T in Εὖ (Fig. 7.47). 


Corollary 8.10 If A is a triangle in a geometric surface M, then 
[[ kaw + [ds = 2" - (ει t+erte) πὶ Ἔα Ἔ ὡ) τ π᾿ 
aA 


(We explain this notation in the course of the proof.) 


FIG. 7.47 
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FIG. 7.48 


Proof. Let dM be an arbitrary area form on the region A. 

We get a rectangular decomposition of A = y(T) as follows. Cut T 
into three quadrilaterals, as indicated in Fig. 7.48; then changes of varia- 
bles in y will exhibit their images as rectangular regions xi(R,), xe(Re), 
x3(R3) constituting a rectangular decomposition of A. As usual we arrange 
for each x; to be positively oriented. Thus, by the Gauss-Bonnet formula 
with interior angles, the total curvature of A is 


ff, Kaw = & |f Kaw = . 


3 
t=1 _— 


[ kK, ds --π + g 
1 “ox; 


4 Xi 


where J is the sum of all interior angles. 

Of the twelve edges in ὅχι, dx2, and 0x3, the six interior ones cancel in 
pairs (at least fx, ds does, on them). The remaining six combine in pairs 
to give the curves αἱ, a2, ας (Fig. 7.47) constituting the boundary 0A of the 
oriented triangle A. Hence 3 


3 
Σ [ wds= | 1, ds =| dst | dst] uy ds 
tw=1 “dx; aA ay ao a3 


In the sum J, the interior angles u, ὦ, t3 at P1, Pe, ps are those of the 
triangle A itself. The others, which occur at the artificially introduced 
vertices, evidently add up to 57; thus we find 


[[ kam + [ ἀπ ὠὰ ὼ -- τ 
Δ aA 
We are adapting to the triangle the definitions in 8.3; thus 4; + ©; = 7 


gives the exterior angle formula. Ι 


If the edge curves of the triangle are geodesics, then of course the geo- 
desic curvature term vanishes. In particular, for a geodesic triangle in a 
surface with constant curvature K, this result reduces to 


ytete=a7a+ Ka 


where A is the area of the triangle. Thus the well-known theorem of plane 
geometry that the sum of the interior angles of a triangle is + depends on 
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FIG. 7.49 


the fact that ἘΠ is flat. Examples show easily enough how a geodesic tri- 
angle can manage to have u + » + 1; larger than 7 on a sphere (K > 0) 
and smaller than z on a hyperbolic plane (K < 0) (Fig. 7.49). 


EXERCISES 


1. Find the total Gaussian curvature of: 
(a) An ellipsoid. 
(b) The surface in Fig. 4.10. 
(0) Μ:α τ ν΄ - 2 = 1, 
2. Prove that for a compact orientable geometric surface M: 
K > 0 = M is diffeomorphic to a sphere (text) 
K = 0 = M is diffeomorphic to a torus 


K <0 =M is asphere with ἢ > 2 handles 


3. (a) Let M be a compact orientable geometric surface with h handles. 
Prove that there exists a point p of M at which 


K(p) > 0 ifh = 0, 
Κρ) = 0 ifh = 1, 
K(p) «0 ifh = 2. 


(b) If M is a compact orientable surface in ΕΔ which is not diffeo- 
morphic to a sphere, show that there is a point p of Π at which 
K(p) < 0 (compare Theorem 3.5 of Chapter VI). 
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(a) For a regular curve segment a: [a, Ὁ] — M, show that the 
total geodesic curvature fa κρ ds is 


[ a” «70(α) 
α α' ea’ 


dt. 


(Hint: Exercise 9 of Section 4.) 
(Ὁ) Let x be a (positively oriented) orthogonal patch in ΝΜ. Deduce 
the following formulas for total geodesic curvatures of parameter 


curves: 
U2 ye Xy "2 XoyeXy 
" EG (u, vo) du, — J, VEG (uo, v) dv 
(Note that 18, = — Xyu.*x, and 4G, = — x,,°x,, and if M is in E’, 


either intrinsic or Euclidean derivatives give the same results. ) 


. Let x: R > = be the geographical patch (Example 2.2 of Chapter IV) 


restricted to the rectangle R: 0 Ξ u,v S π|4. Compute separately each 
term in the Gauss-Bonnet formula for x. 


. If F: M — N is amapping of compact oriented surfaces, the degree 


dr of F is the algebraic area of F (41) divided by the area of N. Thus 
dr represents the total algebraic number of times F wraps M around 
N. If M is a compact oriented surface in Εὖ, prove the Hopf theorem: 
The degree dg of the Gauss mapping is the integer x(J7)/2. (It can 
be shown that degree is always an integer.) 


An oriented polygonal region Φ in a surface M is an oriented region that 
has a rectangular decomposition x1, ---, x. which we always arrange to be 
positively oriented. Then the boundary 0@ of Φ is the formal sum of those 
edge curves appearing in exactly one of the boundaries 0x, --- , Oxz. We 
exclude the situation shown in Fig. 7.50, so 0@ consists of simple closed 
(broken) curves. These definitions are such that if α is one of the edges 
in 0@ then ὦ (α΄) always points into the region @. (This rigorizes the rough 
rule: “Travel around the boundary keeping the region always on the left.’’) 


FIG. 7.50 
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7. (a) 


(b) 
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FIG. 7.51 


If ¢ is a 1-form on an oriented polygonal region @, prove the gen- 
eralized Stokes’ theorem 


Ife [9 


(df dP = Za, then fag @ means Σ fa, φ.) (Hint: Lemma 6.6 of 
Chapter IV produces some cancellation in pairs, as in the proof 
of Theorem 8.8.) 

Deduce that if @ is any 1-form on a compact oriented surface M, 


then {{μ ἀφ = 0. 


‘Two different (positively oriented) rectangular decompositions 


of the same region @ produce technically different boundaries of 
®; however, both occupy the same set of points. Prove that for 
any 1-form on @, fap ¢ is the same for both. 


8. (Generalized Gauss-Bonnet theorem). If Φ is an oriented polygonal 
region in a geometric surface, prove that 


[καὶ + Ι. Ky ds + Σ᾽ ε; = 2Ζηχίφ) 


where Σ 8; is the sum of the exterior angles of @ as defined in Definition 
8.3 for the special case of a rectangular region (Fig. 7.51). 

(Hint: Refine the proof of Theorem 8.8, classifying edges and vertices 
into those in 9@ and those in the interior of ©. Note that on each simple 
closed boundary curve, the number of edges is the same as the number 
of vertices. ) 


9. Prove that the following properties of a compact orientable surface M 
are equivalent: 
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D P 


FIG. 7.52 


(a) There is a nonvanishing tangent vector field on M. 

(b) x(M) = 0. 

(c) M is diffeomorphic to a torus. 

(Hint: For (a) = (b), introduce a geometric structure and use Exer- 


cise 7.) Properties (a) and (b) are, in fact, equivalent for any compact 
manifold. 


10. (a) If a region ® has a rectangular decomposition, derive a triangular 
decomposition, and show that v — e + f is the same for both. 
(b) Do the same with “rectangular” and “triangular” reversed. 


The notion of simple region (Ex. 12 of VI.7) may be extended by allow- 
ing the mapping F: D > M to be nondifferentiable (but still continuous ) 
at n points on the circle u? + v? = 1. This permits n corners to appear in 
the boundary 00 of Φ = F(D). We call © in this case an n-polygon (n 
= 0) The Euler-Poincaré characteristic of an n-polygon is +1, since 


for a triangular decomposition as in Fig. 7.52, we havev — 1 =f = e/2 


11. If @ is an oriented geodesic n-polygon (the edges are geodesics) in 
a geometric surface, show that 


ke =e Cantey 
Φ 7=1 


j=1 
where δ; and ε; are the exterior and interior angles of 6. 


12. (Continuation). (a) If Φ is a geodesic n-polygon in the plane, prove 
that n Ξ 3 and that the sum of the exterior angles of @ is 2π. 
(b) If M is a surface with constant Gaussian curvature K = 0, show 
that the area of a geodesic polygon is determined by its exterior 
or interior angles. 
(6) In the sphere Σ of radius r, find a geodesic 3-polygon Φ whose 
interior angles are each 3π,2. What is the area of @? 


13. (a) In a surface M with K < 0 prove that there exist no geodesic 
n-polygons with n Ξ 2. Thus, in particular, two geodesics in M 
cannot meet to form the boundary of a simple polygonal region. 
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(Ὁ) On a sphere 2, for which values of n = O do there exist geo- 
desic n-polygons? (Do not count “removable vertices’’—those 
with exterior angle 0.) 


14. In the hyperbolic plane, let ©, (n 2 3) be a “geodesic n-polygon”’ 
whose vertices are on the rim u’ + v = 4 of H, hence are not actually 
in H (Fig. 7.53). Find the area of @,. 


15. (Hopf Umlaufsatz). If β is a simple closed curve in E’, then the total 
geodesic curvature of 8 is +27. Thus the unit tangent 7 of 8 turns 
through one full circle in traversing 8. Prove this result assuming 
8 is the boundary curve of a simple region 8. (Hint: 8 is a 0-polygon 
as defined in the paragraph preceding Ex. 11.) 


The assumption above is always true, but its proof requires rather deep 
topological methods. 


9 Summary 


A geometric surface—that is, a 2-dimensional Riemannian manifold— 
generalizes the Euclidean plane by replacing Εὖ by any surface and re- 
placing the dot product on tangent vectors by arbitrary inner products. 
In the resulting Riemannian geometry, the length of a curve is defined as 
before, and gives a notion of intrinsic distance directly generalizing the 
familiar Euclidean distance in the plane. The acceleration of a curve is also 
a geometric notion, but it is not so obvious how an inner product on tangent 
vectors can lead to a measurement of the turning of a curve. For 70 or 80 
years after Riemann this was accomplished by rather complicated formulas 
in terms of coordinate patches (4.2 is a sample). In the Cartan approach, 
the inner products serve to define the notion of frame field, and the rate 
of rotation of a frame field is expressed by its connection form. The con- 
nection equation ὅν: = wr(V)E, then defines the covariant derivative— 
with acceleration as a special case. 

In Riemannian geometry as in Euclidean geometry, geodesics are the 


390 RIEMANNIAN GEOMETRY [Chap. Vil 


curves with acceleration zero. Geodesics are not only straightest curves, 
however; they are also shortest curves in the sense discussed in Sections 
5 and 6. The simple Euclidean rule that “a straight line is the shortest 
distance between two points’ is no preparation for the new and subtle 
behavior of geodesics on an arbitrary geometric surface—or even a surface 
as simple as a sphere or a cylinder. Some idea of how far the analysis of 
geodesics can lead may be found in Milnor [7]. 

It is by now hardly necessary to say that the Gaussian curvature K of a 
geometric surface M is its most important geometric property, for we have 
seen that sooner or later curvature enters into almost every geometrical 
investigation. Indeed K could be defined, for example, in terms of parallel 
vector fields (holonomy) or radial geodesics (the Jacobi equation) or 
polar circles. (For a surface in ΕΠ we used the shape operator, and could 
have used the Gauss mapping.) In the Cartan approach, however, curva- 
ture is defined by the structural equation dw» = —K 6, A θὲ, which pre- 
sents K (in a sense discussed earlier) as the common “second derivative” 
of all frame fields on M. And it is this definition that leads most directly 
to the central result of two-dimensional Riemannian geometry, the Gauss- 
Bonnet theorem. Leaving aside trigonometric consequences such as Corol- 
lary 8.10, the content of the theorem is that curvature determines topol- 
ogy, at least in the compact orientable case. 

Generally speaking, the results of this chapter are valid for Riemannian 
manifolds of arbitrary dimension n, and in most instances the definitions 
and proofs need scarcely any readjustment. Dimension 2 has simplified 
certain consistency proofs such as Theorems 2.1 and 3.2, but these can 
be avoided entirely by more advanced methods. As one might expect, it is 
the Gauss-Bonnet theorem whose generalization offers the most difficulty 
(see Hicks [5]), and in higher (even) dimensions the curvature of M in- 
fluences but does not control the topological configuration of M. 
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Answers to Odd- | 
Numbered Exercises 


(These answers are not complete; and in some cases 
where a proof is required, we give only a hint.) 


Chapter | 


Section ] 


1. (a) xy? sin? 2, (c) 2x?y cos Ζ 
3. (b) 2ze* cos (e*), ἢ = 22? + y? 4 2? 


Section 2 


1. (a) —6Ui(p) + U2(p) — 9U3(p) 

3. (a) V = (222/7)U1 — (ay/7)Us3 
(c) V = 2U, + 2yU2 + zry?U;3 

5. (b) Use Cramer’s rule. 


Section 3 


1. (a) 0, (Ὁ) 7-27, (c) 2e2 
3. (a) y®, (c) yz*(y*z — 32%), (e) 2x (yt — 32°) 
5. Use Ex. 4. 


Section 4 


1, α΄ (τ 4) = (—2,0,/2)p, where p = (1,1, ν.2) 
3. B(s) = (2(1 — 852), 2s /1 — 82, 2s) 

5. The lines meet at (11,7,3) 

7. vy = (1,0,1), 

9. At α(0): > (2,2¢,t) 


Section 5 


1. (a) 4, (b) —4, (6) --ἃΔ 
5. (Ὁ) (ἃ dy — ydx)/(z? + y?*) 
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7. (a) dx — dz, (Ὁ) not a 1-form, (6) zdz + x dy, (4) 2(xdzx + y dy), (e) 0, (ἢ not 
a 1-form | 

9 + (0,1, 4) 

11. (4) Use the Taylor approximation of the function t > f(p + tv) 
(b) Exact: —0.420, approximate: —3 


Section 6 


1. (a)¢ A Ψ = yz cos z dz dy — sin z dx dz — cos z dy dz 

(b) dp = —z dx dy — y dx dz. Note that d(dz) = d(1-dz) = Oby 16.3. 
7. Apply this definition to the formula following 1.6.3. 
9. Assuming the formula, set f = y, g = x. 


Section 7 


1. (a) (0,0), (b) (—3,1), (3,-- 1), (6) (0,0), (1,0) 

5. (a) (2,0,3) at (0,0,0), (Ὁ) (2,2,3) at (0,2,7) 

7.GF = (gn (fife), 92(fi,fe)) 

1. (a) Κι = (v, ue~?), (Ὁ) πὶ = (τ, υ + yl/8), (6) FO = (9 --, u — Qv)/2, 5 -- 
u — v). F is a diffeomorphism for (a) and (c) only, since in (Ὁ), F—' is not differ- 
entiable (when u = 0). 


1 


Chapter Il 


Section 1 


1. (a) —4, (b) (6,—2,2), (c) (1,2,-1)/6, (—1,0,3)//10, (d) 2/11, (e) —2//15 
5. If v X w = 0, then uev X w = 0 for all u; use Ex. 4. 
7. νει = v — (veu)u 


Section 2 


3. B(s) = (/1 + 82/2, 8/s/2, sinh (s/+/2)) 

5. If 8; is based at ἐς(ὶ = 1,2), then so is plus or minus the arc length of a from ¢; to 
to. 

9. (b) The condition is certainly necessary; to see that it is sufficient, show that a 
unit speed reparametrization of a has acceleration zero. 


b δ da; 
11. (Ὁ) La) > / a’eu dt = a, ape dt = (q — p)eu = d(p,q) 


a 


Section 3 
l.x=1,7=0,B = (—2?,0,—%), center (0,1,0), radius 1. 
7. (a) 1 = || a(h)’ || = || @’(A)h’ || = [h’ |, hence ἢ = +1 


(b) Let ε = +1, then ἃ = a(h) implies T = a’ (h)h’ = 7 (ἢ); hence 
kN = x(h) N(h), and so on. 

9. The orthogonal projection on the NoBo plane (the normal plane of B at β(0)) is 
s — Kxo(s?/2)No + Koro (s?/6)Bo (cusp at 8 = 0). 
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11. B = B implies rN = ΤΙΝ, hence either (1) 7 = 7 and NW = N, or (2)7 = -- τ and 
N = —N. | 


Section 4 


1. Let f = @ + 2; then« = τ, = 2/f?; B = (?,—2t,2) /f 

3. (a) ΝΟ) = (0,—1,0),7@) = 3 

9. (a) ὃ - w/4,u = (1,0,1)/V/2, v(t) = (¢ — (8/6), (δ, —t + ((376}} 
15. (c) The evolute is also a cycloid. 


17. a(t) = (f(t) sin é, f(é) cos ἐ, f(t)g(t)) 


Section 5 


1. (a) 2Ui(p) — Us(p), Ὁ) Ui(p) + 2 U2(p) + 4 Us(p) 
5. (a) 8Ui(p) — 4(Us)(p) 


Section 6 


1. Show that VeW = 0, and use 11.1.8. | 
3. For instance, E, = —sin zU2 + cos 2U3, and ἔς = FE, X Es. 


Section 7 

1. wie = 0, wis = ὡς = (df) //2 

3. wig = — df, @®13 = COS f df, 23 = sin f df 

5. By (8) of 11.5.4, Vy (>) fiFi) = >> VUZE: + iV vi. 
7 


- At an arbitrary point p, a(¢) = tp is a curve with a’ = || p || £1. Show that 
| p |] Filo] = || p |. 


Chapter Il 
Section | 


3. (Ta)! = T_a, C1 = ~C, hence F-! = (7,C)“ = (ΠΤ, = T_e-'ay C1. 
5. (Ὁ) Using Ex. 3, we find F-!(p) = (54/2, —5, 44/2) 


Section 3 


1. If F and G have orthogonal parts A and B,thenby III.1.2 ,sgn(F@) = det (AB) 
= det A-det B. 

5. Cis a rotation, through angle 7/2, around the axis given by a. 

cos ὃ. ~esin Ἢ 


sin’ ecos? 


7. For ΕἸ: F(s) = es + 80; for E?: F = TC, where C = 


Section 4 


1. (b) By definition, B(s) is the point canonically corresponding to Τ' (6), hence by 
1112.1, C(8) corresponds to F, (ΤΊ, the unit tangent of F(8). 
5. For a tangent vector v at p, Fs(VW) = W(F(p) + iC (v))’O) = V rytoyW. 
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Section 5 


N GH ὦ = 


.β = T,(C(a)), where C(u;) = e; 

. Consequence of III.5.7 

. If + is not identically zero, assume τ (0) τέ 0 and examine the proof of 5.3. 
. Let F = TC, where T is translation by (0,0,bso/c) and 


cos (s,/c) —esin (s,/c) 0 
C - sin (s,/c) ε cos (s,/c) 0 
0 0 ε 


where e = +1. Then F(8) = B(es + 80) 


9. a(s) = (f cos ¢(s) ds, f sin g(s) ds), where o(s) = f x(s) ds 


. Use Ex. 9 


Chapter IV 


Section 1 


. (a) The vertex, 0, (b) all points on the circle 2? + y? = 1, (6) all points on the z- 


axis 


. (b)c ΨΚ --Ἰ 
. Use Ex. 7 
. q is in F (21ὴ if and only if F~1(q) is in M, that is, g(F-!(q)) = c. Use the hint 


to apply IV.1.4. 


Section 2 


1. 


Won Οἱ 


oa! 


(c) x(u,v) = (u,v,u2? + v2) is one possibility; a parametrization derived from 
IV.2.5 will omit a point of the surface. 


. ΧΟ Χ X = υδ' X ὃ 

. (Ὁ) Straight lines (rulings) and helices, (6) M: x sin (z/b) = y cos (77) 
-x(u,v) = (cos u — v sin u, sin u + v 605 u, v) 

- (a) If g’ is never 0, reparametrize the profile curve to obtain u — (u,f (u),0), 


and use IV.2.5. 


Section 3 


—_ 


11. 


. (a) r? cos? v, (0) r2?(1 — 2 cos? v cos u sin μ) 
. (a) ἃ and ὕ are the Euclidean coordinate functions of xly 


(b) Express y = χ(ᾶ,0) in terms of Euclidean coordinates, and differentiate. 


. (a) M is given by g = z — f(z,y) = 0, with Vg = (—fz,—f,,1), and v is tangent 


to M at pif and only if veVg(p) = 0. 


. Vg = (~y,—2,1) is a normal vector field; V is a tangent vector field if and only 


if VeVg = 0, for example, V = (z,0,z). 


- (8) ΤΡ (Ὁ) consists of all points r such that (r — p)«z = 0; hence v, isin Τ, (4) 


(that is, vez = 0) if and only if p + vis in 7,(M). 
(a) 2π 
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Section 4 


of (x) one a(f(x)) 


Ou Ov 


3. d(f¢) (x, JX) men (x,) + f(x) E (xy) 5 5 ote | 


= (df a ¢ + 164) (xu, x) 


5. If a is a curve with initial velocity v at p, then 


volg(f)] = (gfa)’(O) = σ' (fa) (0) Fa)’ O) = σ' F(p)) voll. 


7. On the overlap of U; and U;, df; — df; = df: — fi) = 0 


Section 5 


1. If x: ἢ > M is a patch, then F(x): ἢ — N is (by 3.2) a differentiable mapping. 
Hence y~!Fx is differentiable for any patch y in N. 
3. If x and ¥ are patches in M and N, respectively, then yFx = (y~ly) (x"1x) is 
differentiable, being a composition of differentiable functions. 
7. (b) x*(v) = γ3 sin? v cos v du dv 
11. Only (a) is not a diffeomorphism. 
13. (Ὁ) Fx (ax, + bx») = ay, + by. implies linearity. 


Section 6 


7. (a) 2am, (Ὁ) 2xrn 
13. (Ὁ) Show f.@ = [χ ἀφ for a suitable x. 
15. Use simple connectedness to prove the formula given in the hint—see Fig. 4.46. 


Section 7 


1. (a) Connected, not compact, (6) connected and compact, (6) connected, not 
compact. 

3. If y is nonvanishing on N, show that F'*y is nonvanishing on M. 

5. (a) If Z isa nonvanishing normal, then let +U = +Z/ || Z ||. If V is an arbitrary 
unit normal, write V = (V*U)U and use Ex. 4(b). 
(b) The image x(D) of a patch with D connected. 

9. (c) Use Ex. 7 


Section 8 


1. Modify the proof given for the Mobius band in IV.7. 
9. (x X υ)ῦϊ(χ Χ ¥) = (xk) X (yy), a differentiable function. 
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Chapter V 


Section 1 


1. Use Method 1 in text. 
3. (a) 2, (c) 1 


Section 2 


1. (b) If δι, δὲ. = (αι + uz)/+/2, then S(e:) = δι and S(e:) = -- δὲ 


Section 3 


5. 


7. 


(Ὁ) An ellipse on one side and no points on the other; the two branches of a 
hyperbola (asymptotes the two lines in (a)); two parallel lines on one side, and 
ho points on the other. 
(a) If a is a curve in M with initial velocity v at p, then Fsx(v) = F(a)’(0) = 
(α + εὖ)’ (0) = v — eS(v) at F(p). 


Section 4 


5. 
7. 
13. 


15. 


K = —36r?/(1 + 9r*)?; not minimal 

Compute speed from a’ = a;’'x, + a’x, 

p = x(u,v) is umbilic if and only if S(x,) = kx, and S(x») = kx, at (u,v). Dot 
with x, and x,. 

(a) None, since K < 0, (b) origin (a planar point), 


b ss @_ — δῖλ. 
ὦ (+o vase, es κα Σὺ 


Section 5 


3. 


15. 


17. 


A meridian a lies in a plane orthogonal to M along a, hence a” is tangent to this 
plane, and (with constant speed parametrization) orthogonal to a’; thus a” is 
orthogonal to M. 


. S(T) = —U’, hence by orthonormal expansion, U’ = —S(T)e¢T T — S(T)eV V. 


Continue as in the proof of the Frenet formulas. 

On the ruling through ¢(u), the formula for K in Ex. 14 shows that either K is 
identically zero, or K < 0 has minimum value —1 /p(u)? at o(u) and rises sym- 
metrically toward zero as y > +o 

(a) For (w,0,0) + v(0,1,u): the z axis, with p(w) = 1+ w?. (b) Use Ex. 15. For 
fixed u, Καὶ = —(1 + wu? + v?)-? is a minimum when v = 0. 


.(c)x = a + vd is noncylindrical, and we can assume that α is a (unit speed ) 


striction curve. But a’*5 X 6’ = 0 (since Καὶ = 0) and a’ed’ = 0 (striction), hence 
T = a’ and 6 are collinear. 


Section 6 


1, 


K = ᾳ -- α)ᾷᾳϑ + 2 exp (--Ἱῇ) 2 


3. Use the results of V.2. Note that meridians are normal sections. 
5. M has parametrization x(u,v) = (u cos v, u sin v, f(u)). 
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7. With the usual parametrization, an argument like that for V.6.2 reduces to the 
extreme cases: g’ always zero, g’ never zero. In the former, M is part of a plane 
(special case of cone). 

9. (c) If y = f(x) has unit speed parametrization (g,h), where h(u) = ce~“/*, show 
that f (not h!) satisfies the differential equation in V1.6.6. 


Chapter VI 


Section 1 


1. (a) @” = we(T)E. + wi3(7')E3, hence a” is normal to M if and only if w2(7) = 0. 
5. If the cylindrical frame field is restricted to M and the indices 1 and 3 are reversed, 
we obtain the frame field in (1) of VI.1.3. By the computations in I1.7, 


a2 = W13=> 0, 23 = —d3 


Section 2 


3. (a) ¥ = ψίβδι)θι + ψ(Ε2)θ. 
(Ὁ) ¢ = hywe3 — hears 


I 


—h2O, + hide. 


Section 3 


ed 


.IfK = H = 0, then kik, = κι + kp = 0. Thus k; = κε = 0, and S = 0. 

3. Assume k, ¥ ke, and use the Hilbert Lemma (3.6) to get a contradiction. 

5. In the case ky γέ ke, use VI.2.7 to show that, say, ki = 0. By Ex. 2 the k, princi- 
pal curves are straight lines. Show that the ΚΣ principal curves are circles, and that 
the (k,) straight lines are parallel in E?*. 


Section 4 
1. (2) = (δ): if u is an arbitrary tangent vector at p, then u = av + bw, hence 
|| Feu ||? = a? || Pav |? + 2ab Pave Faw + 6? || Pew |? = 
a? || v ||? + 2ab vew + Db? || w |]? = |] u |]? 


3. If ais a curve segment from (—1,0,0) to (1,0,0) with length 2, then by the exercise 
mentioned, a parametrizes a straight line segment—impossible, since a must 
remain in M. 

5. (a) Define F(a(u) + vTa(u)) = B(u) + oT ρί(ω) 

(b) Choose β in ΕΣ with the same curvature function. 
7. (a) Criterion (a) becomes F,(v)*F*(w) = d?(p)vew; criterion (6) becomes 
Fy (ei) F's (e;) = 7 (p) dij. 
11. Write F(x(u,v)) = x(a(u), b(v)) for suitable parametrizations. 
13. For y, show that the conditions E = G and F = 0 are equivalent to g’ = cos g, 
which has solution g(v) = 2 tan”! (60) — (r/2) such that g(0) = 0. Use Ex. 7. 
15. F(x(u,v)) = (f(u) cos v, f(u) sin v), where x is a canonical parametrization and 


f(u) = exp ( fir (dt/h(t)). 
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Section 5 


1 
3. 


. Ifa’ = #, along a, then F(a)’ = Fy(E:) = E, along F(a). Use VL5.3. 


There is no local isometry of the saddle surface M (—1 < Καὶ <0) ontoa catenoid 
with —1 < K « 0, since Καὶ has an isolated minimum point (at 0) while K takes 
on each of its values on entire circles. (Many other examples are possible. ) 


- (Ὁ) Follows from 1.4.5, since for x; we compute E, = cosh? u = G., and F; = 0 


(independent of ¢). 


(d) For M,;: U; = (s,—c,S)/C, so the Euclidean coordinates of U; are independent 
of ἐ. 


Section 6 


1. 


(0) A= YI + μ du, θὰ = u dv, we = dv/V1+ uv, Καὶ = 1/(1 + w?)?. 


3. Oy. = —v, du 
Section 7 
3. (a) A = (27/3){ (1 + c®)3/2 — 1}, (Ὁ) ὦ 


5. 


17. 
19, 


(a) Use a canonical parametrization; then x*(K dM) = (—h”/h)(hdudv) = 
—h” du dv. Recall that h’ = sin ¢. 


(c) for the bugle surface, lim φὰ = —1, lim g = 0. 
a0 b->00 


. Use Ex. 5. At the rims of all these surfaces, ἢ" = sing > +1. For K = 1/c? (V.6.5): 


in Case (2), TC = 4na/c, A = 4πας; in Case (3), TC = 42, A = 4nc?. For K = 
—1/c? (Ex. 9 of V.6): Ma has TC = 2r(a — c)/c, My has TC = —4r. 


. (a) Use Ex. 14 of V.5. 


οο p? 
Ι. Gp? + wan = ὦ 


. Define x(u,v) = F((1 — u) cos v, (1 — u) sin v), on R: 0 <u<1,0< 0 < Qn. 
. With outward normal, H = —1/r, andh = r. 
. Dividing if necessary by the lengths of V and W, we can assume they are unit 


vector fields. Thus V, U X V is a tangent frame field on a. Orthonormal expan- 
sion shows that if f = WeV and g = WeU Χ V, then f? + g? = 1. 

(a) Use || Fav X Faw || = | J | Il v x w|| 

(a) F carries positively oriented pavings of M to positively oriented pavings of N. 
(0) If F:M > Mis an isometry, orient M and M so that F preserves orientation 
(see remark following Ex. 4). Then 


I, nee [ Samy ce I K(F)F*(dM) = If K dM 


Section_8 


1 


. If N is tsometric to a sphere Σ of radius 7, show that Ν is compact and has K = 


1/r?, Thus, by Liebmann’s theorem, N is also a sphere of radius 7, so a translation 
will show that N is congruent to 2. 


. Except for geodesics, all follow immediately from preservation of shape operators. 


Only geodesics and Gaussian curvature need be preserved by arbitrary isometries 
(Ex. 1 of VI.5, and theorema egregium). 
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5. (Ὁ) That given by —U. 

9. Deduce from theorema egregium that a Euclidean symmetry F of M must leave 
the origin fixed, hence F is orthogonal. Consider its effect on the natural frame 
at 0. 


Chapter VII 


Section 1 


1. (0) α = a’ "α΄ )2(α) 1Β speed squared. 

3. (b) - ΓΗ: aad E, be the vector fields on x(D) determined by x./~/E and V/ || V |, 
where V = x, — (F/E)x, (Gram-Schmidt process). 

5. (a) Show that the definition J/(Z,) = E, ,J(H2) = -- Εἰ is independent of the choice 
of positively oriented frame field. (Any two have the same orientation in the sense 
defined just preceding VII.1.4.) 

(Ὁ) For J? = —I, show J(J/(E;)) = —£;. 

7. (a) F4U1 = fuUi + guU 2, FxU2 = [ει + σοῦς (Use Ex. 6). 

(b) The complex derivative of F = f + ig isdF/dz = ἕω + ig, . Thus the magnitude 
| dF /dz | is (f.2 + gu2)!, which may be rewritten in various ways using the Cau- 
chy-Riemann equations. 


Section 2 


1. 0, = du/v, 62 = dv/v 


r2 
3. A = οί! - 1, (Ε, F, G computed as in Example 4.11); A(H) = 


5. E=G=1andF Ξ 0,50 Α = 4π2. We can redefine the geometric structure to make 
E and G any positive numbers. 
7. Show that the parametrization xo in Ex. 5 of V1.5 is an isometry. 


Section 3 
1. Note that E; = vU; restricted toaisr sint U; , thusa’ = —E, + cot (t)E. . Since 
wi2 = du/v evaluated on a’ is —1, we derive from the covariant derivative for- 


mula that α΄ = cot (f)E, — cot? (Ee. 
3. In the proof referred to, note that w1:3(V)E3 = —VyE 3k, E; = S(V)eEik;. 
5. (a) The proof of VII.3.6 shows that the holonomy angle of α is 


b 
- w2(a’) dt = — [ G12 


α 


Use Stokes’ theorem, recalling that dwi2 = —A dM (first structural ee 

7. Y’ = f’E; + fwo(a’)E2, hence F,(Y’) = [Εν + fon(e’)E2. F,Y = = fE,, 
hence Y’ = f’E, + foou(F,0' )E,. Lice V1I.5.3. 

11. W has constant length ἐς on any orientable region, show that the frame field 
Εἰ = W/c, Ες = σ (ιν) has connection form zero, hence curvature zero. 
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Section 4 


11. 


. Using the equations for a’ and a” given in the text, we have J(a’) = J(vT’) = oN 


. Since α΄ = 0, a(h)” = a'(h)h” 
. Apply Ex. 6 of Section 3. 
. All Euclidean circles through the north pole, since these correspond under stere- 


ographic projection to straight lines in the plane. 
hence a” *J(a’) = κρυϑ. 
VG — οὗ 


(a) For wm <u <m—.« a’ = /EG 


>A.>0. 


(b) If the meeting takes place, then a’ and 8’ are collinear, hence by VII.4.2, a 
and β are equal (but for parametrization)—an impossibility. 


. (a) for the usual parametrization of a surface of revolution, G = h? (h distance 


to the axis of revolution), and the u-parameter curves are the meridians, hence 
the slant c ish sin φ. 


(b) Follows from Exs. 11 and 12, since such a parallel is a barrier curve. 


15. Meridians obviously approach the rim (in one direction). Use Ex. 13 to show 
that any other geodesic meets one barrier curve and approaches the rim in both 
directions. 

17. | sin go | < 1/cosh wo . 

19. (a) Use VI.2.4, (b) κι = 0, κα = h'/h. 

Section 5 

1. p(0, p) = tanh™!(|| p |//2), Euclidean norm. 

3. The geodesics are helices, and y(u, v) = Yue,+ve,(1) = (r cos u/r, r sin u/r, v). 
The largest normal neighborhood is 7,;; y is regular for any e, but the one-to- 
one condition fails for ε > ar. 

5. (a) If q is the ηε, then by 5.5, p(p, q) < «. If q is not in y, a curve from p to 4 
meets Cs for every ὃ < ε. 

(b) If p ¥ q, it follows from the Hausdorff axiom that there is a normal neighbor- 
hood of p which does not contain q, hence p(p, q) > 0. 

7. The length L of « from 0 to r + ¢ is the same as that of the broken curve: 6B from 
Oto τσ; thena from rtor + «. Hence L > p(a(0), a(r + €)) by the remark preced- 
ing 5.8. 

9. D: u? + v? < 1 with Euclidean geometric structure. 

11. (a) There is only one geodesic segment (a meridian) from p to any other point. 

Section 6 

5. (a) xu(0, v) = X(v), and since x(0, v) = γχω (0) = B(v), we have x,(0, v) = B’(v). 

Thus ΕΟ — F? is nonzero when u = 0, and by continuity for | u | small. 
(b) (11) β ἃ base curve, X = ὃ. 
7. (a) The v-parameter curves are meridians of longitude. 


(b) Since K = 0, the Jacobi equation becomes (ν 6)... = 0, hence /G is linear 
in u, and it follows that G(u, v) = 1 — x,(v)u. 
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Section 7 


1. 


11. 


If N is geodesically complete, fix a point p of M; then there is ἃ geodesic segment 
yy from F(p) to an arbitrary point q of Λ΄. But for v such that Fy(v) = w, we 
have F(y.) = yw, hence q is in F(M). 


. If p ¥ q in M, then any geodesic segment o from p to q has nonzero speed. Hence 


F(a) is a nonconstant geodesic from F(p) to F(q), and it follows that F(p) # 
F(q), even if “‘two”’ is interpreted as “‘two distinct”’ in the uniqueness property 
of N. 


. Variant of VII.7.3. 
. To show that a surface M is not frame homogeneous, it suffices (by the argument 


given in the text for the cylinder) to show that M has some geodesics which are 
one-to-one and some which are not. Note that x in VII.2.5 is a local isometry. 


. If L is the arc length of the ellipse, show that F(x(u, v)) = x(u + (L/4), v) is 


an isometry of M which does not preserve Euclidean distance. 

By Ex. 8 (Ὁ), F is the restriction to 2 of a linear (orthogonal) transformation, 
hence F(—p) = —F(p). Thus we can define F{p, —p} = {F(p), F(—p)}, and 
deduce the frame-homogeneity of = from that of Σ. 


, The function is a homomorphism, so it suffices to prove it is one-to-one. But in 


the proof of VI.8.3, if M is not planar (soS σέ 0), then F is unique. 


Section 8 


1 


3. 


11. 
13. 


. In (a) and (6) the surface is diffeomorphic to a sphere, so TC = 4x. In (b) there 


are four handles, so TC = —12r. 

(a) Forh = 1: if Καὶ were never zero, then by an earlier exercise, either K > 0 or 
Κ < 0; both are impossible, since by VII.8.9, ffa Καὶ dM = 0. 

(0) By V1.3.5, K is somewhere positive. But M has at least one handle, so 


[[ xam το; 
M 


hence K is somewhere negative. 


. ffx K dM = — foxx ds = πάν ἃ 
. (a) If χι, τ") x, is a positively oriented decomposition, then by Stokes theorem 


(IV.6.5) we have fe ἀφ = = {{π| ἀφ = Σ Jax; φ. But for edges not in 86), IV.6.6 pro- 
duces cancellation by pairs. 

(c) If x; and y; are two positively oriented decompositions, then by the remark 
following VI.7.5, we have 


Σ Γ ΦΈΣΙ ΓΦῸΣΤΓΦῸΣ ὃ 


Ox; 


. (a) => (b): Any geometric structure on M (such exist) can be modified so that the 


nonvanishing vector field FE: has unit length; then Κι, J (#1) is a frame field. 
Its connection form is defined on the entire surface, so 27x(M) = ffu KdM = 
—Jffu dw. = 0. 

Consequence of Ex. 8. 

By the uniqueness of geodesics, interior angles of a geodesic polygon cannot be 
+r (that is, there are no cusps), so —7 < ε < 7. Use Ex. 11. 

(b) all n # 1 (for n = 0, a great circle). 
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Acceleration, 54, 68 
of a curve in a surface, 196, 324(47z. 3) 
intrinsic, 320 
Adapted frame field, 246-251 
Algebraic area, 289-290, 386(Ez. 6) 
All-umbilic surface, 257-259 
Alternation rule, 27, 47, 153 
Angle, 44 
coordinate, 210 
exterior, 374 
interior, 374 
oriented, 291 
Angle function, 50(Ez. 12), 295(z. 15) 
Antipodal mapping, 165(E7z. 5) 
Antipodal points, 182 
Are length, 51-52, 220(Ez. 7) 
function, 51 
Area, 280-286 
Area form, 283-284, 292, 309(Ez. 4) 
Area-preserving mapping, 295(Ez. 16) 
Associated frame field, 276-277 
Asymptotic curves, 226-227, 230 
Asymptotic directions, 225-227 
Attitude matrix, 46, 88 


B 


Basis formulas, 251 
Bending, 268, 275(Ez. 5) 
Binormal, 57, 66, 69 
Boundary 
of a region, 386 
of a 2-segment, 170 
Bracket operation, 81(Exz. 7), 195(Ez. 9) 
Bugle surface, 241-242, 244(Ex. 9), 282- 
283, 291 


Cc 


Canonical isomorphism, 7-8, 44, 59 
Canonical parametrization, 238 
Cartan, E., 42, 92, 96, 308 
Cartesian plane, 306 


Cartesian product, 187(Ez. 9) 
Catenoid, 236 
Gaussian curvature, 236, 239 
total, 287-288 
Gauss mapping, 296(Ez. 20) 
local isometry onto, 267-268 
as minimal surface, 286-258 
principal curvatures, 236 
Center of curvature, 64(Ez. 6) 
Circle, 59, 62 
Clairut parametrization, 330-339 
Closed surface in E, 181 (Ez. 10), 263n 
Codazzi equations, 249, 255 
Compact surface, 176-177, 259-260 
Complete surface, see Geodesically com- 
plete surface 
Composite function, 1 
Cone, 140(Ez. 5), 231 (Ex. 11) 
Conformal geometric structure, 305-306, 
308 (Ex. 1), 312-313 
Conformal mapping, 268-271, 310 
Conformal patch, 270( Ex. 7), 279(£z. 2) 
Congruence of curves, 116-123 
determined by curvature and torsion, 
117 
Congruence of surfaces, 189, 297-303 
Conjugate point, 353-359 
Connected surface, 176 
Connection equations 
on Euclidean space, 86, 248 
on a surface, 248, 318 
Connection forms 
on Euclidean space, 85-90 
on a surface, 248, 272, 277, 306 
Conoid, 233(E£z. 20) 
Consistent formula for a mapping, 165 
(Ex. 10) 
Coordinate angle, 210, 220(Ez. 8) 
Coordinate expression, 143, 165(Ez. 6) 
Coordinate patch, see Patch 
Coordinate system, 158(Ez. 9), 276-277 
Covariant derivative 
Euclidean, 77-80, 116(£z. 5), 189-190, 
321 


405 


406 


intrinsic, 318-326 
on a patch, 212, 324-326 
Covariant derivative formula, 91(Ez. 5), 
189-190, 321 
Cross product, 47-49, 107, 110 
Cross-sectional curve, 138 
Curvature, see also Gaussian curvature 
of a curve in E?, 65(Ez. 8), 122-123 
of a curve in Ε5, 57, 66, 69 
Curve, 15 
closed, 169 
coordinate expression for, 144 
one-one, 20 
periodic, 20 
plane, 61 
regular, 20 
simple closed, 151n 
in a surface, 144-145 
unparametrized, 20-21 
Curve segment, 56(Ez. 10), 167 
Cylinder, 129, 2381 (Εσ. 11) 
geodesics, 275(Ex. 2), 352(Ex. 8) 
parametrization, 137, 141(Ez. 6) 
Cylindrical frame field, 82-83 
connection forms, 89-90 
dual 1-forms, 96(E£7x. 4) 
Cylindrical helix, 72-75 


D 


Darboux, 81 
Degree 
of a form, 27, 152 
of a mapping, 386(Ez. 6) 
Derivative of Euclidean vector field, 113 
Derivative map, 35-40 
of an isometry, 104 
of a mapping of surfaces, 160-161, 166 
of a patch, 149(Erz. 4) 
Diffeomorphism, 38, 40(Ezx. 11), 161 
Differentiability, 4, 10, 33, 143, 145-146 
Differential, 23-26 
Differential form 
closed or exact, 157(Ez. 2), 173-175 | 
on E2, 156 
on E?, 22-31 
on a surface, 152-157 
pullback, 163 
Direction, 196 
Directional derivative, 11-15, 149 
computation of, 12, 25 
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Director curve, 140 

Distribution parameter, 232(Ex. 14) 

Domain, 1 

Dot product, 42-44, 46, 82, 210 
preserved by isometries, 105 

Dual 1-forms, 91-92, 248, 306 

Dupin curves, 208(Ex. 5) 


E 


E, F, G, 140(Ex. 2), 210, 317(Ez. 8) 
Edge (curve), 170, 373, 377 
Ellipsoid, 142(H#z. 10) 
Euclidean symmetries, 303(Ez. 10) 
Gaussian curvature, 217-219, 222(Ex. 
19) 
isometry group, 365 
umbilies, 223(Ex. 23) 
Elliptic hyperboloid, 142(Ez. 10), 221-222 
Elliptic paraboloid, 142(Ex. 11), 220(Ex. 
6) 
Enneper’s surface, 221(Ez. 12) 
Euclid, 335-336 
Euclidean coordinate functions, 9, 15, 24, 
33, 53 
Euclidean distance, 43, 49(Ex. 2) 
Euclidean geometry, 112, 304-305, 308 
Euclidean plane, 5, 305, 335-336 
local isometries, 363-364 
Euclidean space, 3, 5 
Euclidean symmetry, 302-303, 365 
Euclidean vector field, 147 
Euler-Poincaré characteristic, 378-380 
Euler’s formula, 201 
Evolute, 75(Ez. 15) 
Exterior angle, 374 
Exterior derivative, 28-31, 31-32, 154-155 


F 


Faces, 377 
Flat surface, 207, 231(Ex. 11), 263(Ex. 2) 
Flat torus, 316, 317(Ez. 5), 370(Ez. 7) 
imbedding in ἘΠ, 369 
Focal point, 362 
Form, see Differential form 
Frame, 44 
Frame field 
adapted, 246 
on a curve, 120 
on E?, 82 
natural, 9 
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principal, 254 

on surface, 251, 306 

transferred, 272-273 
Frame-homogeneous surface, 366 
Frenet, 81 
Frenet apparatus, 63(#z. 1), 71 
Frenet approximation, 60-61, 65(Ez. 9) 
Frenet formulas, 58, 67 
Frenet frame field, 57 
Function, 1-2 

one-to-one, 2 

onto, 2 


G 


Gauss, 245, 274, 308 
Gauss-Bonnet formula, 375-377, 383-385, 
388 (Ex. 11) 


Gauss-Bonnet theorem, 380-383, 387 (Ez. 


8) 
Gauss equation, 249 
Gaussian curvature, 203-207, 310-312, see 
also individual surfaces 
differentiability, 206 
formulas 
explicit, 206, 212, 217, 253, 278 
implicit, 205, 252 
Gauss mapping and, 289 
geodesic curvature and, 339(#z. 19) 
geodesics and, 355-358 
holonomy and, 325(Ez. 5) 
interval, 275(Ex. 3) 
isometric invariance, 273-275 
in Jacobi equation, 355 
polar circles and, 359-360 
polar dises and, 361(£z. 2) 
principal curvatures and, 203 
shape operator and, 203 
sign, 204-205 
Gauss mapping, 194-195, 289-291 
Geodesically complete surface, 
328-329 
shortest geodesic segments in, 348 
Geodesic curvature, 230(Ez. 7), 329-330, 
337 (Ex. 9) 
total, 372-373 
Geodesic polar mapping, 340-341 
Geodesic polar parametrization, 341-344 
Geodesics, 228-232, 326-363, see also in- 
dividual surfaces 
closed, 232(Ex. 13) 
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coordinate formulas, 327, 333 
existence and uniqueness, 328 
frame fields and, 250(Ez. 1) 
length-minimizing properties, 339-359 
preserved by (local) isometries, 275 
(Hz. 1), 326, 362-363 
spreading of, 353-354 
on surfaces of nonpositive curvature, 
358, 388(Ez. 13) 
Geographical patch, 134-135 
Geometric surface, 305, 308 
Gradient, 32( Ez. 8), 50(£z. 11) 
as normal vector field, 148, 216 
Group, 103 
Euclidean, 103 
Euclidean symmetry, 302(Ex. 7) 
isometry, 365 
orthogonal, 104 


H 


Halmos symbol, 9 
Handle, 379, 382 
Hausdorff axiom, 186(Ez. 5), 345n 
Helicoid, 141(Ez. 7) 
Gauss mapping, 296(Ex. 20) 
local isometries, 267, 275-276 
patch computations for, 213-214 
as ruled minimal surface, 227, 233(Ez. 
22) 
Helix, 15-16, 58-59, 119 
Hilbert’s lemma, 261 
Hilbert’s theorem, 263 
Holonomy, 323-325 
angle, 323 
Gaussian curvature and, 325(Ez. 5) 
Homogeneous surface, 366-368, 370 
Homotopic to constant, 175 
Hopf, 386, 389 
Hyperbolic paraboloid, 143(Ez. 12), 220 
(Ex. 6) 
Hyperbolic plane, 315-316 
geodesic completeness, 351 (Ez. 1) 
geodesics, 334-336 
isometries, 371 (Ez. 14) 
local isometries, 364 
of pseudo-radius r, 317(Ez. 4) 


I 


Identity mapping, 99 
Image, 1 
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Image curve, 33 

Immersed surface, 187(Ez. 10), 219, 368 
Improper integral, 285-286 

Induced inner product, 308, 313 

Initial velocity, 21(Ez. 6) 

Inner product, 304, 316-317 

Integral curve, 186—187 

Integral of function, 286, 292( 2. 4) 
Integration of differential forms, 167- 


176, 283-297 

1-forms over 1-segments, 167-169, 172- 
173 

l-forms over oriented regions, 285, 
292 (x. 4) 

2-forms over 2-segments, 169-172, 


174(Ex. 8), 297(Ex. 21) 
Interior angle, 374 
Intrinsic distance, 264-265, 269(Ezx. 3), 
351 
Intrinsic geometry, 271, 304 
Inverse function, 2 
Inverse function theorem, 39, 161-162 
Isometric imbedding, 367-369 
Isometric immersion, 367-369 
Isometric invariant, 271, 304 
Isometric surfaces, 265 
Isometry of Euclidean space, 98-111 
decomposition theorem, 101 
derivative map, 104 
determined by frames, 105 
Isometry group, 365 
Isometry of surfaces, 263-266, 270-275, 
306 
Euclidean isometries and, 297-299 
isometric immersions and, 367 
Isothermal coordinates, 279(Ez. 2) 


J 


J (rotation operator), 309(Ez. 5) 
Jacobian, 288, 294(Ex. 8), 296(Ex. 17) 
Jacobian matrix, 37 

Jacobi equation, 355-357, 361 (Ex. 6) 


K 
Kronecker delta, 23, 45 


L 


£, κι, αἱ, 211-213 
Lagrange identity, 209(Ez. 6) 
Law of cosines, 370(E£x. 10) 


INDEX 


Leibnizian property, 13 
Length 
of a curve segment, see Arc length 
of a vector, 44 
Levi Civita, 322 
Liebmann’s theorem, 262 
Line of curvature, see Principal curve 
Liouville parametrization, 339(Er. 18) 
Local isometry, 265-270, 362-365 
of constant curvature surfaces, 364 
criteria for, 266, 269(Ex. 1), 270(Ex. 10) 
determined by frames, 363 
Local minimization of are length, 352-358 


M 


Manifold, 184-187 
Mapping 
of Euclidean spaces, 32-41 
of surfaces, 158-166 
Mean curvature, 203, 205-208, 212, 217, 
252 
Mercator projection, 271(Ez. 13) 
Metric tensor, 305 
Minimal surface, 207, 275(Ezx. 5) 
examples, 238 
flat, 263(Ex. 1) 
Gauss mapping, 294( 2. 6), 296(Ezx. 20) 
of revolution, 236-238 
ruled, 233(Ez. 22) 
Minimization of are length, 340 
Mobius band, 178, 180(Ez. 7) 
Monge patch, 127, 219 
Monkey saddle, 132(Ez. 6), 205, 231(Ex. 
9) 
Gaussian curvature, 220(Ez. 5) 


N 


Natural coordinate functions, 4 

Natural frame field, 9 

Neighborhood, 43, 125 
normal, 341 

Norm, 43 

Normal curvature, 195-202, 221(Ez. 14) 
sign of, 198 

Normal section, 197 

Normal vector field, 147 

n-polygon, 388-389 


O 


1-segment, 167 
One-to-one, 2 
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Onto, 2 
Open interval, 15 
Open set, 5, 48, 151-152 
Orientable surface, 177-178, 185(Ε 2. 1) 
Orientation 
determined by a patch, 374 
of a frame, 107 
of a patch, 285 
of a paving, 285 
of a surface, 195, 284 
of tangent frame fields, 291 
Orientation-preserving (-reversing) isom- 
etry, 109, 296 
Orientation-preserving (-reversing) re- 
parametrization, 52 
Oriented angle, 291 
Orthogonal coordinates, 270-280 
Gaussian curvature formula, 278 
Orthogonal matrix, 46 
Orthogonal transformation, 100 
Orthogonal vectors, 44 
Orthonormal expansion, 45-46, 83 
Orthonormal frame, see Frame 
Osculating circle, 64(Ex. 6) 
Osculating plane, 61 


Ρ 


Parallel curves, 116 
Parallel postulate, 336 
Parallel surfaces, 209-210 
Parallel translation, 323 
Parallel vector field, 54-55, 322 
Parallel vectors, 6 
Parameter curves, 133 
Parametrization of a curve, 21 
Parametrization in a surface, 135 
criteria for regularity, 136, 140( Ez. 2) 
decomposable into patches, 165(Ez. 9) 
Partial velocities, 134, 136, 146 
Patch, 124-137 
abstract, 182, 184 
geometric computations, 210-216 
Monge, 127 
orthogonal, 220(Ex. 9), 276-280 
principal, 220(Ex. 9), 280( Ex. 4) 
proper, 124, 152(Ex. 14) 
Patchlike 2-segment, 281 
Paving, 283, 377 
Planar point, 205 
Plane in E°, 60, 131 (Ex. 2), 228, 256 
identified with E2, 126 


409 


Poincaré half-plane, 309(#7z. 2) 
Gaussian curvature, 317(Ez. 1) 
geodesics, 337 (Ex. 6) 
isometric to hyperbolic plane, 371 (Ez. 

15) 
polar circles, 351(Ez. 2) 

Point of application, 6 

Pointwise principle, 8 

Polar circle, 346, 359-360 

Polar disc, 361 (Ez. 2) 

Polygonal region, 386 

Pre-geodesic, 330 

Principal curvatures, 199-207 
as characteristic values, 200 
formula for, 206 

Principal curve, 223-225, 230-232, 263 

(Ex. 4) 

Principal direction, 199 

Principal frame field, 254 

Principal normal, 57, 66, 69 

Principal vectors, 199, 220(Ez. 10), 223 

(Ex. 22) 
as characteristic vectors, 200 

Projective plane, 182-183 
geodesics, 337 (Ez. 8) 
geometric structure, 317(Ez. 6) 
homogeneity, 371(E#z. 11) 
natural mapping (projection), 183 
topological properties, 186 (Επ. 2) 

Pseudosphere, see Bugle surface 

Pullback, 163 


Q 


Quadratic approximation, 202-204 
Quadrie surface, 142, 294(Ez. 10) 


R 


Rectangular decomposition, 377 

Reflection, 109 

Regular curve, 20 

Regular mapping, 38, 161 

Reparametrization, 18 
monotone, 56(£z. 10) 
orientation-preserving (-reversing), 52 
unit-speed, 51 

Riemann, 304, 336 

Riemannian geometry, 308, 389-390 

Riemannian manifold, 308 

Rigid motion, see Isometry of Euclidean 

space 
Rigidity, 301 (Ez. 1) 


410 


Rotation, 111(Fx. 4) 
Ruled surface, 140-143, 227, 231-233 
noncylindrical, 232(Ex. 14) 
total Gaussian curvature, 294(Ez. 9) 
Ruling, 140 


S 


Saddle surface, 192 
doubly ruled, 227 
Kuclidean symmetries, 303(Ez. 9) 
patch computations, 214-216 
principal vectors, 221(Ex. 11) 
Scalar multiplication, 3, 8-9 
Scale factor, 268 
Scherk’s surface, 222(Ez. 21) 
patch in, 303(Ez. 11) 
Gauss mapping, 296(Ez. 20) 
Schwarz inequality, 44 
Serret, 81 
Shape operator, 190-194 
characteristic polynomial, 208(Ez. 4) 
covariant derivatives and, 324(Ez. 3) 
as derivative of Gauss mapping, 289 
frame fields, in terms of, 248 
Gaussian and mean curvature, and, 203 
of an immersed surface, 368 
normal curvature and, 196 
preserved by Euclidean isometries, 
297-298 
principal curvatures and vectors, and, 
200 
proof of symmetry, 212-218, 251 (Ez. 6) 
Shortest curve segment, 340 
Sign of an isometry, 108 
Simple region, 294-295 
Simply connected surface, 176, 363 
Slant of a geodesic, 331, 338 
Smooth overlap, 145, 182 
Speed, 51 
Sphere, 128 
conjugate points, 354, 357-358 
Euclidean symmetries, 302(Ex. 8) 
frame-homogeneity, 370(Ez. 6) 
Gaussian curvature, 207, 219(Ez. 1), 
253, 360, 361(Ex. 2) 
geodesics, 228-229, 346-347 
geographical patch, 134-135, 277-278 
geometric characterizations, 258, 259, 
262 
geometric structures, 383 
with handles, 379 
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holonomy, 323-324, 337(Ezx. 4) 
local isometries, 363-365 
rigidity, 301 (Ez. 1) 
shape operator, 191-192 
topological properties, 176-178, 378 
Spherical curve, 63, 65(Ex. 10) 
Spherical frame field, 88 
adapted to sphere, 248-249, 277-278 
dual and connection forms, 94-95 
Spherical image 
of a curve, 71, 75(Ezx. 11) 
of a surface, see Gauss mapping 
Standard geometric surface, 363-366 
Stereographic plane, 314 
Stereographic projection, 160, 162 
as conformal mapping, 271(Ez. 14) 
Stereographic sphere, 314, 337 (Ex. 5) 
Stokes’ theorem, 170-172, 387(Ez. 7) 
Straight line, 15, 18, 55, 229(Fz. 1) 
length-minimizing properties, 56(Ex. 
1) 
Striction curve, 232(Ez. 14) 
Structural equations 
on E?, 92-95 
on a surface, 249, 252, 292, 311-312 
Subset, 1 
Support function, 218, 222, 256 
Surface 
abstract, 182-184 
in E3, 125, 306, 367 
implicit definition, 127-128 
geometric, 305 
immersed, 368 
Surface of revolution, 129-130, 234-244 
area, 292(Ezx. 2) 
augmented, 133(Ez. 12) 
of constant curvature, 239-241, 244 
(Ex. 9), 294( Ex. 7) 
diffeomorphism types, 187(Ezx. 8) 
Gaussian curvature, 235, 238, 242, 
243 (Ez. 5) 
geodesics, 338(Ez. 13) 
local characterization, 270(Ex. 12) 
meridians and parallels, 130 
natural frame field, 279 
parametrization 
canonical, 238 
special, 143(Ez. 13) 
usual, 138-139 
principal curvatures, 235 
principal curves, 225, 235 
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topological properties, 182(Hzx. 14) 
total curvature, 293(Ezx. 5) 


Symmetry equation, 249 


T 


Tangent bundle, 185 

Tangent line, 22(Ex. 9) 
Tangent plane, 146, 150(Ez. 9) 
Tangent space, 7 

Tangent surface, 231(Ez. 11) 


isometries of, 270(Ex. 5), 301(Ex. 2) 


Tangent vector 


to E$, 6, 14 
to a surface, 146, 183-184 


Theorema egregium, 273-275 
Topological properties, 176-182, 380n 
Toroidal frame field, 84(Ez. 4), 95(Ezx. 2), 


290-251 


Torsion, 58, 66 


formula, 69 
sign, 114-115 


Torus of revolution, 139 


Euler-Poincaré characteristic, 379, 387 
(Ex. 9) 
Gaussian curvature, 204-205, 235-236 


Gauss mapping, 194(} 1. 5), 290-291 


patch computations, 235-236 
total Gaussian curvature, 287, 291 
usual parametrization, 139 


Total curvature of a curve, 76(Ez. 16) 
Total Gaussian curvature, 286-291, 380- 


385 
Euler-Poincaré characteristic, and, 380 
Gauss mapping, and, 290 
holonomy and, 325(Ez. 5) 
of a patch, 325(Ex. 5) 


Total geodesic curvature, 372-375, 386 


(Ex. 4), 389(Ex. 15) 
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Transferred frame field, 272-273 
Translation, 98-100, 109 
Triangle, 383-385 

Triangle inequality, 347 

Triple scalar product, 48-49, 108 
Tube, 221(Ez. 16) 

2-segment, 169 


U 


Umbilie point, 200, 221(Ex. 13), see also 


All-umbilie surface 


Unit normal function, 211, 368 

Unit normal vector field, 180(Ez. 5), 190 
Unit points, 34 

Unit speed curve, 51 

Unit sphere, 125 

Unit tangent, 56, 66, 69 

Unit vector, 44 


ν 


Vector, see Tangent vector 
Vector analysis, 31(Ez. 8) 
Vector field 


on an abstract surface, 183 

on a curve, 52-54, 320 

on Euclidean space, 8 

on a surface in Ε5, 147-149, 151 (Ez. 12) 
normal, 147, 149 
tangent, 147, 149 


Vector part, 6 
Velocity, 17-18, 183-184 
Vertices, 373-374 


W 


Wedge product, 27~28, 153 
Winding number, 174(Ez. &) 
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A BRIEF HISTORY OF DIFFERENTIAL GEOMETRY 


‘This is a very brief history of those aspects of differential geometry that are dealt 
with in this course. It is here to give some historical perspective in a course which 
developes the modern approach to old questions. Differential geometry is a vast 
subject and most of the great mathematicians of the last three centuries have made 
some contribution to it. 


Some of the basic problems of differential geometry were already being studied 
before the introduction of the calculus. For instance, in connection with his study 
of light, Huygens (1629-95) studied the curvature of certain plane curves. However, 
the calculus enabled Newton (1647-1727) to make a more detailed study of such 
curves and Euler (1707-83) was able to study curves on more general surfaces. The 
study of surfaces themselves was opened up by the use of patches introduced in a 
restricted way by Monge (1746-1818) and used by Gauss (1777-1855) to describe 
the curvature of a surface in an intrinsic way. This enabled one to answer such 
questions as whether it was possible to make a plane map of the globe that retained 
all the local properties of its geometry. 


It was Riemann (1826-66) who saw how the theory of surfaces could be generalized. 
The study of Riemann surfaces showed finally that Euclidean geometry was not the 
only possibility. There is now a vast literature on such geometries. 


Meanwhile, the theory of curves took a great step forward with the discovery, by 
Frenet (1816-1900) and Serret (1819-85), of formulas describing the curvature and 
torsion of curves. Their “‘method of moving frames’ was adapted by Darboux 
(1842-1907) to describe surfaces. This method was brought to full generality by 
Cartan (1869-1951), who brought back geometric insight into the profusion of 
equations thrown up by Riemann and his followers. 


A readable introduction to some of the geometric ideas dealt with in this course can 
be found in: 


D. Hilbert and S. Cohn-Vossent: Geometry and the Imagination (Chelsea, 1952). 


This section on differential geometry contains pictures of several of the surfaces we 
shall be studying. 
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BIBLIOGRAPHY AND CONVENTIONS 
Bibliography 


The set book for this course is Barrett O’Neill: Elementary Differential Geometry 
(Academic Press, 1966). It is essential to have this book: the course is based on it 
and will not make sense without it. 


The set books for M201, M231 and MST 282 are referred to occasionally; they are 
useful but not essential. They are: 


D.L. Kreider, R.G. Kuller, D.R. Ostberg and F.W. Perkins: An Introduction to 
Linear Analysis (Addison-Wesley, 1966). 


E.D. Nering: Linear Algebra and Matrix Theory (John Wiley, 1970). 
M. Spivak: Calculus, paperback edition (W.A. Benjamin/Addision-Wesley, 1973). 
R.C. Smith and P. Smith: Mechanics, SI Edition (John Wiley, 1972). 


Conventions 


Unreferenced pages and sections denote the set book. Otherwise 
O’Neill denotes the set book; 
Text denotes the correspondence text; 


KKOP denotes An Introduction to Linear Analysis by D.L. Kreider, 
R.G. Kuller, D.R. Ostberg and F.W. Perkins; 


Nering denotes Linear Algebra and Matrix Theory by E.D. Nering; 
Spivak denotes Calculus by M. Spivak; 
Smith denotes Mechanics by R.C. Smith and P. Smith. 


Reference to Open University Courses in Mathematics take the form: 

Unit M100 22, Linear Algebra I 

Unit MST 281 10, Taylor Approximation 

Unit M201 16, Euclidean Spaces I: Inner Products 

Unit M231 2, Functions and Graphs 

Unit MST 282 1, Some Basic Tools. 
References to Definitions, Theorems, Lemmas etc. in the set book, O’Neill, are given 
as in the following example: 

Lemma V.4.2 stands for Lemma 4.2 of Chapter V. 


Sometimes if O’Neill is referring to something in the same chapter he omits the 
roman numeral for the Chapter. 
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PREREQUISITES 


The courses that are prerequisites for this course are M201 Linear Mathematics, 
M231 Analysis, and MST 282 Mechanics and Applied Calculus. 


However, this course has been written with very few explicit references to any of 
these courses. In this section we list those units and sections of the prerequisite 
courses that we have built on, and this is followed by a brief description of their 
content. This should enable you to work out whether you are familiar with those 
ideas and results that we shall be assuming. The bracketed sections below are marked 
as optional to M231 and so you may not have read them yet. If you want to, do so 
now, noting only the ideas and results. The details of the definitions and proofs will 
not be needed and our notation will not be similar. 


Prerequisite Sections 


M201 = Linear Mathematics 


Unit 1 Vector Spaces 

Unit 2. _—_— Linear Transformations 

Unit 3 Hermite Normal Form, Section 3.3 

Unit 5 Determinants and Eigenvalues 

Unit 10 Jordan Normal Form, Section 10.2.1 

Unit 12 Linear Functionals and Duality, Section 12.1 

Unit 14 Bilinear and Quadratic Forms, Sections 14.1 and 14.2.3 

Unit 15 Affine Geometry and Convex Cones, Sections 15.1.1 and 15.1.2 
Unit 16 Euclidean Spaces I, Inner Proudcts 

Unit 23. The Wave Equation, Section 23.1.1 


Unit 24 Orthogonal and Symmetric Transformations, Sections 24.1, 24.3.1 and 
24.3.2 


M231 Analysts 


Unit 2.‘ Functions and Graphs (plus Section 2.7) 
Unit 5 Differentiation (plus Section 5.9) 
(Unit 7 Applications of the Derivative, Section 7.8) 


Unit 10 Some Important Functions 


MST 282 Mechanics and Applied Calculus 


Unit 1 Some Basic Tools, Sections 1.1. to 1.3 
Unit 2 Kinematics, Sections 2.1.1 and 2.2 
Unit 7 = Work and Energy I, Section 7.1.2 
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Detailed Prerequisites 


M201 _ Linear Mathematics 


This is the major prerequisite for our course. Though we do not often quote results 
from it, we freely use all the basic ideas and conventions that it introduced. 


Unit 1 Vector Spaces This unit introduces the vector space of arrows, R* and 
Εὖ, which are the basis for our course. You should also know about linear 
dependence, bases and coordinates, though we shall deal only with concrete 
examples in Εὖ. Ideas such as dimension and subspaces are implicit in our course but 
you will not need any explicit results. In fact, the ideas of this unit are basic to all 
linear mathematics. 


Unit 2 Linear Transformations This unit again introduces ideas basic to our 
course. You will need to know about linear transformations, the convention for 
representing them by matrices, isomorphisms and rank, though we shall be in- 
terested in 2- and 3-dimensional examples only. This is another unit with which to 
be entirely familiar. 


Unit 3 Hermite Normal Form We do not use the technique of Hermite normal 
forms in our course. However, we do talk about the rank of 2 X 2 and 3X 3 
matrices, which can be read off the Hermite normal form obtained by the elemen- 
tary operations in Section 3.3. 


Unit 5 Determinants and Eigenvalues Determinants, eigenvalues and eigen- 
vectors play a small but important part in our course. The cross product of two 
vectors will be defined in terms of 3 X 3 determinants and you should be familiar 
with the formula for expanding such a determinant dealt with in KKOP, pages 
682-687, where the effect of column operations is also described. In Section 5.1.5 it 
is Shown that row operations behave similarly and it is these that we shall use. You 
will need to know only what eigenvectors and eigenvalues are and not in general how 
to calculate them. We shall be using eigenvector bases as in Section 5.2.4. 


Unit 10 Jordan Normal Form In Section 10.2.1 it is shown that a linear trans- 
formation is represented by a diagonal matrix with respect to an eigenvector basis. 


Unit 12 Linear Functionals and Duality It will be useful to know the definition 
of linear functionals, the dual space and a dual basis. However, do not worry about 
any technical results. Since we shall be dealing with Εὖ and Εὖ, in which there is a 
simple inner (scalar, dot) product, we shall be able to describe dual bases etc. in a 
concrete way. 


Unit 14 Bilinear and Quadratic Forms Again you will find it useful to have met 
bilinear forms and symmetric bilinear forms. It will give you some more insight into 
the course, although the only explicit result we shall use is the quadratic Taylor 
approximation. 


Unit 15 Affine Geometry and Convex Cones Though this unit is not in the spirit 
of our course, Sections 15.1.1 and 15.1.2 give various ways of describing affine lines 
and planes which may prove useful to you. 
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Unit 16 Euclidean Spaces I: Inner Products Sections 16.1 to 16.3 are very 
important to our course. They introduce the mner (scalar, dot) product of vectors, 
which we use extensively. You will need to be able to use it to define length, 
distance, angle and orthonormal bases. We shall frequently use orthonormal bases, 
orthonormal expansions and the simple form of the inner product in terms of the 
coordinates with respect to such a basis, all of which are dealt with in Section 
16.4.3. Our course goes over all the details again. 


Unit 23 The Wave Equation All you need from this unit is the definition of 
partial differention in Section 23.1.1, though even this will be redefined. 


Unit 24 Orthogonal and Symmeiric Transformations This unit contains many 
results that are needed in this course. Orthogonal transformations are linear space 
‘morphisms’ and the orthogonal matrices representing them are characterized in 
several important ways, including the result that their inverse is equal to their 
transpose. We shall also use the result that symmetric transformations can be repre- 
sented by diagonal matrices with respect to suitable eigenvector bases. 


M231 Analysis 


Unit 2 Functions and Graphs This unit covers all the basic ideas associated with 
graphs and functions of one variable with which you need to be familiar. 


The appendix, Section 2.7, is very straightforward and you ought to have a look at 
it. It introduces ideas that will be developed in this course. 


Unit 5 Differentiation This unit introduces the basic definitions of differeniza- 
tion and curves. These are ideas which will be developed further in this course. 
However, our approach will be less theoretical. We shall be interested in using 
techniques rather than worrying about such problems as differentiability. 


We shall also be using partial and directional derivatives extensively. These are intro- 
duced in an appendix, Section 5.9. If you have looked at this before you might like 
to look at it again, otherwise don’t worry. 


Unit 7 Applications of the Derivative The only relevant part of this unit is the 
appendix, Section 7.8, on implicit functions. This is straightforward and will help 
you with Chapter IV of this course. Try to look through it before then but do not 
bother with any proofs or the sections on contunuity and differentiability. 


Unit 10 Some Important Functions This unit introduces all the standard func- 
tions that you will need in this course. You will need to know about polynomuals, 
trigonometric functions, the exponential and logarthmic functions, hyperbolic 
functions and inverse trigonometric and hyperbolic functions. Useful relations in- 
volving these and their derivatives can be found in the summary, Section 10.10. 


MST 282 Mechanics and Applied Calculus 


Unit 1 Some Basic Tools Sections 1.1 to 1.3 give a useful introduction to 
vectors and applied calculus, with which you should be familiar. We shall use the 
scalar, vector and triple scalar products of vectors and some simple forms of the 
chain rule for differentiation. 
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Unit 2 Kinematics In Section 2.1.1 differentiation of a vector is introduced and 
in Section 2.2 parametric equations of curves are discussed. These are ideas that will 
be developed further and so you should be familiar with them. 


Unit- 7 Work and Energy I Section 7.1.2 contains some very important ideas 
that we shall develop further and so you should be familiar with them. It deals with 
scalar fields, level curves and surfaces, directional derivatives and the gradient. It also 
contains a simple form of the chain rule for differentiation, for which it gives a 
proof in Appendix 1. 


Handbooks 


Each of the prerequisite courses has a handbook which contains some of the defini- 
tions to which we refer. However, the most useful parts of the handbooks are those 
giving lists of the derivatives of standard functions. These are 


M231 Handbook: Section 5, Familiar Functions, pages 45-48 
MST 282 Handbook: Section 4, Table of Derivatives, page 27. 
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THE STRUCTURE OF THE COURSE 


This course is based on B. O’Neill’s book Elementary Differential Geometry pub- 
lished by Academic Press. Again we must stress that it is essential to have this book 
since the course is based almost entirely on it. The course consists of the first six 
chapters of the book, apart from a few odd sections, and, with one minor exception, 
you should read the book in the order it is written. We expect you to read it section 
by section and we have provided a commentary on each relevant section. The 
commentaries have been bound together chapter by chapter. 


There is another way of viewing the structure of the course which might prove 
useful. All those sections dealing with a particular theme can be thought of as 
forming a block. We shall show which sets of sections form blocks and also how 
these blocks are interrelated, that is, which blocks it is essential to have tackled, at 
least in part, before going onto another block. If you ever become stuck with the 
sections in one block this will enable you to see if there is any alternative block that 
you can tackle first. 


Sometimes a particular section does not depend on all those sections that have 
preceded it in that block or on all the sections of preceding blocks. We have included 
this information in the form of a detailed structure diagram for each block giving all 
prerequisite blocks and sections. 


Each introduction to a section again lists the most important prerequisite sections 
but we hope that if you refer to the structure diagrams below regularly the overall 
structure of the course will become clearer. 


1. Breakdown into Blocks 


Here is the content of the blocks and the number of units to which they are 
equivalent, assuming that this is a standard % credit course with fourteen teaching 
units and two gaps. 


A. Calculus and Linear Algebra in Εἰ 

1.1 to 1.4, 1.7, I1.1, 11.2, [1.5, 11.6 _ 3 units 
B. Basic Exterior Calculus in E? 

1.5 and 1.6 % unit 
C. Connection Forms for Frame Fields in E? 

II.7 and 11.8 Vy unit 
D. Frenet Formulas for Curves in E? 

11.3 and II.4 1 unit 
E. Geometry of Ε 

: 111.1 to III.3 ¥ unit 

F. Geometry of Curves in E? 

111.4 and 111.5 Y% unit 
σα. Calculus on Surfaces in E? 

IV.1 to IV.3, IV.5(a) 1% units 
H. Exterior Calculus on Surfaces in E? 


IV.4, IV.5(b), IV.7(a) 1 unit 
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I. Shape Operator of a Surface in E° 

V.1 to V.4 2 units 
J. Applications of the Shape Operator 

V.5 and V.6 1 unit 
K. Structure of Surfaces in E° 

V1.1, VI.2, VI.6 1 unit 
L. Global results on Surfaces in Ε 

VI.3, IV.7(b) ¥y unit 
M. Geometry of Surfaces in E* 

V1.4, VI.5, V1.8 1 unit 


2. Structure of Collection of Blocks 


The blocks are related as below, a block is preceded by all those blocks above it to 
which it is connected. 


So, for instance, even if you find block C too difficult, and on first reading it is quite 
difficult, there is no reason why you should not press on with D, E, F, G, H, I, J as 
long as you have looked at C again before you come to K that depends on it. 


Each block and all those that precede it tell an interesting story. For instance the 
line terminating at J consists of the blocks A, D, G, I, J and describes the shape of 
surfaces of revolution and interesting curves on surfaces. 


3. Detailed Structure of Blocks and Interconnections 


In the following diagrams sections in the same block are grouped together. Arrows 
indicate how the sections are interconnected. We have shown only how a section 
depends on those directly preceding it. They in turn may depend on others. 
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WORKING INSTRUCTIONS 


This section deals with instructions on how to tackle written material of this course. 
Of course, we realize that by now that you will probably have worked out which 
way it is best for you to tackle an Open University text and you may not wish to 
change successful habits. However, while we were writing our commentaries we had 
to keep in mind a certain approach to reading them and this was responsible for 
them being structured in the way they are. 


Components 


This course has two components. The first is the Set Book, B. O’Neill: Elementary 
Differential Geometry, and the second is the Course Notes. The set book is divided 
into Chapters which correspond to Parts of the course notes and both of these are 
divided into Sections indexed in the same way. 


Reading a Section 


Each section is divided up in the following way. 


Introduction 


Each section begins with a short introduction. The content of this introduction 
depends on just how much of an introduction there is in the set book. The intro- 
duction tells you the prerequisite sections and possibly some essential results that 
will be used. It goes on to describe very briefly the content of the section, in terms 
of those that have gone before, and how this section fits into the overall structure of 
the course. It will also tell you if it is possible to put this section off till some later 
time. 


Reading Passage 


This will usually be an entire section of the set book and it should be read after the 
introduction. We expect you to read it more than once. 


First Reading At the first reading you should try to browse through all the 
reading passage and obtain an overall view. Look carefully at each definition and try 
to think of examples. This is a very geometric course so you should try to draw lots 
of pictures for yourself. Look carefully at any Theorems or Lemmas, making sure 
you understand all the terms on both sides of each equation, but at this reading do 
not worry too much about detailed proofs. You should also try and follow the steps 
in any straightforward worked examples. There are several manipulative techniques 
that are demonstrated in this way and you will need to master them. 
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Comments 


After completing the reading passage you should next look at the comments we have 
provided. Though they are related to the text you are not expected to jump back- 
wards and forwards from the reading page to them. In fact some of the comments 
are quite general and relate to an idea that is developed throughout the section 
rather than some specific result. You should read these comments in the same spirit 
as the reading passage. 


Additional Text 


The Additional Text should be read directly after the Reading Passage and the 
Comments and approached in exactly the same way. The Additional Text consists of 
definitions and results that we feel should be discussed at this point and it should be 
treated as an integral part of the section. 


Optional Text 


Some sections will contain an Optional Text. These consist either of passages of the 
text book or of the course notes and develop certain straightforward topics that we 
consider interesting but peripheral to the main structure of the course. We have 
included these Optional Texts for those of you who are finding the course enticing 
and have time’to spare; others may omit them without losing anything. 


Text Exercises 


At the end of the Comments, Additional or Optional Texts you may find some Text 
Exercises. These are included at this point because they form an integral part of the 
text. They may deal with some result that has already been referred to or with some 
result that will be of crucial importance later on. 


Second Reading After having worked once through the Reading Passage, Com- 
ments and Additional Text you should work through them again but this time in 
more detail. Once you have grasped the overall structure of the section you need to 
Fl in the finer details. Look up references needed to complete a proof and work 
through all proofs and examples filling in the missing steps. 


Supplementary Comments 


It is not essential that you read these comments. They are intended only to help you 
at the second reading. They are intended to cover those tricky or routine points 
which are not essential to the development of the subject but may nevertheless cause 
some concern. Anything not covered by either the Comments or the Supplementary 
Comments has been omitted because we do not consider it of any importance. 


Comments Versus Supplementary Comments The main difference between 
these two types of comments is that Comments are an integral part of the text and 
should be included at each reading and during revision, while Supplementary 
Comments need be looked at only once to clear up tricky points and are not 
essential to revision. 
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M334 0 19 


Summary 


After mastering as much of the Reading Passage, Comments and Additional Text as 
you can, you should look through the Summary provided in the Course Notes. Of 
course if you feel|like preparing your own summary and comparing it with ours you 
might find it a worthwile exercise. Our summary has several subsections. First comes 
Notation, then Definitions, Results, Examples and Techniques. 


Notation We have included only representative examples of each notation intro- 
duced in this section. 


Definitions and Results We have included in our list of Definitions and Results 
some that O’Neill has mentioned only in passing but which we feel are important 
enough to be considered on a par with all the others. 


Examples We have included only those examples that are dealt with regularly 
throughout the course. Important results about these examples are recorded in later 
Results subsections. 


Techniques These techniques could be referred to as the aims of the Sections. 
For some of the techniques you need to be able to recognize some new object. For 
others you need to be able to perform some straightforward manipulation, while for 
others you need to be able to apply some abstract result or reproduce an argument 
similar to one used in the text. 


Exercises 


After inspecting the Summary you should try the Exercises without looking at the 
solutions. The Exercises fall into the following categories. 


Text Exercises These were mentioned above. 


Technique Exercises These are the most important exercises and are the type we 
shall expect you to have mastered. We have related each exercise to the relevant 
techniques so that you know exactly how you ought to tackle it. 


Theory Exercises There will be only a few of this type of exercise. They derive 
some abstract result or slightly extend those dealt with in the Section. 


Optional Exercises These are based on or sometimes constitute the Optional 
Text and so are only for those working through the Optional Texts. 


Solutions 


The solutions follow the exercises. We have tried to give fairly lengthy solutions to 
the early exercises, pointing out the reasons for all the steps, but as time goes on we 
omit reasoning that has been used previously. 
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Further Exercises 


At the end of our commentary on each Chapter there will be a selection of Further 
Exercises that can be used for self-assessment or revision purposes. They will be 
either Technique Exercises or Other Recommended Exercises. The techniques 
needed will be those of the relevant section and each of the other Recommended 
Exercises will be accompanied by a brief description of how the exercise fits into the 
course. The Further Exercises will be followed by very brief Solutions. 
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FURTHER READING 


If you are interested in learning more about the subject after you have completed 
the course, then there are the remaining sections for you to read. 


Sections IV.6 and V1.7 deal with integration on a surface in ΕἾ; Section IV.8 
introduces manifolds, and Chapter VII applies all the techniques and results of the 
preceding Chapters to the study of Riemannian Geometry. 


O’Neill also provides a short bibliography on page 391. For more differential geo- 
metry, at about the same level, you should read the book by T. J. Willmore; for a 
more advanced approach you should read the book by N. J Hicks, and for applica- 
tions the book by H. Flanders. 


There are a large number of other books now available on differential geometry and 
it is also the subject of many current research papers. We hope that this course serves 
you as an introduction to this literature. 
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ERRATA 


The following list comprises the significant mathematical errors we have found in 
the text of O’Neill. It does not include typographical errors or mistakes where the 
meaning is nonetheless clear. Errors in exercises and their solutions are generally 
given not here but where the exercises are mentioned in the correspondence text. 


Chapter I 


Page 25, last line of text: The coefficient of v3 should be (p3 + 2). 
Page 31, Exercise 6: ‘““y” in the last line should be “ὃ. 
Page 37, line 16: ‘‘Corollary 7.6” should be “Theorem 7.5”. 


Chapter II 


d*a, 


dt? 


Page 54, line 9: The second term of a” should be 


Page 80, Exercise 1: “V pW” should be “V,W”. 


Chapter ΠΙ 


Page 102, line ~2: “‘q = F(q)” should be “q = F(p)”. 
Page 108, line - 8: This should read 


6é , jae t —_ t Δ] 
: Cok “i = " ark “ai = A°C.”’. 


Page 108, lines -5, -4: The right-hand side of these should read 


“= det(A!C) 
= det A.det !C = det A.det C”’. 


Page 120, line -7: The last two “‘F’’s should be removed. 


Chapter ἵν 


Page 136, line -5: The final term should be sinv. 
Page 148, Lemma 3.8: This should read 
“If M: g=c is a surface in Εὖ and if the gradient vector field 


Vg = Σ (dg/0x;) U; (considered only at points of M) is never zero, then it 
is a non-vanishing normal vector field on the entire surface M ar 


The first three lines of the proof should be omitted. 


Page 157, Exercise 5. The right-hand side of the first equation should be 
g (f(P))vpI/l- 
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Chapter V 


Page 204, lines 9 and -2: “T,(M)” should be “T(M)”’ in each case. 
Page 210, line -9: The final ‘“‘x,,” should be “x,”’. 


Page 214, line -6: “1” should be “-1/b?”. 


Page 218, line -4 and diagram: “T,(M)” should be “T(M)” in each case. 
Page 241, line -5: The value of each curvature should be multiplied by -1. 


Chapter VI 


Page 252, line 18: The matrix should be transposed. 
Page 297, line 6 of text: The second surface should be 


Mz = 22” 


2 


Page 299, line -2: The right-hand side of the equation should be 


“E3(F(p))”. 
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Set Book 


Barrett O’Neill: Elementary Differential Geometry (Academic Press, 1966). It is 
essential to have this book: the course is based on it and will not make sense without 
it. 


Bibliography 


The set books for M201, M231 and MST 282 are referred to occasionally; they are 
useful but not essential. They are: 


D.L. Kreider, R.G. Kuller, D.R. Ostberg and F.W. Perkins: An Introduction to 
Linear Analysts (Addison-Wesley, 1966). 


E.D. Nering: Linear Algebra and Matrix Theory (John Wiley, 1970). 
M. Spivak: Calculus, paperback edition (W.A. Benjamin/Addision-Wesley, 1973). 
R.C. Smith and P. Smith: Mechanics, SI Edition (John Wiley, 1972). 


Conventions 


Before starting work on this text, please read M334 Part Zero. Consult the Errata 
List and the Stop Press and make any necessary alterations for this chapter in the set 
book. 


Unreferenced pages and sections denote the set book. Otherwise 
O’Neill denotes the set book; 
Text denotes the correspondence text; 


KKOP denotes An Introduction to Linear Analysis by D.L. Kreider, R.G. 
Kuller, D.R. Ostberg and F.W. Perkins; 


Nering denotes Linear Algebra and Matrix Theory by E.D. Nering; 
Spivak denotes Calculus by M. Spivak; 
Smith denotes Mechanics by R.C. Smith and P. Smith. 


Reference to Open University Courses in Mathematics take the form: 
Unit M100 22, Linear Algebra I 
Untt MST 281 10, Taylor Approximation 
Unit M201 16, Euclidean Spaces I: Inner Products 
Unit M231 2, Functions and Graphs 
Unit MST 282 1, Some Basic Tools. 
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11 INTRODUCTION AND EUCLIDEAN SPACE 


Introduction 


In this section we introduce some notation that will be used throughout the course. 
We review vector spaces and partial differentiation. In the additional text we give 
some rules for the evaluation of partial derivatives. 


READ: Introduction and Section 1.1 (pages 1-5), 


Comments 


(i) Page 1: line -1 In the correspondence text we shall sometimes write 
go f for the composite function. 


(ii) Page 4: Definition 1.2 From now on we shall use x, y, z in this way 
only. We shall not use x as a typical element of the real line, or indeed any 
set as O’Neill does on pages 1 and 2 of the Introduction. 


Additional Text 


Partial differentiation Suppose p = (pj, p2, p3) is a point of EX and f : E7 —>R 
is a differentiable function. To obtain (df/0x,)(p) we first construct the function 
F: R—>R such that F(t) = f(t, p,p3) and then (df/0x,)(p) =F'(p,). That is we 
consider x, and x3 as constants and differentiate in the usual way. Partial differen- 
tiation satisfies the following rules. Let a, b be real numbers; f, g differentiable func- 
tions from E* to R and ἢ a differentiable function from R to R, then 


Gy 85: eg S με δ ere) 
OX; OX; OX; 
(oy; (8). δ᾽ oe ee. (for i= 1, 2,3,.-.) 
OX; OX; OX; 
(3) PhD) = OE (for i= 1, 2, 3,---) 
Ox; Ox} 


Equation (3) may be more recognizable if the composite functions are written as 
ho f and h’ of. All these results follow from the similar rules for ordinary differen- 
tiation. Lists of useful derivatives are to be found in 


M231 Handbook, page 45 et seq. 
MST 282 Handbook, page 27. 


Example Find 0(2x + xz sin(x’y)), 
Ox 
We have 
0(2x + xz sin(x? y)) - 9 ὃχ ᾿ 0(xz sin(x” y)) ΒΥ τοβαὶ (1) 
ΟΧ Ox Ox 
ee 
Ξ2: dad sin(x*y) + xz oe) by result (2), 
Ox Ox 


| 2 
2 + zsin(x*?y) + xz sin’(x’y) or) by result (3) 
ox 


2 + zsin(x?y) + 2x? yz cos(x’y). 
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Summary 


Notation 


g(f) 

gof 

εἼ 

E3 

Ρ 

(Pi, Pa» Ps) 

p+q 

(Pi, P2, P3) + (qi, 42, 43) 
ap 

a(P1, Pa; Ps) 


X, Υγ, Z OY X4, X2;, X3 


Definitions 


(i) Euclidean 3-space E> 

(ii) | Sum of points of Εὖ 

(iii) | Scalar product of a point of Εὖ 

(iv) | Euclidean plane E? 

(v) Real line Εἰ = R 

(vi) Natural coordinate functions x, y, z or ΧΗ, Χ» X3 
(vii) | Pointwise addition and multiplication of functions 
(viii) Composite of functions g(f) 

(ix)  Differentiable function 

(x) Inverse function f~' 


Results 
Partial differentiation satisfies the following rules. 


0(aftbg) af dg 


(yA sl ag SO + b 5 (i=1, 2,3,...) 
OX} OX} OX} 
f 
@jr ~ OMS) Ot eg CB (PS 1p 235255) 
OX; OX; OX; 
(gy OO) ye (i= 1, 2,3,...) 
OX; OX; 


where a, b are real numbers, f, g : E7 > R and h: R= R. 


Techniques 
(1) Evaluation of a function. 
(ii) | Simplification of a function. 


(iii) Partial differentiation, using results (1), (2), (3). 
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Page 1, line -4 

Text, page 5 

Page 2, line 16 

Page 3, Definition 1.1 
Page 3, Definition 1.1 
Page 3, Definition 1.1 
Page 3, line - 3 

Page 3, line - 3 

Page 3, line - 1 

Page 3, line - 1 

Page 4, Definition 1.2 


Page 4, line 24 


Page 4, line -5 
Page 4, line -5 
Page 5, line 22 
Page 5, line 23 


Page 3, Definition 1.1 
Page 3, line -5 
Page 3, line - 2 
Page 5, line 22 
Page 5, line 23 
Page 4, Definition 1.2 
Page 4, line -5 
Page 1, line - 4 
Page 4, Definition 1.3 
Page 2, line 16 


Text: page 5 
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Exercises 
Technique (1) 


1. Page 5, Exercises 2(b) and 2(c). 
Technique (11) 


2. Page 5, Exercise 1(a). 
3. Page 6, Exercise 4(a). Just simplify this function. 


Technique (111) 
4. Page 5, Exercises 1(c) and 1(d). 


5. Page 6, Exercises 3(a) and 3(b). 
6. Page 6, Exercise 4(a). 


Solutions 


1. Page 5, Exercises 2(b) and 2(c). 
If p is a point of E?, then by the pointwise definition of addition and 
multiplication of functions 


f(p) = ((x(p))” y(p)) - ((y(p))* 2(p)). 
By Definition 1.2 

x((3,-1,4))=3, — y((8,-1,4))=-1 and 2((8,-1, ἢ) =4 
Hence 

£((3,-1, 9) = (82.1) - (-1)24) =-94. 
As in the above result 


f((a, 1, l-a)) = a*.1- 17.(1-a) =a? + a- 1, for any real number a. 


2 Page 5, Exercise 1 (a). 
If f = x*y then, since f is defined by pointwise multiplication, we have 


f(p) = x?(p) y(p) = pi Pa, where p = (p1, P2, Ps) is a point of E>. 


The function g = y sin z is defined in terms of composition and pointwise 
multiplication and so 


Β(Ρ) = y(p) sin (z(p)) = p2 sin p3. 


Hence 


(fg”) (p) = f(p)(g(p))? 
= piP2 (P2 sin p3)? 


=nin? .*2 
Pi P2 sin” p3 
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and 


fg? = x?y? sin?z. 


In this way we see that pointwise addition and multiplication behave exactly 
as expected. 
If f=x?y and g=y sin z then 

fg? = x? y(y sin z)* =x? y?sin?z. 


3. Page 6, Exercise 4(a). 
If h = x? - yz then, by the pointwise definitions of addition and multiplica- 
tion of functions 


h(p) = pi- P2Ps for any point p = (pj, pz, ps) in E%. 
Since f(p) = h(g: (Ρ) 82 (Pp), 83(p)) it follows that 


f(p) = (g1(p))” - (62 (p))(gs (p))- 


Hence f = gi- 2523. 
In this exercise g} =x + y, g.=y’, g3=x+zand so 
f= (x τγ)"- y?(x +z) 


=x? + 2xy + y?- xy?- yz. 


4, Page 5, Exercises 1(c) and 1(d). 
Now fg = x” y’sin z. 
Treating x and y as constants we find that 
offg) 5. ὦ γΖ cos Ζ. 
Oz 


Treating x and z as constants we find that 


dydz 


Now sin f = sin x’ y. 
Treating x as a constant we find that 


ets) ἐς τοῦτ τ y. 
dy 
5. Page 6, Exercises 3(a) and 3(b). 


If f = x sin (xy) + y cos (xz) then, treating y and z as constants, 


of 


——= xy cos (xy) - yz sin (xz). 


Ox 
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To deal with Exercise 3(b) we need to extend result (3) to cover the partial 
differentiation of the composite of three functions, ἢ from Εὖ to R and 


h,, hy from R to itself. In this exercise it will be more convenient to use the 
symbol o for the composite of functions. 


(hoe (hie b)) - (to (h, oh) ϑίδι 8) 


; by result (3), 
Ox Ox 


(ho (hyo h)). (hj © a ea by result (3). 
Χ 
Here ἢ = x?+ y?+z?, h,=exp, h, Ξ sin 


and f = sin o (exp o (x? + y” + z”)) =h, o (h, ο ἢ). Hence 


2 2 2 
a“ (sin’ o (exp ο (x? + y? χ2)). exp! o (x? + y? + 2”). a(x" + y" Ὁ 2} 
i Ox 
2 2 2 2 2 2 
= cos(e™ ΤΥ *2°)) (x ΤΥ ἘΣ Joy 
242452 Pe wae 
ee a ΤΥ ee) πος (el ty? +z . 


Page 6, Exercise 4(a). 
From Exercise 3 


f= x? + 2xy ἐν - xy? -y?z 


hence 
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12 TANGENT VECTORS 


Introduction 


In this section we review arrows. They will be called tangent vectors. At each point 
of Euclidean space they form a vector space. We also review vector fields. They are 
functions assigning to each point of Euclidean space a tangent vector based at that 
point. We generalize the notion of basis and coordinates to deal with vector fields. 


READ: 


Section I.2 (pages 6-10). 


Comments 


(i) 


(i) 


Page 9: Definition 2.4 Whereas a vector field V assigns one tangent 
vector to each point of Euclidean space, the natural frame field assigns three. 


Page 10: end of Section Since any vector field V can be expressed as 
V = YvjU;, for suitable real valued functions v,, v2. and v3 the natural frame 
field does serve as a ‘basis’. When we used the term basis for a real vector 
space it implied that every vector could be expressed as a linear combination 
of the basis vectors. The values of the vector fields U,, Uz, U3 are linearly 
independent at each point. However, not every vector field can be expressed 
as a linear combination of the Uj’s with constant coefficients. That is the 
coefficients in the sum Zv;U; are not necessarily real numbers. Now they are 
real valued functions and the collection of real valued functions is not even a 
field since it is not possible to find a multiplicative inverse of a function 
which is zero at some points even if it is not always zero. These functions 
form a ring and the vector fields are a finite-dimensional module over this 
ring. 


Supplementary Comment 


(i) 


Page 10: lines 3 and 4 These are generalizations of the usual rules for the 
addition and scalar multiplication of vectors expressed in terms of co- 
ordinates. 


The first equation is obtained as follows: 


(Σίν; + w;)U;)(p) = Σίν + wi)(p)Uj(p), by repeated use of the 
pointwise formulas for 
addition and scalar multi- 
plication of vector fields, 


= Σ(ν:(Ρ) + wi(p))U;(p), by the definition of point- 
wise addition of two 
functions, 

= Dv;(p)U;(p) + Zw;(p)U;(p), by the usual rules for a 


vector space, 
= (ZvjUj)(p) + (ZwiUj)(p) 


= (ZvjUj + ZwiUj)(p), by the pointwise rules for 
2 the ‘‘arithmetic”’ of 
vector fields. 


Since vector fields are defined as functions on E?, whenever two vector 
fields agree at each point they must be the same vector field. 
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Hence 

Σίν; + wi) Uj = ΣΙ + wiU;. 
The result 

2 (fvj)Uj = f(2vj,U;) 


follows similarly. 


Summary 


Notatton 


Ἣ 

Tp(E*) 

Vp Wp 

ay 

V 

V+W 

fV 

{U,, U2, 03) 
Σνιῦ; 


Definitions 


(i) Tangent vector Vp 


(ii) Vector part of tangent vector 


(111) | Point of application of tangent vector 


(iv) Parallel tangent vectors 


v) Tangent space Tp(E*) 


vi) Addition and scalar multiplication of tangent vectors 


vill) Pointwise principle 


( 
( 
(vii) | Vector field V 
( 
(ix) | Addition of vector fields 
( 


x) Multiplication of a vector field by a real-valued 


function 


(Χ) Natural frame field {U,, U,, U3} 


(xii) | Euclidean coordinate functions 


(xii) Differentiable vector field 
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Page 6, Definition 2.1 
Page 7, Definition 2.2 
Page 7, line 9 

Page 7, line 9 

Page 8, Definition 2.3 
Page 8, line -8 

Page 8, line -3 

Page 9, Definition 2.4 
Page 9, line -8 


Page 6, Definition 2.1 
Page 6, Definition 2.1 
Page 6, Definition 2.1 
Page 6, line -Κ 

Page 7, Definition 2.2 
Page 7, line 9 

Page 8, Definition 2.3 
Page 8, line -7 

Page 8, line -10 


Page 8, line -3 

Page 9, Definition 2.4 
Page 9, Lemma 2.5 
Page 10, line 6 
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Results 


(i) Tp(E*) is linearly isomorphic to E?. 


(ii) Each vector field V can be uniquely expressed as 
V = 2vjU;, where vj, Vo, v3 are real-valued functions. 


(iii) | Each tangent vector (a, a,,a3),) can be expressed 
in terms of the natural frame field as Xa;U;(p). 


(iv) Addition and multiplication by a function are 
expressed in terms of coordinates by 


LvjU; ἐν = Σίν + wy) Uj 


ΓΣν σὴ) = 2(fvj) Uj. 


Techniques 

(i) Representation of tangent vectors in standard form 
Vp: 

(ii) Addition and scalar multiplication of tangent 
vectors. 

(iii) | Evaluation of a vector field at a point. 


(iv) Addition and _ multiplication, by real-valued 
functions, of vector fields. 


(v) Pictorial representation of tangent vectors and 
vector fields. 

(v1) Representation of tangent vectors and vector fields 
in terms of the natural frame field and Euclidean 
coordinates. 


(vii) Addition and multiplication, by a real-valued 
function, of vector fields expressed in terms of 
Euclidean coordinates. 


Exercises 

Techniques (11), (vt) and (v) 

1. Page 10, Exercise 1. 
Techniques (111) and (vit) 

ya Page 10, Exercise 2. 
Techniques (vit), (vi), (tv) and (1) 


5. Page 10, Exercise 3. 
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Page 7, line -3 


Page 9, Lemma 2.5 


Page 9, line -5 


Page 10, lines 3 and 4 


Page 6, Definition 2.1 


Page 7, line 9 
Page 8, Definition 2.3 


Page 8, line -8 and 
Page 9, line 2 
Page 7, Fig. 1.1 


Page 9, Lemma 2.5 


Page 10, lines 3 and 4 
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Solutions 


i Page 10, Exercise 1. 
(a) ὃν - 2w = 3(-2, 1,-1) - 2(0, 1, 3) 
= (-6, 3, -3) - (0, 2, 6) 
= (-6, 1, -9). 


By the definition of addition and scalar multiplication of tangent vectors, 


ὅνρ - 2Wp = (3v - 2w)p = (-6, 1, -9)p- 


Using the identity (a1, a2, ἃ3)ρ = ZajUj(p), we find that 
3Vp 2Wp =-6U,(p) + U,(p) - 9U3(p). 


(b) Vp represents the arrow from the point p to the point p + v. 
Here p = (1, 1, 0), v = (-2, 1,-1) and hence p ἐν = (-1, 2, -1). 
Similarly, Wp is the arrow from p = (1, 1, 0) to p+ w = (1, 2, 3). 


Now 
~2Vp = (-2v)p = (4, -2, 2)p 


and 


Vp + Wp = (Vv + W)p = (-2; 2; 2)p 
and hence they are the arrows from (1, 1, 0) to (5,-1, 2) and (-1, 3, 2). 


Ζ 
-~1,3,2 
(1,2, 3) — ὴ 
3 9 / 
/ 
/ 
/ 
/ 
f y 
ΣᾺΣ (1, 2, -1 
(1, 1, 0) 


(5.0152) 
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Page 10, Exercise 2. 


W - xV = 2xU, - U3- x(xU, + yU,) 
= 2x7U,- U3- x?U,- xyU, 
= -x7U, + (2x? - xy)U, - Us, 
by result (iv) on the addition and multiplication of vector fields in terms of 
coordinates. 
If p = (-1, 0, 2) then x(p) =-1, y(p) = 0 and z(p) = 2 
By the definition of the natural frame field 


U,(p) = (1, 0, 0),, U2(p) = (0, 1, 0); U3(p) = (0, 0, 1)p- Hence by the pointwise 
fies of i Α α and multiplication 


(W- xV)((-1, 0, 2)) =-(-1)?(1, 0, 0)p + (2.(-1)?- (1).0)(0, 1,0} - (0, 0, 1)p 
= (-1, 2,-1)p. 


Page 10, Exercise 3. 
(a) Rearranging and dividing by 7 we obtain 
2 
Vee 0,6 
7 7 


(Ὁ) ΝΜ) = (Pa Ps Ρ» 9)p 


= (x,(p), x3(p) - x,(p), 0)» using the definition of the 
coordinate functions, 

= (xi(p), (x3 — X1)(p), 0)p, by the definition of linear 
combinations of  func- 
tions, 


= x,(p)U,(p) + (x3 - x,)(p)U.(p), by the standard identity 
(a1, a2, a3)py = ZajUj(p). 


Hence, using the definition of linear combinations of vector fields, 


V= x,U, + (x3- x,)U>. 


Alternatively we could write this as 


V=xU,+(z- x)U,. 


(c)  V=2(xU, + yU2)- χίῦ, - y7U3) 


= 2xU, + 2yU,- xU, + xy7U;, by result (iii) on addition 
and multiplication in 
terms of coordinates, 


= (2x - x)U, + 2yU, + xy’U; 
= xU, + 2yU, + xy7U3. 


(d) If p = (pi, P2, p3) then V(p) is the vector from (pj, Pp, p3) 
to (1 + py, Paps, P2)- 


ΜΝ cease aes’, pacha Sd 
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Hence V(p) = ((1 + pi, Ρ2Ρ, P2) ~ (Pa Pas Pa))p 
= (1, Ρ2Ρ3 - Pas Po - P3)p: 
By arguments similar to those in part (b) we find that 
V =U, + x2(x3- 1)U, + (Χ2 - x3)U; 
or alternatively 
V=U, + y(z- 1)U, + (y- z)U3, 
(e) The vector from p to the origin is 0 - p =-p so 
ΝΡ) = (-P)p = (-P1; ~P2) ~Ps)p- 


Hence V =~ x,U,- x,U2- x3U;3 or alternatively 


-- xU, - yU,- ZU3. 
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[5 DIRECTIONAL DERIVATIVES 


Introduction 


This section follows on from Sections I.1 and I.2. In Section I.1 we reviewed partial 
differentiation. We recalled that for any differentiable function f on E® and for any 
point p in E? 


5:0) = 4, (ἄς, Pa Pa))le= py 


Instead of evaluating this derivative at t = p, we often ‘shift’ the function so that we 
can evaluate the derivative at t = 0. That is 


I 
as 
" 


d 
Pes +t, Pa Ps) [t= 0- 


Using the natural frame field introduced in Section I.2 we can write this as 


τ Ὁ) = τ + Ui(p)))|e=0. 


There are similar formulas for (df/0x2)(p) and (0f/0x3)(p), so to find (8: ὃχ:)(Ρ) we 
find the initial rate of change of the function f in the direction U;(p). In Unit 
MST 282 7, Work and Energy I, Section 7.1.2 we met a generalization of this 
technique. If n was a unit direction vector we defined the directional derivative, 
(0f/dn)(p), to be the initial rate of change of f in the direction n and proved that 


of 3 of 
=n-Vf£(p) = Σ nj —(p). 
dn i=1 Ox; 


In this section we generalize the above definition and result to deal with any 
tangent vector v, and then any vector field V. We show that these directional 
derivatives satisfy properties similar to those of ordinary derivatives. 


READ: Section I.3 (pages 11-14) omitting the proof of Lemma 3.2. 


Comments 


(i) Page 12: Lemma 3.2 This is a generalization of the result mentioned in 
the introduction. The directional derivative is 


3. Of 
vplf] =v- Vf(p) = 2 vi—{p). 
i=1 Ox; 


It is proved in exactly the same way using a version of the ‘chain rule’. This 
will be dealt with in Section 1.7 and until then you should accept this result 
without proof. 


(ii) Page 12: Theorem 3.3.(3) The symbol ° in this theorem and in Corollary 
3.4 signifies the ordinary product of two numbers. The inner product of two 


vectors will not be introduced until Chapter II. 


(iii) Page 12: line 15 to line -3 The real-valued function V[f] is defined by 


(V[f] )(p) = V(p) [£] - 
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This equation is used in the proof of Corollary 3.4. 


For computational purposes the identities Uj[f] = 0f/dxj (i= 1, 2, 3) will 
be very important. We can obtain these results from Lemma 3.2. For 


instance 
of of of 
σι (p) [ἢ] = (1, 0, Op fe] = 1.98 (p) + 0. (p) + 0. (p) =__(p). 
OX, OX, 0X3 OX, 
(iv) Page 14; line 14 to line 21 This is a very important remark. For vector 


fields V and W we consider combinations of the form fV + gW, where f and g 
are real-valued functions. For functions f and g we consider combinations of 
the form af + bg, where a and b are real numbers. 


In the example 
(xU, - y*U3)[x?y + χ᾽] = xU, [x’y + 25] - y?U3[x?y +29], 
by Corollary 3.4.(1), 
= xU, [x?y] + xU, [25] - y?U3[x*y] - y? U3 [z°], by Corollary 3.4.(2). 


Supplementary Comment 
(i) Page 12: Theorem 3.3.(1) and (2) 
(1) If v = (v4, V2, V3) and w = (w4, wa, w3) then 
(avy + bwp) [f] = (av + bw)p[f] : by the definition of addition 


and scalar multiplication of 
tangent vectors, 


= Z(av; + ὃν) —(), by Lemma I.3.2, 
zo | 


= a(2;—()] tb 


Xj 


2Wij “πον 


Ox; 
= avy [f] + bwp[f]. 


(2) Vplat + bg] = Σν; πὰ by Lemma 1.3.2, 
Xj ; 


of ὃ 
= Zvj{a—{p) +b 8 (p) 
OX; OX; 


of 0 
= Pui 0) + b(Bvi 28 0} 
OX; OX; 
Summary 


Notation 


vplf] Page 11, Definition 3.1 
Vf] Page 13, line 15 
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Definitions 
(i) Derivative of a function with respect to a tangent 
vector Vol f]. 
(1) Derivative of a function with respect to a vector 
field V[f]. 
Results 


of 
(i) If vp = (Vi, Va; V3)p then vplf] = Σύρος (Pd: 


(ii) Directional derivatives, with respect to tangent 
vectors and vector fields, satisfy linear and 
Leibnizian properties: 


() (avp + bwp)[f] = avp[f] + bwo[f]. 
(b) Vplaf + bg] = avp[f] + byp[g]- 

() νρ[[8] = vp[f] g(p) + £(P)vp [a]. 
(a) (ΓΝ + gW)[h] = fV[h] + gW[h]. 
(Ὁ)  V{af+bg] =aV[f] + bV{[g]. 

(c) ΜΠ] = V[f].g + ΝΕ]. 


(iii) | Directional derivatives with respect to components 
of the natural frame field are partial derivatives 
U;[f] -- (1Ξ:1, 2, 3). 


Xj 


Techniques 


Evaluation of directional derivatives with respect to 
tangent vectors or vector fields using: 


(i) the definition, for tangent vectors 

(ii) the definition, for vector fields 

(1) | coordinates and partial derivatives 

(iv) the linear and Leibnizian properties and the 


relationship between the natural frame fields and 
partial derivatives. 


Exercises 


Technique (1) 


1. Page 14, Exercise 1(c). 


Technique (11) 
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Page 11, Definition 3.1 


Page 13, line 15 


Page 12, Lemma 3.2 


Page 12, Theorem 3.3 


Page 13, Corollary 3.4. 


Page 13, line -10 


Page 11, Definition 3.1 
Text, page 16 
Page 12, Lemma 3.2 


Page 12, Theorem 3.3, 
Page 13, Corollary 3.4 and 
Page 13, line -10. 


2. Determine V[f] where f = εχ cos y and V = 2U, - + 503. 
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Technique (111) 


3. Page 15, Exercise 2(c). 
Technique (tv) 
4. Page 15, Exercise 3(e). First prove that V[f?] = 2f V[f]. 


Theory Exercises 


5. Page 15, Exercise 4. 
6. Page 15, Exercise 5. (HINT: Use Exercise 4.) 


Solutions 


Ls Page 14, Exercise 1(c). 
By Definition 1.3.1, 


vpl#] --Ξ (τ + ἡ) = 0. 


Here 
p + tv = (2, 0, -1) + t(2, -1, 3) = (2 + 2t, -t, -1 + 3t) 
and 
f(p + tv) = (eXcosy) (2 + 2t, -t, -1 + 3t) 
=e? + 2tcos (-t), by the pointwise definition of addi- 
tion, multiplication and composition 
of functions and the definition of the 
functions x and y, 
= eet cos τ. 
Hence 
vplf] 4 e2 —“(e2tcost)|, -- 0 
dt 
= e? (2e?"cos t - e?tsin ἮΝ = Q = 2e”. 
"ἃ The value of the function V[f] at a point p is given by the formula 


(V[f] (Pp) = νφ) ῇ. 
Now V(p) = 2U;(p) - U2(p) + 3U3(p) = (2, -1, 3)p. 


Hence if p = (Ρ!» p2, p3) then 


ΝΟ) ΩΣ Pa» Ps) + τ(2, -1, 3)))|,=9 
= £(f(p, + 2t, po - t, ps + 3t)) lt =0 
dt 
= (cP * *Kcos(ps - t)) |t = 0 


= (2eP1 * 5 cos(p, - t) + eP1 * 2tsin(p, - t)) |, = 0 


= eP1(2cos p, + sin P2)- 
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So V[f] (p) = eP4(2cos p, + sin p2) and hence 
V[f] = eX(2cos y + sin y). 


Page 15, Exercise 2(c). 
By Lemma I.3.2 

of 

vplf] = 2vj—(p), 

Ox; 
though in this solution we replace x, x2, x3 by x, y, z. Since f = e*cos y it 
follows that 

Of 


a = eXcos y, oF =-eXsiny and —_=0. 


Ox Ody 02 
Since p = (2, 0, -1) 


of of Of ,- 

—(p)=e*, —(p)=0 and —(p)=0. 

Ox dy Oz 
Hence, since v = (2, -1, 3) 


Vp[f] = 2.e7 + (-1).0 + 3.0 = 2e?. 


Page 15, Exercise 3(e). 
By the Leibnizian property, Corollary I.3.4(3), 


V[f?] = V[f.f] = V[f].f+ f V[f] = 2f V[f]. 
Hence by the linearity property, Corollary I.3.4(2), 
Vif? + g*] = 2(f VEE] +g Vg). 


Now 
VIE] = (y*U1 -xU3) [xy] = y°U,[xy] - xU3[xy] 
= y2 Oxy) _ , Alay) since U;[f] = 8 
Ox Oz OX; 
= yy -x.0= y>. 
Similarly, 
V[g] = (y7U, - xU3)[z7] 
= ~3xz? 
and hence 


V[f? + g7] = 2(xy.(y*) + 2°. (-3xz?)) 
= 2x(y* - 32°). 


Page 15, Exercise 4. 
Following the hint we evaluate VIxj] » where V = 2viUj. 


For fixed j we have 


Ox; 


OX; 


VI xj] = Σν θ χῃ = Dv; 
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Now 2% = 1 if i=j and is zero otherwise. Hence 
Ox; 
4] = Vj for all j, 
and 
V = 2v,U; = ZV[x;] Vj. 
6. Page 15, Exercise 5. 
Since V[f] = W[f] for every function f on E? it follows that 
Vixi] =W[xi} = @= 1, 2, 3). 
Hence by the result of Exercise 4 


V = ZV[x;] Uj = ZW[x;] Uj = W. 
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I.4 CURVES IN E? 


Introduction 


This section follows on from Sections 1.2 and 1.8. We review two ways of defining 
curves, the definition of the velocity of a curve, and show how the rate of change of 
a function along a curve is related to the directional derivative with respect to the 
velocity vector. 


READ: Section I. 4 (pages 15-21) omitting the proof of Lemma 4.6. 
, | 


Comments 


(i) Section I.4 From Definition 4.1 you might think that curves always 
have routes that appear in some sense smooth. However, curves can be 
degenerate in several different ways. For instance, the simplest curve is the 
constant curve @: t+—+0, which has as its route a single point. The curve 
a: t+—>+(sint, 0,0) has as its route a closed interval which it traverses 
infinitely often. It is even possible to have a curve that turns sharp comers. 
For instance, the curve 


(-e lt’ 0,0) fort <0 
a:tt— 4 (0, 0, 0) for t = 0 
(0, elt? 0) fort > 0 


has the following route 


This function was chosen to ensure that the Euclidean coordinate functions 
are ‘infinitely’ differentiable. In order for the curve to stand still, reverse or 
turn a sharp corner, as in the above examples, it is necessary for the velocity 
vector to take the value zero. Hence, if we restrict attention to regular curves 
all these pathologies can be avoided. The definition of a ‘Curve’ ensures that 
we can always find a regular parametrization of each component. We use the 
word “‘closed’’ to describe components of a Curve that are like a distorted 
circle and so not surprisingly they have periodic parametrizations. Any 
component that is not like a distorted circle is like a distorted copy of the 
real line and so not surprisingly has a one-to-one parametrization. The circle 
and a branch of the hyperbola, described on page 21, are typical of closed 
and not closed Curves. 
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(it) 


Page 15: line 9 of the section Here the Euclidean coordinate functions 
are real-valued functions on some interval I. When we described a vector field 
in terms of its Euclidean coordinate functions they were real-valued func- 
tions on E?. 


Supplementary Comments 


(i) Page 16: Example 4.2(3) 
a(t) = (2cos*t, sin 2t, 2sin t) = (2cos”t, 2sin t cos t, 2sin t). 
Since 
(2cos? t)? + (2sint cos t)? + (2sin t)? 
= 4cos? t(cos? t + sin*t) + 4sin?t = 4(cos?t + sin? t) = 4 
it follows that a(t) belongs to S. 
Also | 
a(t) - (1,0,0) = (2cos*?t - 1, sin 2t, 2sin t) = (cos 2t, sin 21, 2sin 1) and since 
cos? 2t + sin? 2t = 1 it follows that a(t) belongs to C. 
As t tends to 0 the point a(t) tends to (2,0,0), and as t tends to 7/2 the point 
a(t) tends to (0,0,2), and hence α follows the route sliced from C by the 
sphere S. 
(ii) Page 18: line 6 Since a;(t) = pj + qj (i= 1, 2, 3) it follows that 
doj/dt(t)=q; (i= 1,2,3) — and hence α΄ (ἢ) = (qi, 42, 43)α(ι)" 
(iii) Page 19: Lemma 4.5 By the definition of the composite of two 
functions, 
(a(h))(s) = o(h(s)) and (aj(h))(s) = αἰ(Β(5)). 
Hence, since B(s) = a(h(s)) = (a(h))(s), 
B'(s) = (a(h))'(s). 
Since a(h(s)) = (a(h(s)), %(h(s)), o&a(h(s))), 
(o(h))(s) = ((o4x(h))(s), (@2(h))(s), (α3(8))(5)) 
and by Definition 4.3 
(α()} (5) = ((ax(h)) (s), (α2()}΄ (5), (α3(Ἀ8))΄ (5)). 
The result now follows as on page 19. 
Summary 
Notation 
a(t) = (a(t), o9(t), o9(t)) “Page 15, line 7 
Q = (Ay, A, 3) | Page 15, line 10 
a Page 15, Definition 4.1 
a’(t) Page 17, Definition 4.3 
C:f=a 


Page 20, line -5. 
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Definitions 
(i) Euclidean coordinate functions of a curve 


α = (041, Ap, 63) 
Curve a 
Velocity vector of a curve a(t) 
Reparametrization of a curve 
(v) Periodic curve 
Period of a curve 
Regular curve 
‘Curves’ on the plane defined implicitly C: f=a 


Closed curve on the plane 


Examples 

(i) Straight line. a(t) = p + tq 
(ii) Helix. a(t) = (acost, asin t, bt) 
Results 


(i) If β is the reparametrization of ἃ by ἢ, then 


B'(s) = Ν᾿ (s).01'(h(s)). 


ds 


If a is a curve in Εὖ and f is a differentiable 
function on E?, then 


α(ἡη = SEM (2), 


(ii) 


Techniques 
(1) Determination of a parametric representation of a 
straight line. 


Determination of the velocity vectors of a curve. 


Determination of the effect of reparametrization 
on velocity vectors. 


(iv) Calculation of the rate of change of a function 
along a curve by means of the directional deriva- 
tive with respect to the velocity vector. 

(v) Parametrization of implicitly defined ‘Curves’ in 


E?. 
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Page 15, line 9 

Page 15, Definition 4.1 
Page 17, Definition 4.3 
Page 18, Definition 4.4 
Page 20, line 13 

Page 20, line 15 

Page 20, line -10 

Page 20, line -5 


Page 21, line 5 and 
Text: page 22 


Page 15, Example 4.2.(1) 
Page 15, Example 4.2.(1) 


Page 19, Lemma 4.5 


Page 19, Lemma 4.6 


Page 15, Example 4.2.(1) 
Page 17, Definition 4.3 


Page 19, Lemma 4.5 


Page 19, Lemma 4.6 


Page 21. 
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Exercises 


Technique (1) 


1. Page 21, Exercise 5. 


Technique (it) 


2. Page 21, Exercise 1. 


Technique (111) 
9, Page 21, Exercise 3. Evaluate α'(π|4), B'(1A/2) and (dh/ds)(1A/2). Verify 
Lemma I.4.5 in this case. 


1 
(Note: sin”! was called arc sin in M231 and (sin")’ (s) = 1/(1 - 522.) 


Technique (tv) 


4. Page 21, Exercise 7. 


Technique (v) 


5. Page 22, Exercise 10. 


Solutions 


I, Page 21, Exercise 5. 
Suppose the line is given by a(t) = p+ tq. If it passes through the points p, 
and p2 we can assume a(0) = p; and a(1) = p2. Then p = p, and q= p, - p; 
and hence a(t) = p,+ t(p2- p;). If py = (1, -3, - 1) and p2= (6, 2, 1) the curve 
15 


a(t) = (1, -3, -1} τ τ((6, 2, 1) - (1, -3, -1)) 
= (1, -3, -1) + t(5, 5, 2) 
= (1+ 5t, -3 + 5t,-1 + 2t). 
Similarly the line which passes through (-1, 1, 0) and (-5, -1, -1) is given by 
B(s) = (-1 - 4s, 1 - 2s, -s). 


If the lines meet, there are real numbers t and s such that 


a(t) = A(s). 

1:8: 1+ 5t=-1- 4s 
-3+ 5t=1- 2s 
-1 + 2t=-s. 


The first two equations can be solved uniquely giving t = 2, s = -3, which is 
also ἃ solution of the third equation, so the lines meet at 


α(2) = B(-3) = (11, 7, 3). 
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Page 21, Exercise 1. 
a(t) = (2cos*t, sin 2t, 2sin ἢ). 
Hence by Definition I.4.3, 
a'(t) = [<(2eos t), sin 2t), (βίη t) 
dt dt dt at) 


= (-4cos tsin t, 2cos 2t, 2cos t) (2cos? t, sin 2t, 2sin t) 


and 


|= (-2, 0,72) (1, 1,./2)- 


47 
af 


Page 21, Exercise 3. 
By Definition I.4.4 the reparametrized curve is given by 


B(s) = a(h(s)) = a(sin™s). 
Now a(t) = (2cos*t, sin 21, 2sin 1) and to make progress we express a(t) as a 
function of sin t. 


1 
We find that a(t) = (2(1 - sin?t), 2sin τ (1 - sin?t)?,2sin t), using the identi- 
ties cos” t + sin? t = 1 and sin 2t = 2sin t cos t. 


Hence f(s) = a(sin™'(s)) ; 
= (2(1 - s?), 2s(1 - s?)?, 29). 


The function sin has domain [-1, 1] and so is well defined for O0<s< 1 
and takes values in the interval 0 « 5 < 7/2. 


Now 3 
a'(t) = (-4cost sint, 2cos 2t, 2cost) 
and 
a" (™\ = }4—.—, 0, 2. | (-2, 0,4/2). 
4 “2 ν 2 ν΄ 2 
Also 
Σ 2s? 
β' (5) = 4s, 2(1 - s?)? - 192 
{198}" 
and 
a) = (-2\/2, 0, 2). 
J 2 
Finally 
ah =} 1 and 5 4 =4/2. 
ds (1 -s*)? ds \/2 
Hence 


Ρ-:} =a) Γ᾿ αἱ = and, since h [ = sin! (— =" 
ν 2] ds\/2 4 ν΄ 2 ν 2] 4 
this agrees with Lemma 1.4.5. 
Page 21, Exercise 7. 
Let a(t) = (t, 1 + t?, t), 

B(t) = (sint, cost, t), 

y(t) = (sinht, cosht, 1). 
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Then a’(0) = β΄ (0) = γ΄(0) = (1, 0, 1) (0, 1, 0): The curves have the same 
initial velocity Vp: 


By Theorem I.4.6 
d d d 
vp [ἢ] =—(F(@))|t = 0 = —(F(6))| t = 0 = —(£(7)) |t = ὁ 
dt dt dt 
and since f = x? - y” + 22 we have 


d d | d 
—(F(@))|¢ = 9 =—(t? - (1 τοῦ εὐ) ΞοΞ-- ΟἹ - tt = 0 = 9, 
dt dt dt 


3400): -0Ξ Ὁ Cnr - cos*t + 1} -9=0, 
dt dt 


δι -- 0-.- (sinh?t - cosh’ t + {21 -09= 0. 
dt dt 


This is the answer we expect since by Lemma I.3.2 
of of of 
(10,1) (0,1, off) = (1. +0. + SH. 1,0) 
dx dy 0z 
= 2x((0, 1, 0)) = 0. 


5. Page 22, Exercise 10. 


(a) a: tt—»(% cost, sin t) 


y 
(0, 1) 


΄ 
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y 
(0, 4) 
(0) 
(c) a:tr—»(t, e) 
y 
(0, 1) 


ἣν. ς 
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(d) 


2 3 
a:tr—>(t, (1- 5) 
0<t<l 


29 


50 M334 1.5 


I.5 1-FORMS 


Introduction 
This section follows on from Section 1.3, Directional Derivatives. 


In this section we introduce 1-forms. A 1-form is an extension of the idea of linear 
functional. A linear functional is a linear transformation between a vector space V 
and the underlying vector space of reals R. Now we have a collection of vector 
spaces, the tangent spaces Tp (ΕἾ), and we require our 1-forms to map any tangent 
vector to a real number in such a way that the restriction to any one tangent space is 
a linear functional. 


READ: Section I. 5 (pages 22-25). 
Comments 


(i) Page 23: Definition 5.2 If V is a vector field, then the definition of the 
differential implies that df(V)=V[f]. This arises from the pointwise 
definition in the following way. For any point p in Ε 


(df(V))(p) = df(V(p)) = V(p)[f] = (V[F] )(p) 
and so df(V) =V[f]. 
(11) Page 23: Example 5.3.(1) The symbol δὴ is a very useful tool and 


identities such as 


Σν)δῇ Ξν,δι, + V25j, + v35;3 = Vj (i= 1, 2, 3) 


J : 
occur frequently. To check this identity we look at an example, say i= 2. 
Then 
2 Vj δὴ, = v5, + v.54. + v3595 
J 
-Υὶ .O + v,-1 + V3-0 = V>. 
(iii) Page 23: line -1 We use the same symbol for a real number and for the 


constant function taking that value. Hence we can write dx; (Uj) = ὅν}: We 
obtain this result from first principles as follows 


dx;(Uj) = Uj[xi] = OX; = ὃ 


Ἶ 


ij: 


This is the basic result to remember. It can be used to obtain the results of 
both Example (1) and (2) as follows: 


() dxi(vp) = oxi EyUy(r) = Evjdxi(U;(p)) 
J J 


= Σν δὴ =Vi. 
J 
(2) Wivp) = [24x [=u 
j 


= 2fi(p)vjdxi(Uj(p)) = ΣΠ(ρ)ν δὴ 
ἱ, i,j 
= 2fi(P)vj- 


1 
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(iv) Page 25: Lemma 5.7 This follows from the rule for the partial differen- 
tiation of a composite given in the Additional Comments to Section I.1. 


Supplementary Comments 


(i) Page 23: lines 5 to 10 Two functions are equal if they take the same 
value at each point p of Ε. | 
Now 
(O(fV + gW))(p) = o((fV + gW)(p)), by the definition of the 
evaluation of a 1-form on a 
vector field, 
= $(f(p)V(p) + g(p)W(p)), by the pointwise definition 
of operations οὔ vector 
fields 
= f(p)4(V(p)) + g(p)¢(W(p)), by the definition of a 
1-form 
= £(p)(6(V))(p) + 8(p)(9(W))(p) 
= (f6(V) + g¢(W))(p). 
Hence 


Φ(ΓΝ + gW) = ἔ o(V) + g O(W). 
Similarly, since 
(fo + gW)(V))(p) = (fo + gW)(V(p)) 
= {(p)@(V(p)) + g(p)¥(V(p)) 
= f(p)(¢(V))(p) + g(p)(¥(V))(p) 
= (f6(V) + gb(V))(p), 
it follows that ([Φ + gy)(V) = f¢(V) + gy(V). 


(ii) Page 23: Definition 5.2 The function df is a 1-form since 
df(avp + bwp) = (avp + bwp)[f] 
= avy [f] + bwp[f] ; by Theorem I.3.3.(1), 


= adf(vp) + b df(wp). 


(ill) Page 24: the proof of Lemma 5.4 Since the natural frame field forms a 
basis, when restricted to each vector Space, any 1-form that is zero on all 
three of these vector fields must be the zero 1-form. For j=], 2, 3, 


[+ : Σρ(σρά (Uy) = $(Uj) - Σφ(υράχιυῃ 
= φ(Ό}) - 24(Uj)5ij = (Uj) - 6(Uj) = 0. 


Hence ¢ - 2¢(U;)dx; = 0 and ¢ = = (U;)dx;. 
1 I 
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(iv) 


(v) 
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Page 24: the proof of Corollary 5.5 This can be proved directly using 
Lemma I.5.4. 


df = XLdf(U;)dx;, by Lemma 1.5.4, 


1 


= ZU; [f] dx;, by Definition 1.8.2, 


1 


= 5 FF ax. 


1 0X; 


Page 25: the worked example How do we obtain the first term 2xy dx? 
Now f=x?y+... and hence df =d(x?y) +...=d(x’)y+x’dy+..., by 
Lemma I.5.6. To evaluate d(x?) rigorously we need to introduce the 
squaring function S : t > t? for which S' : t > 21. 


Then d(x?) = d(S(x)) = S‘(x)dx, by Lemma 1.5.7, 
= 2x dx. 
Hence df = 2xy dx + x*dy +... 
Finally vp lf] = df(vp) is evaluated using the result of Example 5.3.(2). 


Summary 
Notation 
φ Page 22, Definition 5.1 
(vp) Page 22, Definition 5.1 
Pp Page 22, line -11 
o+y Page 22, line -7 
fp Page 22, line -4 
¢(V) Page 22, line -2 
df Page 23, Definition 5.2 
df(vp) Page 23, Definition 5.2 
df(V) Text: page 30 
dx; Page 23, Example 5.3.(1) 
δὴ Page 23, line -12 
Definitions 
(i) 1-form Φ Page 22, Definition 5.2 
(ii) Addition of 1-forms Page 22, line -7 
(iii) | Multiplication of a 1-form by a real-valued 

function Page 22, line -4 
(iv) | The effect of a 1-form on a vector field Page 22, line -2 
(v) The differential of a real valued function df Page 22, Definition 5.2 
(vi) | Kronecker delta δὴ; Page 23, line -12 
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Results 


(i) 


¢(V) is linear in both the 1-forms @ and vector | 


fields V. 
(ii) dxi(vp) = vj- 
(ui) If @= Dfjdx;, then (Vp) = Xfi(P)vj- 
(iv) dx;(Uj) = δὲ}: 
(v) φ- BG(Uj)dxj. 
(vi) ἀξες 3 ἀκ. 
OX; 
(vii) d(f+g) Ξ ἀξ τ dg. 
(viii) d(fg) = gdf + fdg. 
(ix) If f: E7—+R andh: R—»R then d(h(f)) =h'(f)df. 
Techniques 
(i) Recognition of a 1-form, by comparison with the 
formula $(avp + bwp) = a$(Vp) + bo(wp). 
(ii) Expressing a 1-form in standard form using the 
formula ¢ = 2¢(U;)dx;. 
(iii) | Evaluation of the effect of a 1-form on a tangent 
vector using the formula 
(Vp) = Lfi(p)vj where ¢ = Lfjdx;. 
i i 
(iv) Evaluation of the effect of a 1-form on a vector 
field using the identity dx;(Uj) = δὴ and linearity. 
(v) Calculation of differentials using the ‘chain rule’ 
df = ich des + ren eo Gee 
Ox, OX, 0X3 
(vi) Calculation of differentials using the linear, 
Leibnizian and composite properties 
d(f + g) = df + dg, 
d(fg) = g df + f dg, 
d(h(f)) = h'(f)df. 
(vii) Evaluation of directional derivatives using 
differentials 
vp If] = df(vp). 
Exercises 


Techniques (1) and (it) 


1, 


Page 26, Exercise 7. 
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Text: page 31 

Page 23, Example 5.3.(1) 
Page 23, Example 5.3.(2) 
Page 23, line -1 

Page 24, Lemma 5.4 


Page 24, Corollary 5.5 


Page 24, line -9 
Page 24, Lemma 5.6 
Page 25, Lemma 5.7 


Page 22, Definition 5.1 


Page 24, Lemma 5.4 


Page 23, Example 5.3.(2) 


Text: page 30 


Page 24, Corollary 5.5 


Page 24, line -9 
Page 24, Lemma 5.6 
Page 25, Lemma 5.7 


Page 23, Definition 5.2 
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Technique (111) i 


2: Page 25, Exercise l(c). 

Technique (wv) 

3. Page 25, Exercise 3. Evaluate ¢ on W only. 
Technique (v) 

4. Page 26, Exercise 5(a). 

Technique (vt) 


1 


1+t? 


5. Page 26, Exercise 5(b).| Note: (tan“')’ (Ὁ) = 


Technique (vit) 


6. Page 26, Exercise 6(b). 
Solutions 


1, Page 26, Exercise 7. 


To be a l-form, ᾧ needs to be linear on each tangent space Tp(E°). That is, 
the mapping 


(V1, V2) V3) +> Φ ((ν:» V2, V3)p) must be linear for each p in E®. 
(a) The mapping is 
(V1, V2, V3) > V1 - V3, 


which is a linear mapping from Εὖ to R independent of whichever 
point p we choose. Hence this does give us a 1-form. 


Now $(U;(p)) = Φί(!, 0; 0)p) = 1 
¢(U2(p)) = 4((0, 1, 0)p) = 0 
$(Ua(p)) = 9((0, 0, 1)p) = -1 

and hence, since ¢ = 2 G(Uj)dxj, 


@ = 1.dx,- 1.dx3 = dx,- dx3. 


(b) This is not linear, since, for a fixed point p withp,#p3 and 
non-zero vector v, the definition gives 


$(2vp) = $(Vp) = Pi- Ps #0 
while we would expect $(2vp) = 26(vp) if @ were linear. 
(c) For fixed p = (pi, P2, P3) the mapping 15 
(v1, V2» v3) π᾿ P3V1 + pyVo, 


which is linear and hence ὁ is a 1-form. 
Now ¢(U,(p)) = (1, 0, 0)p) = ps = xa(p) and hence $(Uj) = x3: 


¢(U2(p)) = $((0, 1, 0)ρ) = pi = x,(p) and hence $(U2) = χα; 
6(Us(p)) = 6((0, 0, 1p) = 0 


and hence @ = X@(Uj)dx; = x3dx, + X1dX>. 
i 
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(4) 


(ε) 


(ἢ 
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For fixed p the mapping vpt—> vp[x”+y’] is linear, by Theorem 
. 2 2 . . . 

I.3.3.(1), and since Vp[x"t+y*] is a real number @p is a linear func- 

tional and ¢ is a 1-form. Now by the definition of a differential 


vplx?+y?] = d(x?+y")(vp). 
Hence, since ¢: v,+— Vp[x? + y7] = d(x? + y*)(vp), it follows that 
@ = d(x?+ y?) = 2x dx + 2y dy. 


This mapping is linear for each fixed p and so does define a 1-form. 
Obviously it is the zero 1-form, for which again we use the greatly 
overworked symbol 0. 


This fails to five us a 1-form for much the same reason as for part 


(b). 


a Page 25, Exercise 1(c). 


If y = 2fjdx; then ψίνρ) = Zf}(p)vj. 
I 


Here y = (z? - 1)dx - dy + x2dz and hence 
W(vp) = (p3- νι - vat pp. 
If vp = (1, 2, 3) (0, -2, 1) then (Vp) = -2. 


3. Page 25, Exercise 3. 
6(W) = (x*dx - y7dz)((xy + yz)U, - yzU, - xyUs) 


= x"(xy + yz)dx(U)) - x?yz dx(U2) - xy dx (U3) 


-y*(xy + yz)dz(U,) + y%z dz(U,) + xy? dz(U;), by linearity, 


= x*(xy + yz) + xy? = xy + xyz + xy? 
= xy(x?+ xz + γῆ), 


since dx(U,) = dz(U3) = 1 and all the other similar terms are zero. 


Page 26, Exercise 5(a). 
By Corollary I.5.5, df thay θὰ eae: 
0x dy OZ 


1 «ἃ 
Here f = (x? + y? + χἕ)ῆξ and hence oe x(x? + y? + ζῇ 


0x 
Using similar results for it ana ie obtain 
dy Oz 


-1 
df = (x? + y? + 2?) 2(xdx + y dy + zdz). 


Page 26, Exercise 5(b). 


When dealing with the function tan™(y/x) we must restrict ourselves to a 
region of ΕΞ on which the function x is never zero. The largest such domain 
is {p Ε Εὖ: p, #0}. 
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Now d(tan7!(y/x)) = (tan“')'(y/x)d(y/x), by Lemma 1.5.7, 
1 
- ἀ(γυ[χ), 
1 + (y/x)? 
2 
- ἢ 1 ἂν + yd | , by Lemma I.5.6, 
x? + y? \x Ἴ 
2 
- - aa ; by Lemma 1.5.7, 
2 + y? \x x? 
_xdy- ydx 
x2 + y? 


Page 26, Exercise 6(b). 
By Corollary I.5.5 
Ζ Ζ Ζ 
d(xe¥2) = 0(xeY men d(xeY ) dy + O(xeY ) as 
Ox Oy OZ 
= eY“(dx + xz dy + xy dz). 


Hence df[v)]= eP2P3 (v, + p; p3 V2 + Pi P2 V3) and if Vp = (1, 2, 3) (0, -2, 1) 
it follows that df[vp)] = ε΄". 
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1.6 DIFFERENTIAL FORMS 


Introduction 


This section follows on from Section I.5, where we gave an abstract definition of a 
1-form and then proved that any 1-form is a combination of the differentials of the 
natural coordinate functions. In this section we introduce 0-, 1-, 2- and 3-forms as 
formal expressions in terms of these differentials and define the wedge product and 
exterior derivative of such forms. In Chapter IV and Chapter VI we shall see that 
these higher dimensional forms can be defined in terms of multilinear functionals 
Operating on tangent vectors. 


READ: Section I.6 (pages 26-31). 


Comments 
(i) Page 27: lines 15 to 19 Take these formal expressions as the definitions 
of 0-, 1-, 2-, 3-forms and treat the previous paragraphs as motivation only. 


In certain cases it is possible to simplify the formal expression for a p-form 
without introducing any ambiguity. 


(a) If some, but not all, of the coefficient functions are the zero func- 
tions we can omit the corresponding part of the linear combination. 
For example 


eXdx + xyzdy + Odz = eXdx + xyzdy 
and 
z*dxdy + Odxdz + Odydz = z?dxdy. 


(b) If all the coefficient functions are zero we have the zero p-form and 
when no confusion can arise we just write this as 0. 


That is, 

(i) the constant function with value 0 is the zero 0-form. 
(ii) Ὁ ἀχ + Ody + Odz = 0 is the zero 1-form. 

(iii) Odxdy + Odxdz + Ody dz = 0 is the zero 2-form. 
(iv) 0 dx dy dz = 0 is the zero 3-form. 


It is very unlikely that this abuse of the symbol 0 will ever lead to an 
ambiguity. 


(c) If some of the coefficient functions are the constant function with 
value 1 we omit them. For example, 


ΕΥ dx + ldy + ldz = eYdx + dy + dz 
and eYdxdy + Odxdy + ldydz = eYdxdy + dydz. 


(d) If some of the coefficient functions are the constant function with 
value -1 we omit the symbol “‘1”’. For example, 


1 dx dy + (- 1) dx dz + Ody dz = dx dy - dx dz 
and (-1) dx dy dz = -dx dy dz. 
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(ii) 


(iv) 


M334 1.6 
More generally, if some coefficient function is -f, for some more 
commonly used function f, we write ... -f ... instead of 
...t+(-f)... . For example, 
x dx + (-y) dy + 0dz=xdx~— y dy. 
Page 27: line 23 Using the interpretation of 1-forms given in the last 


section we can prove that to add 1l-forms or multiply them by some real- 
valued function all we have to do is to add the coefficient functions or 
multiply them by the given function. That is, 


Lfidx; + Ygidx; = U(fj + g;)dx;, 
f(Xfjdx;) = 2 (ff;)dx;. 


Since we have no way of interpreting 2- and 3-forms yet the best we can do 
is to define addition and scalar multiplication in a similar way. That is 


(ἢ, dx dy + g,;dxdz + h,dydz) + (f,dxdy + g,dxdz + h,dydz) 
= (f; + f,)dxdy + (γι + ga)dxdz + (h, + h,)dy dz; 
k(fdxdy + gdxdy + hdydz) = kfdxdy + kgdxdz + khdydz; 
f,;dxdydz + f,dxdydz = (f, + f,)dx dy dz; 
g(fdx dy dz) = gfdxdy dz. 
Page 27: Example 6.1 This example serves as a definition of the wedge 
product. 
The product is given by the following procedure. 


(a) Expand using the distributive law, bringing the coefficient functions 
to the front, dropping the symbol A but maintaining the order of the 
differentials. 


(b) Drop terms with a repeated differential. 


(c) Reorder the strings of differentials using the alternation rule. 


Page 28: Definition 6.3 The wedge products df;Adx; are expanded using 
Corollary 1.5.5. 


That is, 


dfj;Adx; Ἵ oi dx, + on dx, + af ia 


OX OX, 0X3 
= 6: dx dx; + 9: ἀχηάχ; + a dx3dx;. 
OX, OX, 0X3 


The definition of the exterior derivative can be extended to cover 2-forms. If 
ἡ = fdx dy + gdx dz + hdy dz 
then | 
dn = dfAdx dy + dgAdx dz + dhady dz 


and this expression is again expanded using Corollary 1.5.5. 
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(v) Page 29: line 13 Though we can multiply l-forms by any real-valued 
functions, in this formula the coefficients a and b are only real numbers or 


equivalently constant functions. 


(vi) Page 30: lines 11 and 12 Since dx dy dz is obtained from dz dx dy 
by two interchanges the expression is multiplied by (-1)? = 1. 


Summary 


Notation 


fdx + gdy + hdz 

fdxdy + gdxdz + hdydz 
f dx dy dz 

gay 

ἀφ 


Definitions 


(i) Differential form 
0-form 
1-form 
2-form 
3-form 
(ii) Addition and multiplication of forms 


(iii) § Wedge product Ay 


(iv) Exterior derivative ἀφ 
Results 
(i) The wedge product of 1-forms satisfies the 


alternation rule φλψ =pad@ 


(ii) The exterior derivative satisfies linear and 
Leibnizian properties 


d(ag + by) =add+bdyp 
d(fg) = dfg + fdg | 

d(f~) = dfag + fdg 

d(GA W) = ἀφαψ — φλάψ. 


Page 27, line 16 

Page 27, line 18 

Page 27, line 19 

Page 27, Example 6.1 
Page 28, Definition 6.3 


Page 27, lines 15-19 


Page 27, lines 20-23 
Page 27, Example 6.1 


Page 28, Definition 6.3 and 
Text: page 38 


Page 28, Lemma 6.2 


Page 29, line 13 and 
Theorem 6.4. 
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Techniques 


(i) Addition and scalar multiplication of 


differential forms. Page 27, lines 20-23 
(ii) Expansion of the wedge product of 

differential forms. Page 27, Example 6.1 
(iii) Expansion of the exterior derivative. | Page 28, Definition 6.3 
(iv) Expansion of the exterior derivatives using 

the linear and Leibnizian properties. Page 29, Theorem 6.4 
Exercises 
Technique (1) 
ie (a) Add the 2-forms 


xdxdy + ydxdz and -xdxdy + eXYdxdz + 2dy dz. 


(b) Multiply the second of the above 2-forms by the function e~*Y. 


Technique (11) 


2 Form the wedge product of 
(a) yzdx + dz and dy + zdz, 
(b) yzdx + dz and -xdxdy + eXYdxdz + 2dy dz. 


Technique (tt) 

3. Find the exterior derivative of 
(a) xyzdx + dz, 
(b) xyz dx dy. 


Technique (tw) 


4. Page 31, Exercise 3. 


Theory Exercise 


ὃ; Page 31, Exercise 7. 
Solutions 
1. (a) (xdxdy + ydxdz) + (-xdxdy + e*Ydxdz + 2dy dz) 


=(x + (-x))dxdy + (y + e*Y)dxdz + 2dy dz 
= 0 dx dy + (y + e*Y)dx dz + 2dy dz 
=(y + eXY)dx dz + 2dy dz. 
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(b) e“*Y(-xdxdy + e*Ydxdz + 2dy dz) 
=-xe“XY¥dx dy + eXYe"XY¥dxdz + 2e-*Ydy dz 
=-xe *Ydx dy + ldxdz+ 2e° *Ydy dz 
=~-xe"*Ydxdy + dxdz + 2e-*Ydy dz. 


2. (a) (yzdx + dz) A (dy + zdz) 


=yzdxdy + yz?dxdz + dzdy + zdz dz, by the distributive rule, 
=yzdxdy + yz*dxdz + dzdy, since dzdz = 0, 
=yzdxdy + yz*dxdz - dydz, by the alternation rule. 


(b) (yzdx + dz) A (-xdxdy + eXYdxdz + 2dy dz) 
=-xyzdxdxdy + yzeXYdxdxdz + 2yzdx dy dz 
-xdzdxdy + e*Ydzdxdz + 2dzdy dz, by the distributive law, 
= 2yzdxdydz + xdzdx dy, since dx dx ay = dx dx dz 
=dzdxdz = dzdydz = 0, 
=(2yz - x)dx dy dz, | since dzdx dy = dx dy dz. 


3. (a) d(xyzdx + dz) = d(xyzdx + 1dz) 
= d(xyz) A dx + d(1) A dz 
= d(xyz) A dx, 


since the differential d(1), of the constant func- 
tion with value 1, is the zero 1-form and since 
0 A dz is the zero 2-form, 


= (yzdx + xzdy + xydz) A dx, 
by Corollary I.5.5, 

= yzdxdx + xzdydx + xydzdx, 
by the distributive rule, 

= xzdydx + xy dzdx, 
since dx dx = 0, 

= -xzdxdy -xy dx dz, 


by the alternation rule. 


(b) d(xyzdxdy) = d(xyz) A dxdy 


(yzdx + xzdy + xydz) A dx dy 


yzdx dx dy + xz dy dx dy + xy dx dx dy 


xy dz dx dy 


Ι! 


xy dx dy dz. 
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Page 31, Exercise 3. 
te OE 2 
By Corollary 1.5.5, df = 2___dxj. 
1 OX; 
By Definition 1.6.3, d(df) = 2 d [Ξ A dx;. 
1 \0x; 


Again using Corollary I.5.5 we have 


2 0’ f - 82 
d(df)=2 [2 dxj| A dxj = 2 2 dxjdxj. 
11] OX; Ox; 1 J Ox; Ox; 


There are nine terms in this sum, which we must show is zero. We know that 
the terms involving dx,dx,, dx,dx. and dx3dx3 are already zero. The 
remaining six terms occur in pairs such as 
2 2 
ΟἽ dx,dx, + qt 
OX, 0X OX 0X, 


dx 1 dx». 


By the alternation rule this is 


2 2 
- ὃ f a ΒΝ dx,dx,. 
0X5 OX, OX, OX, 


But we know that 0?f/dx,0x, = 0?f/0x,9x, for suitably differentiable 
functions, and so the remaining terms in the sum for d(df) cancel in pairs. 


Hence d(df) = 0. 
By Theorem I.6.4, 
ἀ( ἀρ) = df A dg + fd(dg), 


df A dg, by the above result. 


Page 31, Exercise 7. 
Any 1-form ¢ is of the form 


d= Σ fidx;, 
where f; and x; are differentiable functions. 
By Definition 1.6.3, 
do = x df; A dx; 
and by Theorem I.6.4 (3), 
d(d@) = 7 (d(df;) A dx; - df; λ' d(dx;)). 
By Exercise 3 we know that both d(dfj) and d(dxj) are zero and so 
d(d¢) = 0. 
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I.7 MAPPINGS 


Introduction 


This section follows on from Sections I.3 and 1.4. 


In Section I.3 we introduced directional derivatives in order to differentiate func- 
tions from E® to R, and in Section 1.4 we introduced the componentwise differen- 
tiation of functions from R to Εὖ. In this section we combine these ideas in order to 
differentiate functions from E" to ἘΠῚ, for any positive integers n and m. The 
derivative mappings of these functions turn out to be linear transformations between 
corresponding tangent spaces and we shall describe the matrices representing them. 


READ: Section I.7 (pages 32-39). 


Comments 


(i) 


(ii) 


(1) 


Section 1.7 In this section there are several straightforward general- 
izations of definitions that have previously been applied to E? only. Those 
that are not specifically mentioned are: 


(a) Natural coordinate functions x,,..., x,, which generalize those of 
Definition 1.1.2. If p is a point in ἘΠ then x;(p) = p; (i= 1, 2,..., n). 


(b) Tangent vectors Vp in ΕΠ, which generalize those of Definition 1.2.1. 
The tangent vector Vp represents the “arrow” from p to p+ vin E®, 


(c) Curves a(t) = (a(t), ..., @,(t)) in E®, which generalize those of 
Definition I.4.1. 


(d) Straight lines t -— p + tv in ΕΠ, 


(e) The velocity vector a(t) = ((da,/dt)(t),..., (doy, /dt)(t)) et) for a 
curve ἃ ἴῃ ΕΠ, which generalizes Definition I.4.3. 


(f) The directional derivative v,[f] of a function f on ΕΠ with respect to 
a tangent vector Vp, which generalizes that of Definition 1.3.1. That 
15, ν» [ἢ = (d/dt) lp + tv)) Ι = 0. 
Page 36: line 3 
F,(v) = F(p + tv) 0) 
= ((pi + tv,)* - (pz + tvz)?, 2(py + tvy)(p2 + tv2))'(0) 
= (2(pi + tv; )v, - 2(py + tvz)v2, 2(py + tvs )v2 + 2v; (ρ + tv ))(0) 
= 2(Pivi ~ P2Va, Piv2 + Ρχν)). | 
Page 37: following Corollary 7.7 To obtain the j-th column of a matrix 
representing a linear transformation with respect to given bases, we find the 


coordinates for the image of the j-th basis vector in the domain, in terms of 
the basis for the codomain. 
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In Example 7.3(2) we take as basis vectors for the domain U,(p) and U2 (p) 
and for the codomain U,(F(p)) and U,(F(p)). Hence, by Corollary 7.7, the 
linear transformation is represented by 


of of 
— (p) -— (p) 
du ὃν 


of of 
2 (p) ee 
du ὃν 


(p) 


2 


where f, =u’ - v” and f, = 2uv. 


All such matrices are called Jacobian matnces. 


Hence at p = (p1,p2) the Jacobian matrix is 


| 2u(p) μ᾿ i he 
2v(p) 2u(p) 2p2 2Ὀ. 
The image of a typical vector v = (vi,v2) under this transformation is 
2p, -2p2 V4 PiVi~ P2V2 
=2 
2Ρ2 2P1 V2 P2V1i τ PiV2 


which is the answer obtained on page 36, line 3. Note that while dealing with 
matrices we represent tangent vectors by column vectors. 


Additional Text 


(a) Let f be a mapping from R to R. Then the Jacobian matrix is the 
1 X 1 matrix (df/dt), where here we do not need partial derivatives since f is 
a function of t only. 


Now a tangent vector in R, v) is an arrow from p top Ἔν, 


Ρ pty 


and this is mapped by f, to the tangent vector v(df/dt)(p) at £(p). That is it 
is multiplied in length by (df/dt)(p). 


gp) 
| dt 
a 
f(p) f(p) + vil ip) 
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(b) Suppose we have a curve α: Ε-- R3, where α has coordinate functions 
(α,, &, G3), 1.6. 


α : ἐν A(t) = (αι(1), O2(t), o3(t)). 
Then we obtain the 3 X 1 Jacobian matrix 


da, 
dt 


da, 
dt 


das 


dt 


A tangent vector v, at p, is mapped to the tangent vector ας μ(ν), αἱ a(p). 
Reverting to row vectors, this is the tangent vector | 


vA (p), v8 (0), v.23 (0) 
dt dt dt a(p) 


(c) Suppose we have a real-valued function F : E7—> R, then the Jacobian 
matrix is the 1 X 3 matrix 


oF oF oF 
0X, OX, 0x3 


If Yp =| V2] is a typical tangent vector, it is mapped by F ἘΡ 


V3/p 


to the tangent vector 


[ΔῈ OF OF 
ΓΞ (p), ——(p), ——(p)) ΛνΝᾺ at F(p) in R. 
Ox, Ox, 0X3 


V2 


V3 
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This is v, (OF/0x,)(p) + v2 (OF/0x2)(p) +v3 (OF/0x3)(p), which we have 
already met as the directional derivative v)[F]. 


OF 0 
= vi— (p) t+ v2 oF (p) a yee (p) 


xy X2 X3 
$$ peer ——— 
F(p) F(p) +v> VF(p) 


(d) The Composite Rule Suppose we have two mappings F : E*? —> E™ and 
G : EM—- EI, then we can form the composite mapping Go F : E29 —> El. 
The obvious question is whether we can calculate the derivative map 
(Go F), in terms of the derivatives G, and F,. The answer is yes. We state 
the result, which should be intuitively obvious, and investigate some of its 
consequences. 


Theorem 
For mappings F : E29 —> EM andG: EM —> ET 
(G oF), ΞΟ, o F,. 


To be more precise we need to take into consideration the point at which each of 
the derivatives is evaluated. 


Now 
ΕΒ : Tp(E") — Trip)(E™) 
Gy F(p) : TE(p)(E™) —> TG o F(p)(E*) 
(Go F)4p : Tp(E") TE o F(p)(E*) 


and hence (Go F),p = Gy F(p) ° Fap- (This may remind you of the composite rule 
for ordinary differentiation — D(ge ἢ = (Dgof).Df .) 


Considering all points p of the domain at the same time we can write the composite 
rule as 


(GoF), =Gap ° Fx- 
This form of the composite rule accounts for all of the composite rules that we have 


encountered. When we expand it in terms of Jacobian matrices the composition on 
the right hand side then stands for the usual matrix multiplication. 
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(i) Given maps f: R——>R and g: R—>R, the composite rule gives the form 
of the chain rule encountered in M100. 


(ii) Given a map ἢ: R—>R followed by a: R—~>E’, as in Lemma 1.4.5, the 
composite rule gives 


(Woh) 45 = his) ° has. 


Now h, = oh and a, is represented by /—— 


Hence if we write B = ach the composite rule gives 


A| - [A o@) 6 
dt dt : 


465 (5) aes (h(s)) 


dt dt 
Ps (s)f | 403 (n(s)) 


dt dt 


i.e. β΄) = 2 (s)a'(s). 
ds 


(iii) | Given a map f: E* —> R followed by h:R —>R, as in Lemma I.5.7, we can 
write the composite rule as 


(hef), = hyf ο oe 


Now hy is just the derivative which can be written h’, and so hae = h'(f). 
Hence in terms of Jacobian matrices 


a(h(f)) δ(μ(ἢ) “a sea fe Of δὲ } 
Ox 


Ox, OX, 0X3 


ie. URE) <r PEG = 1,9,3), 
OX; . ΟΣ; 


(iv) | Given a map a:  ---- E? followed by a map f: E7——>R, as in Lemma 1.4. 6, 
then the composite rule states 


(foa),¢ = Fat) 9 Vet: 
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In terms of Jacobian matrices, this becomes 


AED) (ry = (28 («(0), SE (α(0), 2 (e(ty)) / S22 (e} 


dt OX, OX» 0X3 dt 


SO 


d(f)) ἡ) = = 8 κα} Δἴ ὦ. 


——— 


dt 1Ξ1 Ox; dt 


Now read the proof of Lemma 1.4.6 and Lemma 1.3.2, where 
a: tr >pt tv, so that (da;/dt)(0) =(d/dt)(p; + tv;) ᾿ - 0 Vj. 


Summary 
Notation 

P= (fy 3a da) Page 33, Definition 7.1 
F,. 7 Page 35, Definition 7.4 

of of 

du ov = 

Page 37 and Text, page 44 

ὃ ὃρ 

dus OV 
Definitions 
(i) Euclidean coordinate functions (f;,..., fm) Page 33, Definition 7.1 
(i1) Image of curve under a mapping F(a) Page 33, Definition 7.2 
(iii) | The derivative map Fx Page 35, Definition 7.4 
(iv) | Jacobian matrix | | Page 37 and Text, page 44 
Results | 
(i) The derivative map can be described in terms of 


the coordinate functions and directional derivatives 


F,(v) = (v[fiJ,---5 v[Efm])- Page 36, Theorem 7.5 
(ii) The derivative map Εκμρ : Tp (ΕΠ) —>TF(p) (E™) 
is a linear transformation. Page 36, Corollary 7.6 


(iii) § The effect of Fy on the standard basis is 


F4(U;) = Σ ἢ 


1 Ox; 


U;. Page 37, Corollary 7.7 
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(iv) | The derivative map preserves velocities. 
If B = F(a) then β' = F(a’). Page 38, Theorem 7.8 


(v) The composite rule:. 
If F: E2? —> EM and G: EM —>FY then 


(Go F)xp = Gy F(p) ° Fep- 


Techniques 
(i) Description of mappings in terms of Euclidean co- 
ordinate functions. Page 33, Definition 7.1 


(it) Pictorial description of simple mappings. 


(ii) | Determination of derivative maps, 


(a) from first principles Page 35, Definition 7.4 
(b) from directional derivatives of coordinate 
functions Page 36, Theorem 7.5 
(c) from Jacobian matrix. | Text, page 44 
(iv) Calculation of the derivative mapping of a 


composite using the composite rule: 
(GF), = GypoFy 
where if the derivatives are represented by Jacobian 


matrices the composition on the right is matrix 
multiplication. | 


Exercises 
Technique (t) 


1. Express the following mappings from Εὖ to Εὖ in terms of Euclidean 
coordinate functions 


(a) F:p+—-3p, 
(b) F : p+—> (ePiP2, p3 + 2p,, pi): 


Technique (ἢ) 


2. Page 39, Exercise 2. 


Technique (111) 


3 (a) Page 39, Exercise 4. 


(b) Find F,,(vp)), using directional derivatives, for F = (x cosy, x siny, -z), 
v = (2,-1, 3) and p = (0, 0, 0). 


(c) Describe the derivative mappings for F given in Example (1), page 34. 
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Technique (tv) 


4. Use the composite rule for Jacobian matrices to find (0f/0x, df/dy, df/dz) - 
for the composite mapping in Exercise 4(a), page 6. | 


Solutions 


1. (a) Since p+— -3p, | 
F(p) = (-3pi1, -3p2, -3p3) 
= (-3x(p), -3y(p), -3z(p)) 


and so, in terms of Euclidean coordinate functions, 
F = (-3x, -3y, -3z). 
(Ὁ) Ἐφ) = (ePiP2, ps3 + 2pi, P1) 
= (ex(P)y(P), z(p) + 2x(p), (x(p))?) 
= (eXY(p), (z + 2x) (p), x (p)) 


and so F = (eXY, z + 2x, x”). 


2. Page 39, Exercise 2. 
7 The lines u = 1, and v= 1 are the sets of points p such that u(p) = p, = 1 and 
v(p) = p2 =1. These are shown on the following diagram. 


A point on the horizontal line is of the form (t, 1) and is mapped by F to 
(t2 - 1, 2t). So, for instance, (0, 1)+—(-1, 0), (1, 1) ~>(0, 2) and 
(-1, 1) (0, -2). 
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How do we describe such a curve? A point ΡΞ (pj, 02) is on the curve if 
p,=t?- 1, p,=2t for some t. From these identities we deduce that 
4(p, + 1) = p3. Using the notation of Section I.4 we write 


p&M: 4(ut+ 1)- v? =0. 


The line u=1 consists of points of the form (1, t). These are mapped by 
F to (1 -- t?, 2t). This is a typical point on the parabola v?=~-4(u- 1), which 
is shown on the following diagram. 


3. (a) Page 39, Exercise 4(a). 
d 
Fs(vp) = (F(p + tv))|¢ = 0 at F(p) 
dt 
d 
ae +tv1;, Ρ) +tv2, p3 + tv; it = 0 
t 


d 
=—(pi + tv) - pz - tv2,p, +tv, +p, + tv, 2p3 + 2tvs)\t = 0 
dt 


= (vy —V2, Vy FV, 2v3) at F(p). 
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(b) 


(c) 


Page 39, Exercise 4(b). 
If F is linear then F(p + tv) = F(p) + tF(v). 


Hence F (Vp) = <(F(p + tv))|t=0, at F(p), 
t 
=“ (F(p) + tF(v))|t=0, at F(p); 
dt 
= F(v) at F(p), 


SO Fx(vp) = F(v)F(p): | 


If F =(xcosy, xsiny, z), then by Theorem 1.7.5 


Fx(Vp) = (vp [x cosy], Vp[x sin yl], Vp IZ] )F(p): 
Now if v = (2,-1,3) and p = (0,0,0), then by Lemma I.3.2 
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VpI[x cosy] = 2.9 (x cos y) (p) - iO  ἐδεν) (p) + el ee y)(p) 
Ox Oz 


dy 


=2cos y(0,0,0) + xsiny(0,0,0) + 3.0(0,0,0) 
=2cos0 + OsinO + 3.0 
= 2. 


Similarly, 


Vp [x siny]| = 2 sin y(0,0,0) - x cos y(0,0,0) + 0 
2sin0 - OcosO = 0. 

— Vplz] = 2.0 - 1.0 + 3.1 

3. 


NW 


So 
Fx (vp) = (2,0,0)(0cos0, Osin0, 0) = (2,9,3) (0,0,0)- 


If F = (x - y, x ty, z) the Jacobian matrix for F,, is 


af, af, df, 


1 =] 0 
Ox dy Oz 
of, Of, Of. | _. 1 1 0 
ΟΧ oy Oz 
Of; of; of; 0 0 ] 
ΟΧ ΟΥ 0z 
This maps the vector v to 
1 -] 0 γι Vi — V2\ 
1 1 0 V> = νι + V2 
0 0 1 V3 V3 


and so Fx(Vp) = (Vv; -V2,V1 + V2,V3 )F(p) as expected. 
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4. 


We have f described as a composite of functions, f=hog, where 
g:pt—>(g,(p), g2(p), ga(p)). That is, σιν» go, g3 are the coordinate functions 
for g and so in this example 


ΒΞ (Χ Ἐ γ, γ΄, ΧῈ 2). 


Since f: E7—>+R, g: E7—-+E? and h: Ε --" Β, the corresponding 
Jacobian matrices are 


of of of 


dx dy Oz 


08: 981 8s 1 1 0 
0x dy Oz 

082 282 O82 | _ 0 2y 0 |, 
ox dy Oz 

983 8838s 1 0 1 
dx dy Oz 

and = ὉΠ ΘΠ Sie sy). 
Ox Oy dz 


Now by the composite rule Exp =h, g(p) ° 8*p 
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Of Of, . Of,+ | 
(ey, —(p),—(p) τ 2x(g(p)), -z(g(p)), -y(g(p)))} [1 1 0 
Ox dy dz 
0 2y(p) 0 
1 0 1 
= (2¢: ). -g3(p), -g2 (p)) J 0 
0 2p 0 
] 0 1 
= (2p; + 2p2, -P1-Ps.-p3| 1 1 0 
[0 2p, 0 
1 0 1 
= (2p, + 2p. -p2,-2p1 + 2p2 -2pip2 - 2025, -p?), 
and hence 


of of of 
Eel (2x + 2y - y?, 2x + 2y - Oxy - 2yz, -y?). 


54 


M334 I 


FURTHER EXERCISES AND SOLUTIONS 


Section I.] 


Technique Exercises 


Pages 5-6, Exercises 1(b), 2(a), 2(d), 4(b), 4(c). 


Solutions 

l(b). xy(2y + x)sin z 

2(a). 0 

2(4).  t*(1 - ἢ 

4(b). 2f = 2e2X(1 - eY) 
Ox 

4(c). of = 4x, 
Ox 


Section I.2 


Technique Exercise 


Page 11, Exercise 4. 


Other Recommended Exercise 


Page 11, Exercise 5. This extends the concepts of linear independence and linear 
combinations to cover vector fields. 


Solutions 


4. 


5(a). 


5(b). 


f = kx”, g = -ky? for any real function k on R®, 
e.g. f = x2, g =-y”. 

Vi (p) = (1,0,-pi)p 

V2(p) = (0,1,0)p 

V3(p) = (Pi :0,1)p 


and since]1 0 p,| =1+p;,#0 these vector fields are linearly independent. 
0 1 0 
P1 0 ] 


(xU, + yU, + zU3)(p) = (P1P2sP3)p 
1 -p3} res 
~ P1( Eo) Vi (p) + p2V2(p) + (Py ay, (p) 


(1 + pj) | (1 + p}) 
and hence 
- a 
xU, + yU, + zU3 - Χ(! - 2) Vi +yV, + & +2) y,. 


(1 +x?) (1 + x?) 
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Section 1.3 


Technique Exercises 


Pages 14-15, Exercises 1(a), (b), 2(a), (b), 3(a)-(d), (ἢ). 


Solutions 

1(a) and 2(a). 0 

l(b) and 2(b). 896 
3(a).y? 

3(b). -3xz? 

3(c). -yz?(y?z - 3x?) 
3(4).  -yz? (yz - 3x”) 
3(f). 0 


Section I.4 


Technique Exercise 


Page 21, Exercise 8. 


Other Recommended Exercises 


55 


Page 21, Exercise 4. This exercise shows that a curve is determined uniquely by its 


initial point and velocity vectors. 


Page 21, Exercise 6. This theory exercise deals with the definition of the directional 


derivative. 


Page 21, Exercise 9. This deals with the geometrical interpretation of tangent lines. 


Solutions 


8. B(s) = τον log ; 


5 


β' (9) = 5 oo) 


s? 5 


a’(h(s)) = ᾿ ὌΝ 


kell S70 hence β' (5) = ΔΒ ().α (9). 
ds 5 ds 


t 47 
4, Qt = 1+— ee | et _ 6 Φ 
()= (1454, et - 6) 


56 M334 I 


6. Let @ be any curve with a’ (0) = Vp: 


Then SC) (0) = o'(0){£] = vp lf]. 
dt 
9. (a) ut— (2, 2u, u). 
(b) ur >(/2(1- u),/2(1 + u), “+ vu). 
4 


Section I.5 


Technique Exercises 


Pages 25-26, Exercises l(a), (b), 3(a), (c), 4, 6(a), (c). 


Other Recommended Exercises 


Page 25, Exercise 2. This expresses the operation of a 1-form on a vector field in 
terms of Euclidean coordinate functions. 


Page 26, Exercise 8. This deals with the Leibnizian property of d. 


Page 26, Exercises 9, 10. These explore the relationship between the differential of a 
function and its maxima and minima. 


Page 26, Exercise 11. This deals with the relationship between the differential and 
the difference operator. 


Solutions 
l(a). 4 
l(b). -4 
27 
3(a). χ' +x*(1t+z)-xy?-225 
x 


4(a). 5f*df 

ὦ: SS 
2,/f 

4(c) 2f df 
1 + f? 


6(a). df= y?dx + (2xy - z*)dy -2yz dz, -10. | 
6(c). ἀξ =cos(xy)cos(xz)(y dx + x dy) -- sin(xy)sin(xz)(z dx + x dz), -2. 


2. O(V) = 2 Σ ἣν; dxj(Uj) = 2 Σ fivjdij = Σ fivi- 
1 Jj 1 Jj 1 
8. d(fg)(vp) = vp[fg] = vp[flg + ἵνρ[6] 


=df(vp) g+f dg(vp) 
=(gdf + f dg)(vp) 
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and hence d(fg) = g df + f dg. 
of of 
9. df(vp) = (pvr + ()ν; + (pws 
Ox dy dz 


and hence df(vp) = 0 for all v if and only if 
f 
: τις 


 (p) = (p) - 2£(p) -ο.ὕ 
Ox Ody 0z 


of 
Here St = χγ, δ = 1 _ x? ~ ayz, 8 21 -y2 
Ox dy Oz 


and the critical points are + (0, 1, 3). 


10. If p is a local maximum or minimum then t = 0 is a local maximum or 
minimum of the function t -— f(p + tv). 


d 
Hence df[vp] = vpIf] = (f(p + tv)) l=0 = (0. 
t 


11(a). By Taylor’s Theorem 


f(p + tv) = f(p) + t2(£(p + tv) {ππ + Remainder 
dt 


= f(p) + tdf(vp) +R. 


Hence f(p + v) - f(p) ~ df(vp). 


11(b). Exact: -0-420 : : 
Approximate: df(vp) = 2XY ay ἘΣ dy - XY dz| (-0-1, 0-1, 0-2)(1, 1-5, 1) 


Zz Ζ 22 


Section 1.6 


Technique Exercises 


Page 31, Exercises 1, 2, 4(a), (b), (d), 6. 


Other Recommended Exercises 


Page 31, Exercise 5. This expresses the wedge product of three 1-forms in terms of 
the determinant of their Euclidean coordinates. 


Page 31, Exercise 8. This exercise deals with the relationship between the exterior 


derivative and the vector operations div, grad and curl. 


Solutions 


(a). γΖ cosz dx dy - sinz dx dz -- cosz dy dz, 
sinz dx dy + z sinz dx dz + z cosz dy dz, 


~yz dx dy - yz? dx dz + dy dz. 
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l(b). -zdx dy - y dx dz, 


-cos z dx dz + sinz dy dz, 


0. 
2. ἀφ 15. ". dx dy, dy Ξ -- dy dz, 
2 
y 
ory =“ dx dy and 
y 
d(oa ψ) = doay - φλάψ =Lax dy dz. 


Υ 
4(4). d(fdg Ὁ gdf) = d(d(fg)) = 0. 
A(b). (df - dg)A(df + dg) = 2 dfadg. 
4(d). (1 - f)dfadg 
6. dx dy dz = rdrdd dz 


5. Expand both the determinant and the triple wedge product in terms of the 
Euclidean coordinate functions. Both sides give 


(ἔ, 2235 - firfeafs2 Ὁ fiefesfsr - fiofarfas + fisfoifse - fisfeafsi1)dx dy dz. 
8(a). df= 3 of dx; ς (1) 5 of U; = grad f. 


Ox ; Ox; 


8(b). If V= 2f; U; then ¢ = Lf; dx;, 


ice a oe dx, dx3 + ἘΞ 1 ἀκ, dx; 


OX 0X3 OX» 0X3 


46 -| | dx,dx, a 


OX Ox, 
and d@ , (2) , curl V. 
8(c). If V = Lf,U; then ἢ = f3dx, dx - ἔχάχ, ἀΧ3 + fy dx2 dx. 


dn ἘΞ + Oho + dx, dx, dx3 and hence dn A2) (div V)dx dy dz. 
OX ΟΧ) ΟΧ3 


Section [1.7 


Technique Exercise 


Page 39, Exercise 1. 


Other Recommended Exercises 


Page 40, Exercises 5 and 6. These describe the derivative of a mapping in terms of 
the differentials of its Euclidean coordinate functions. 


Page 40, Exercise 8. This deals with the definition of the derivative. 


Page 40, Exercise 9. The derivative mapping preserves directional derivatives. 
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Page 40, Exercise 11. This deals with inverse mappings, which you can read about in 
Exercise 10. 


Page 40, Exercises 7 and 12. These deal with the derivative of a composite mapping. 


Solutions 

1(a). (0, 0). 

l(b). (-3,1), (3,-1). 
I(c). (0, 0), (1, 0). 


5. = (cos y dx - xsin y dy, sin y dx + x cos y dy, dz) 
(a) e, 0,3)(0,0,0) 
Ὁ) (2,2,3)(0,2,m) 
6. The Jacobian matrix at p is 
COS Pp» sin p 0 


-p, sinp, Pi Cosp, 0 


0 0 1 
This has determinant p, and hence F is not regular at points for which 
Pi - 0. 
8. Let & be any curve such that α΄ (0) = Vp» then if 6 = F(q) it follows that 


β' (0) = Ε,(α' (0)) = Fa(vp). 


9. Let @:t+—>p + tq. 
R-“,En_F, Ἐπὶ go R 


vpla(F)] = «'(0)[a(F)] =<(e(F(@)) It=0- 
t 


Fx(vp)[@] = (F(@))'(0) [g} = (a(F(@))) lt=0- 


dt 
Hence vp[g(F)] = Fx(vp) [5]. 


11(4). Επ' =(v,ue-Y). This is a diffeomorphism. 
4 4 


11(b). Ε΄" Ξ (αὖ, ν αὖ). This is not a diffeomorphism since it 1 is not differentiable 
when u = 0. 


11(ο). F-! = (9- υ 2y) 
2 


ὅτ --ν]. This is a diffeomorphism. 


7. GF = (»,([,, f2), go(f1, ἢ )). 
12(a). GF = (g1(f;, . τ ee cee y Sy(fi, ee ey fm)) 
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12(b). (GF),(a’) = ((GF)(a))’, by Theorem I.7.8, 

=(G(F(c:)))’ 

=G,((F(a))) 

=G,F,(a’). 


12(c). Since any vp = a'(0) for some a it follows that (GF), = G4F x. 
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DIF FERENTIAL GEOMETRY 


I Calculus on Euclidean Space 
II Frame Fields 

III Euclidean Geometry 

IV Calculus on a Surface 

V__ Shape Operators 


VI Geometry of Surfaces in Ε 
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Set Book ) 


Barrett O’Neill: Elementary Differential Geometry (Academic Press, 1966). It is 
essential to have this book: the course is based on it and will not make sense without 
it. 


Bibliography 


The set books for M201, M231 and MST 282 are referred to occasionally; they are 
useful but not essential. They are: 


D.L. Kreider, R.G. Kuller, D.R. Ostberg and F.W. Perkins: An Introduction to 
Linear Analysts (Addison-Wesley, 1966). | 


E.D. Nering: Linear Algebra and Matrix Theory (John Wiley, 1970). 
M. Spivak: Calculus, paperback edition, (W.A. Benjamin/Addison-Wesley 1973). 
R.C. Smith and P. Smith: Mechanics, SI edition (John Wiley, 1972). 


Also mentioned in this Part is: 
T. Wilmore: An Introduction To Differential Geometry (O.U.P., 1964). 


Conventions 


Before starting work on this text, please read M334 Part Zero. Consult the Errata 
List and the Stop Press and make any necessary alterations for this chapter in the set 
book. 
Unreferenced pages and sections denote the set book. Otherwise 

O’Neill denotes the set book; 


Text denotes the correspondence text; 


KKOP denotes An Introduction to Linear Analysis by D.L. Kreider, R.G. 
Kuller, D.R. Ostberg and F.W. Perkins; 


Nering denotes Linear Algebra and Matnx Theory by E.D. Nering; 
Spivak denotes Calculus by M. Spivak; 
Smith denotes Mechanics by R.C. Smith and P. Smith. 


References to Open University Courses in Mathematics take the form: 
Unit M100 22, Linear Algebra 1 
Unit MST 281 10, Taylor Approximation 
Unit M201 16, Euclidean Spaces I: Inner Products 
Unit M231 2, Functions and Graphs 
Unit MST 282 1, Some Basic Tools. 
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1.1 INTRODUCTION AND DOT PRODUCT 


Introduction 


This whole section depends only on Sections 1.1 and 1.2, and may be read easily 
even if you are not entirely confident about the later sections of Chapter I. 


It provides a revision of the basic vector concepts that you have met in MST 282 and 
M201. You should make sure that you are familiar with the following ideas: the dot 
product, cross product, triple scalar product and norm for Ε (Unit MST 282 1, 
Some Basic Tools, Section 2); the dot product, norm, Schwarz inequality, angle, 
orthogonality, orthonormal bases and orthonormal expansions for general Euclidean 
vector spaces (Unit M201 16, Euclidean Spaces I: Inner Products); orthogonal 
matrices (Unit M201 24, Orthogonal and Symmetric Transformations, Section 1.2). 
You will also find it useful to revise the technique of evaluation of a 3 X 3 deter- 
minant (KKOP, page 684). 


These vector ideas are revised and then applied to the tangent vector spaces Τρ). 
For example, the dot product of two tangent vectors with the same point οἷς appli- 
cation is defined by 


We find that the usual vector space results carry over to each of the tangent spaces. 
Later on we shall extend these definitions to vector fields by the pointwise 
principle: for example, if V and W are vector fields the dot product of V and W, 
Ν ἍΝ, will be the function from Εὖ to R whose value at p is V(p)"W(p). 


READ: Introduction to Chapter II and Section II.1 (pages 42- 48). 


Comment 


(i) Page 47: the determinant and cross product The determinant 15. a 
function from the set of all square real matrices into the real numbers. It is 
written by replacing the brackets of the matrix by straight lines. The rules 
for evaluating it on 2 X 2 and 3 X 3 matrices are as follows: 


aii a12 
“ἅς, 422 - AQ} ἃ; 
a21 a22 
ait a12 Δ13 
a21 a22 Ar3 | = 441422433 + γι: 432413 + 83,82 A23 
431 432 a33 — 231422 213 - 221412 433 — δἃι1632423 


(see KKOP, page 684) 
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which may be written as 


ait 412 Δ13 
ἃ21 8.22 a3 = ay, | 922 923] 44,, | 323 a21 
431 a32 a33 432 433 233 a3} 
+a; 421 a22 
431 a32 


This last expression gives the expansion of the formal determinant for v X w 
as 


Ui(p) [v2 v3 [1 U2(p)[ vs νι [+ Us(p) {vive 

W2 W3 W3 Wi Wi W2 
= (v2W3 - V3w2) Uy (p) + (v3wy - v,w3) U2 (p) + (vi we - V2W1) U3(p) 
= (v2W3 - V3W2, V3 Wy — V1 Wa, Vy W2 ~V2W4 )p- 


O’Neill assumes that you are familiar with the following properties of deter- 
minants: 


(a) a determinant is linear as a function of each of its rows; 
(b) interchanging two rows of a determinant multiplies its values by - 1; 
(c) a determinant has value zero if and only if its rows are linearly 


dependent vectors. 


In Unit M 201 5, Determinants and Eigenvalues, you learnt these properties 
for the columns of a determinant. However, in Section 1.5 of that unit you 
saw that the determinant of the transpose of a matrix is the same as the 
determinant of the original matrix, and thus all these results are true for 
rows as well. 


By Lemma II.1.8, v X wis orthogonal to both v and w, and 
lv X w ||? = (v-v) (wew) - (vw)? 
= |Ivil? Ilwll? - (vew)?. 
The angle 3 between v and w is defined by 
_vew = Ilvilllwll cos 9 
(see page 44), and so 
liv X wil? = Ilvil? wil? - (Πν]] Iwill cos 8)? 
= |IvIl7 Iwill? (1 - cos? ὃ) 


= |[vll? {{νν}}2 sin? 8. 
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Taking square roots, 
| 1 

llv X wil = Ilvilliwil (sin? 9)? 
For any given value of cos & (in [-1,1]) we can choose ὃ to lie in the range 
0 <0 <7, that is 0 is the smaller angle between v and w; for ὃ in this range 
sin 0 is non-negative and so (sin? })2 = sin ϑ. Thus 

lv X wll = Ilvilllwil sin 3 
and so 


VX we=|lv||llwi] sin On 


where n is a unit vector orthogonal to both v and w. 


vxX w 


In fact n is obtained from v and w by the right-hand rule (page 48, penulti- 
mate paragraph), and so O’Neill’s definition of cross-product is equivalent to 
that given in Unit MST 282 1, Some Basic Tools. 


One consequence of the definition of cross-product is the following. 


Lemma I1.1.A If e, and e, are orthogonal unit tangent vectors and 


63 =e, X e, then 63 is a unit tangent vector orthogonal to both 6; and e, 
and ) 

ει Χο) = €3; ς) ΧΕ, = -€33 

e, X €3 = e413 €3 ΧΕ) = -e); 

65 ΧΕ, =e); ε, Χ 6323 =-€. 


In particular, these formulas hold when e, =U,(p), e2 = U2(p), in which 
case e3 = U,(p) X U2 (p) = U3 (p). 
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There is no reason to restrict the definition of cross product to tangent 
vectors. As for the dot product, we can define it for pairs of points of E% 


also. If we put u, = (1, 0, 0), u, = (0, 1, 0), ug = (0, 0, 1) then for points p 
and q of Εὖ we define the cross product of p and q to be 
| U, U2 U3 
PXq=| Pi P2 Ps 
di 42 43 
=  (P2q3 - P3q2)uy + (P3qi - Pi q3)U2 + (P1q2 - P24 Us 


= (p2q3 - P342> P3di — P1493, P12 - P2q1)- 


Useful results about determinants and cross products are contained in the — 
following exercises, which you should attempt now. 


1. Page 49, Exercise 4. 

2; Page 49, Exercise 5 (first part). 

3. Page 49, Exercise 6. 
Additional Text 


The result of the following exercise will be needed later. 


4. Page 49, Exercise 7. 
Summary 
Notation 
pq | Page 42, Definition 1.1 
ρ΄ Page 44, Definition 1.3 
ΠΡ]! Page 43, line 9 
Ilvpll | Page 44, line 12 
d(p, q) Page 43, Definition 1.2 
We | Page 43, line -4 
tA Page 47, line 1 
Vp X Wp Page 47, Definition 1.7 
pxq Text, page 8 
Definitions 
(i) Dot product of points p*q Page 42, Definition 1.1 
of tangent vectors v-w | Page 44, Definition 1.3 
(ii) | Norm of a point |IpI Page 43, line 9 
of a tangent vector ||v|| Page 44, line 12 


(iii) Euclidean distance d(p, q) Page 44, Definition 1.2 
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(iv) 
(v) 
(vi) 
(vit) 
(viii) 
(ix) 
(x) 
(xi) 
(xii) 


(xiii) 
(xiv) 
Results 
(i) 

(ii 


(iii) 
(iv) 


(v) 


€-neighbourhood δι. 

Open set 

Orthogonal vectors 

Unit vector 

Frame, or orthonormal basis 
Orthonormal expansion 
Attitude matrix 

Orthogonal matrix 
Transpose of A, tA 


Cross product of points p X q 
of tangent vectors v X w 


Triple scalar product'u-v X w 


ΠΡ + qll < Iipll + liqll (the triangle inequality) and 
lapli = [4 IIpll. 
lvewi S [lvl llwll (Schwarz inequality). 
U,(p), U2(p), U3(p) constitute a frame at p. 


Orthonormal expansion. If e,, 62, e3 is a frame 
at pand vET) (E?), then 


v= (v-e,)e, + (v-e,) e, + (v-e3) 63. 
If εἰ, €2, €3 1s a frame, v = Σ aje; and 
w = 2 bje;, then 


Vw = a,b, + arb, + a3b3. 


If A is an orthogonal matrix, ‘A = A7?. 


The dot product is symmetric, bilinear, positive 
definite. 


The cross product is alternating, bilinear. 


1 
llv X wll = (vev wew- (v-w)? )2 = {{ν}| {{[νν}} sin 3. 


v X wis orthogonal to v and to w. 


v X w= |lvi] |[wi| sin 3 n, where n is obtained by the 
right-hand rule. 


v X w# 0 if and only if v and w are linearly inde- 
pendent. 


αν X w Ξ 0 if and only if τὰ, v and w are linearly 
independent. 


Interchanging any two of u, v, w reverses the sign 
of u-v X w but does not change its absolute value. 


If e,,€2, 63 is a frame, 
ΟΠ ΘΙ 6) X 62 ΞΕ]. 


Page 43, line -4 

Page 43, line -3 

Page 44, line -7 

Page 44, line -6 

Page 44, Definition 1.4 
Page 45, line -1 | 

Page 46, Definition 1.6 
Page 46, line -2 

Page 47, line 1 


Text, page 8 
Page 47, Definition 1.7 


Page 48, line - 3 of text 


Page 43, line 11 


Page 44, line 13 
Page 45, line 6. 


Page 45, Theorem 1.5 


Page 46, line 7 


Page 47, line 5 


Page 43, lines 1-7 
Page 47, line -11 


Page 47, Lemma I.8 and 
Page 48, line -9 


Page 47, Lemma 1.8 
Text, page 7 

Page 49, Exercise 5 
Page 49, Exercise 4(b) 
Page 49, Exercise 4(c) 


Page 49, Exercise 6 
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(xvi) Ife,,e, are orthogonal unit vectors and 
e, Χ 6) Ξ 63, then e;, 62, 63 is a frame, and 


ει. X 6) Ξ 65; €2 X ει =-€3}3 
e€> X €3- C4; €3 X ς) Ξ τ δι; 


€3X% Ε, =e; e€, X 62Ξ-α). 


(xvii) If u is a unit vector, any vector v may be expressed 
uniquely as 


v= (vou) ut va, 


where ν2 is orthogonal to u. 


Techniques 

(i) Evaluation of dot and cross products and norms. 
(ii) Evaluation of triple scalar products. 

(iii) | Expansion in terms of an orthonormal basis. 

(iv) Determination of the attitude matrix and use of 


the result ‘A = Av}. 


Exercises 


Technique (1) 
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Text, page 7 


Page 49, Exercise 7 


Page 42, Definition 1.1 and 
Page 47, Definition 1.7 


Page 49, Exercise 4(a) 
Page 45, Theorem 1.5 


Page 46, Definition 1.6 


5. Page 48, Exercise 1. 
Technique (11) 
6. If v and w are as in the preceding exercise and u = (- 3,1, - 1) at the same 


point, compute αν X w. 


Technique (111) 


7. Page 49, Exercise 3. 
Technique (10) 
8. Find the attitude matrix A of the frame in the preceding exercise. What is its 


inverse? 
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Solutions 
1. Page 49, Exercise 4. 

(a) Suppose u, v, w are tangent vectors at the point p. 

u = u,U,(p) + υ202(Ρ) + u3U3(p). 
v X w= c,U;,(p) + c2U,(p) + c3U3(p) (*) 
where the c; are found from 
Ui(p) Ur(p) Us(p) 
VX w= Vi V2 V3 
Wi W2 W3 
uev x νοῦ + GU, τοὺ 
which is (ἢ) with U;(p) replaced by uj for i= 1, 2, 3: thus replacing 
U;(p) by uj; in the determinant gives u-v X w. 

() αν X w # 0 => the rows of the determinant are linearly independent 

<=> u, v and ware linearly independent. 

(c) Again, this follows from the properties of determinants: if any two 
rows in a determinant are interchanged the whole determinant 
changes sign. | 

(d) u X vew = weu X Vv, because the dot product is symmetric, 

= u-v X w, by part (c). 
a Page 49, Exercise 5. 
We know that ||v Χ wil = {ν|| [Iwill sin 3, where ϑ is the angle between v and w. 


vX w=0 = |v X wil = 0 
= |lvl|=0 or |lwl=0 or sind=0 
—v=0 or w=0 or Disa multiple of z. 


If v = 0 or w = O then v and w are certainly linearly dependent. If ὃ is a 
multiple of π then 


v and w are collinear, and so linearly dependent. Conversely, if v and w are 
linearly dependent, either v = 0 or w = 0 or sin & = 0. 


Thus v X w # 0 =v and ware linearly independent. 
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Page 49, Exercise 6. 


e, X e3 is orthogonal to both e, and 63. e, and 63 spana plane in Τρί 5), 
so the tangent vectors orthogonal to both e, and e3 form a line in T,(E?). 
We know that e, is orthogonal to both e, and e3; and so e, spans this line: 
thus e, Χ 63 must be a multiple of e,. 


llez X egll = lleall llesll sin δ = 1, 
50 

6) Χ 63 = te;. 
Thus 


€1,°e4 Χ ε3 - Fe ,°e, = +], 


If A is an orthogonal matrix, then it is the attitude matrix of a frame e,, 
€,,€3, where the coordinates of e; with respect to U;(p), U2(p), U3(p) form 
the ith row of A for i = 1, 2, 3. By the first part of the question, 
e,-e, X e; = + 1. However, by Exercise 4(a) on page 49, 


Ci1 ©€12 ©13 
€4°€4 Χ €3 >= Co, €22 ©€23 = detA 
€31 ©€32 ©33 


so the determinant of Ais + 1. 


We could have reached this last result in another way, using the facts (see 
Unit M201 5, Determinants and Eigenvalues, Section 1) that if A and B are 
square matrices of the same size then 


det (tA) = det (A) 
and 
det (AB) = det(A) det(B), 


Now, if A is orthogonal, tAA = I 


SO 

det (tAA) = det(I) = 1 
50 

det (tA) det(A) = 1 
SO 

det (A) det(A) = 1 
50 


det (A) = #1. 


Page 49, Exercise 7. 


Choose v, = (v-u)u, v2 =v - vy. Then certainly v=v, ἕν and ν; is the 
component of v in the u direction, by definition. Moreover, v τιν; is the 
only possible choice for vz in order that v = v, + v2, and so this expression 18 
certainly unique. 
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u 
It remains to prove just that v,;-v, = 0. Now 
νιν) Ξινρ(ν - vy) 
= (v-u)u - (ν -- (v-u)u) 
= (v-u)(u-v -- (v-u)u-u) 
= (v-u)(u-v— v-u), because u-u = 1, 


= 0, because αν = vu. 


ὅ. Page 48, Exercise 1. 
(a) vew = 1.(-1) + 2.0 + (-1).3 =-1-3 =-4. 


(b) Ui(p) Uz(p) Us(p) 
VX w= 1 2 | 
= 0 8 
= (2.3 - (-1).0, © 1). (-1) - 1.3, 1.0- 2.(-1)) 
= (6, -2, 2). 
(c) [lvl] = (12 +27 + (-1)?)? =/6; πὴ Ξ .((,2,-1 7: ). 
lw] = ((- 1)? + 0? + 3? 2 =/10; ἼΙ = ag 3). 


(4) lv X wl] = (62 + (-2)? + 27) =./44 Ξ2.Χ,).1. 
Alternatively, we can use Lemma IT.1.8: | 

llv X wll? = (vev)(wew) - (v-w)? = IIvil7Ilwll? - (vew)? = 6.10-(-4)? = 44. 
(e) If is the angle between v and w, | 


vow = |ivil [[νν}} cos? 


50 -4 =,/6,/10 cos 0 
5 ον 
Ὁ cost = 76 = 2715/15 


6. Uy Uy 113 -3 1 -] 
uvX w= Ivy V2 v3 | = 1 2 S| 
Wi W2 W3 =] 0 3 


=~3(2.8 - (-1).0) + (1)? - 1.3) - 1(1.0- 2.1) 
== 3.06 4e(2)— Leen 22. 


Ajiternatively, since v X w has already been calculated in Exercise 5, we could 
go straight to 


uv X w = (- 3, 1,-1) - (6, -2, 2) 
=-3,6 + 1.(-2) + (-1).2 =-22. 
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Page 49, Exercise 3. 
epee; = τι +27 +17) =1 


6:62 = τι) +0? +27)=1 


exes = G(1? + (21)? +17)=1 


11. 
€ 1° τι. ΡΟΣ μον δ. 


1 Ρ 1 
6) 63 “783 (-2+0+2)=0 


i ee ere 
€3°e} “576. -2+1)=0 


This shows that e,, 82, 63 constitutes a frame. 
By Theorem 11.1.5, 


V = (vee, Jey + (vee, Jeg + (v-€3 es. 


1 7 
eee = 6 

l . -14 
veer = 7g (“12 - 2) = gs 


ree ae 14, en 
Jee" eee tse 


We can check this by working out the right-hand side directly: we obtain 
7 0,2,1) 14 (2,0,2), 4 (,-1,1 
J6 /6 J/8& 4/8 J3 3 


des 4 
= (1, 2; 1) a “g (2, 0, 2) Ἐπ}, sal 1) 


= (6, 1,-1) =v. 


We simply take the coordinates of e;, €2, e3 and write them as the rows of 
A. Thus 
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Since A is an attitude matrix it is orthogonal, and so we know 'A = A'!: that 


is, ΑἸ may be obtained from A by interchanging corresponding rows and 
columns. 


This gives 


<J- Spo Sf 
«% 
- Sie St 


S 
o 
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Π.2 CURVES 


Introduction 


This section depends heavily on Sections I.4 and II.1 but not at all on the later 
sections of Chapter I. 


Here we take up the story of curves left in Section I.4, and extend the definitions 
and results of Section II.1 to vector fields defined on curves. We immediately 
introduce a way of differentiating these vector fields; in particular this gives us the 
acceleration of a curve: the velocity and acceleration turn out to be the same as 
those of a particle travelling along the curve, as given in Unit MST 282 2, 
Kinematics, Section I.1. 


All of this is simply giving us enough technical apparatus to establish the Frenet 
formulas, which are a core feature of the course, in the next section. 


READ: Section II.2 (pages 51-55). 


Comments 


(i) Pages 51-52: unit-speed reparametrization This particular type of 
reparametrization is very important. From now on, whenever O’Neill mentions a 
“unit-speed reparametrization” he means not just a reparametrization which 
happens to have unit speed but a reparametrization of the type given in the proof of 
Theorem 2.1. There is a useful symmetry in this situation. If B is a unit-speed 
reparametrization of @ we have 


B(s) = a(t(s)); 
in this particular case s and t are inverse functions, and so we also have 


B(s(t)) = a(t): 


that is, ἃ is also a reparametrization of 8. We shall often make use of this fact. 


Theorem 2.1 is important because it is often sufficient to know that a unit-speed 
reparametrization of a curve @ exists, without computing it explicitly. It is this 
theorem which allows many proofs to begin: “We may assume a has unit speed”’. 
This considerably simplifies many things, but you should always check that the 
remark is justified. 


(1) Page 52: Definition 2.2 A vector field on a curve should be distinguished 
from a vector field on Εὖ. It is true that if @ is a curve and V is a vector field on E? 
then the function Y defined by 


Y(t) = V(a(t)) 


is a vector field on α (seé the diagram opposite); however not every vector field on a 
is necessarily the restriction of a vector field on E?. For example, it may happen 
that ἃ crosses itself, that is there are different values t, and 12 such that 


a(t, ) = a(t2) = ps 
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" Ϊ ¥(t) = V(a(t)) 


a (Ὁ) 


Ρ 
if Y is ἃ vector field on α it is not obliged to take the same values at t, and t,, but if 
V is a vector field on Εὖ then it has a unique value at p and so 
V(a(t,)) = V(a(tz)) =V(p). A good example of this is provided by the 
figure-of-eight curve given by : 
a(t) = (sint,5sin 2t, 0) (tER) 


which crosses itself at 0 Ξ α(0) Ξ α(π)ὴ: at this point the vector field a’ on a 
does take different values, for a’(0’ = (1, 1, 0) while a'(7) = (-1, 1, 0). 


y 
a (7) a (0) 
ὅπ us 
a (0) |= α (7) 
(1) Page 54: Lemma 2.3 It is important at this point to be quite clear about 


339 8666 


O’Neill’s slightly unusual use of the words “constant”, “straight line’”’ and “‘parallel”’. 
A curve @ is a constant if it is of the form 

Q: Tr C 
that is, the image of α in E® is a single point. A curve @ is straight line if and only if 
it is of the form 

Qa: th >pttq 
for some points p and q with q # 0. The image of α is certainly the line joining 
p and p + q. Intuitively we might think of the curves 

6: t-—>p τ 2tq 
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and 
y: tr>pt tq 
as the same as a, because their images are also the straight line joining p and p + q, 
but it is important to realize that, under Definition I.4.1, they are different curves 
from a. In fact β is the reparametrization of a by the function 
h: t+ 21 
and ¥ is the reparametrization of a by the function 
k:t rst? 
Are β and y¥ straight lines? Well β is, because β can be written 
βι trp + t(2q), 
but y cannot be written in the form 
y:troat tb 


for any points a and b so y is not, technically speaking, a straight line, merely a 
reparametrization of one. 


Finally, “parallel” has the meaning given on page 6, that of having the same vector 
parts. This is a more restrictive definition than that usually used in elementary 


geometry. For example, if 


v= (1, 0, 0)(0, 0, 0) y Ww 
w = (1, 0, 0) (1, 1, 0) 


x = (2, 0, 0), 1, 0) 


y Ξ1-1.Ὁ; 0), 1, 0) V 


then v is parallel to w but not x or y, even though they all point along the same 
direction. For tangent vectors at the same point we say they are collinear if they 
point along the same direction, that is if one is a scalar multiple of the other. The 
vectors w, x and y are all collinear. 


(iv) Curves — a Convention From now on we adopt the convention used by 
Spivak that a function defined on a subset of ἘΠ has the whole of ΕΠ as its domain 
unless otherwise specified. Thus in Exercise 1 on page 55 the curve 


a(t) = (2t, 2,2) 


is taken to be the curve 


3 
a: t > (2t, t’, =) (t ER), 
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Additional Text 
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The following exercises introduce results which will be needed later. 


Attempt them now. 


Li 
ὡς 


Page 56, Exercise 7. 
Y and Z are vector fields on a curve a. Prove that 


(YX Z)'=Y'X Z+YXZ. 


Supplementary Comment 


(t) Page 51: the 


“standard theorem of calculus” 


This is a combination of 


several results from Spivak, which you should be able to accept. 


Summary 
Notation 

ν 

5 

a” 

Definitions 

(i) Speed v 
(ii) Arc length 


Arc-length function s 

Arc-length parametrization 

Unit-speed reparametrization 
Orientation-preserving reparametrization 
Orientation-reversing reparametrization 
Vector field (Y) on a curve 


Euclidean coordinate functions of a vector field on 
a curve 


Derivative of a vector field on a curve 
Acceleration.(a”) of a curve 
Parallel vector field 


Collinear tangent vectors 


Page 51, line 4 

Page 51, line - 7 

Page 52, Definition 2.2 
Page 54, line 7 


Page 51, line 4 

Page 51, line 11 

Page 51, line -7 

Page 52, line 7 

Text, page 16 

Page 52, line - 12 

Page 52, line -11 

Page 52, Definition 2.2 


Page 53, line 9 
Page 54, line 3 
Page 54, line 7 
Page 54, line - 10 
Text, page 18 


20 M334 1.2 
Results 


(i) Any regular curve has a _unit-speed_repara- 

metrization. Page 51, Theorem 2.1 
(i1) If 8 is a unit-speed reparametrization of a, then ἃ is 

a reparametrization of B. Text, page 16 


(iii) Ifa has unit speed, then s(t) = t. 


(iv) The linearity and Leibnizian properties of 
differentiation of vector fields on curves. 


(aY +bZ)'=aY' +bZ’ 


(fY)'=fY + fy’ 
(Y-Z)' =Y'°Z+Y-Z' Page 54, lines 12-17 
(YX Ζ) =Y'X Z+YX Ζ'. Text, page 19 
(v) α is constant if and only if a’ = 0. Page 54, Lemma 2.3(1) 
(vi) is a straight line if and only if a’ #0 anda’ =0. Page 55, Lemma 2.3(2) 
(vii)  Yllis constant if and only if Y-Y’ = 0. Page 54, lines -14 to-12 
(viii) | Y is parallel if and only if Y' = 0. Page 55, Lemma 2.3(3) 
(ix) Y(h)'=h’Y'(h). Page 56, Exercise 7 
Techniques 
(i) Calculation of arc-length. Page 51, line 11 . 
(ii) Finding an arc-length function s = s(t). Page 51, proof of Theorem 2.1 
(iii) | Unit-speed reparametrization. Page 51, Theorem 2.1 
(iv) | Expression of a vector field on a curve in terms of 
its Euclidean coordinate functions. Page 53, line 7 
(v) Algebra of vector fields on a curve. Page 53, last paragraph 
(vi) Differentiation of vector fields on a curve 
(a) from first principles Page 54, line 3 
(b) using linearity and Leibnizian properties. Page 54, lines 12-17 and 


Text, page 19 


(vii) Calculation of velocity, speed, acceleration. Page 51, line 4 and 
Page 54, line 7 


Exercises _ 


Technique (1) 


3. Page 55, Exercise 4. (Note that “log” means “‘natural logarithm’’.) 


Techniques (11) and (111) 


4. Page 55, Exercise 3. 
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Techniques (ww) and (0) 


5. Page 55, Exercise 6. 


Techniques (vt)(a) and (vit) 


6. Page 55, Exercise 2. The required cone is the set of points in E> satisfying 


χ +y? =2?, 


Technique (v1)(b) 
7. Let Y and Z be the vector fields on the curve a(t) = (cos t, sin t, t) given by 
Y(t) = (cost, sint, Let) 
Z(t) = (sin t, τ, cos t)e(t), 
Find Y'(t) and Z'(t) and hence Ν΄ (Ὁ) when V is each of the following: 
) νι(ὴ = Y(t) + Z(t) 
(b) = V(t) = t? Y(t) 
) νΞΥ.Ζ 
(d) V=YX Z. 


Theory Exercises (omit if you are short of time). 


8. Y is a vector field on acurve a. Prove that if ||Y|| is constant and Y’ is never 


zero then Y” is never orthogonal to Y. (HINT: Differentiate Y°Y = con- 
stant.) 
9. Page 56, Exercise 9. (HINT: For the “if” part of (b), let y be a unit-speed 


reparametrization of « and show that γ is a straight line by showing that γ᾽ 
is both collinear and orthogonal to γ΄. By result (ii) α is a reparametrization 


of ¥.) 
Solutions 
1. Page 56, Exercise 7. 


Y(t) is a tangent vector at a(t), so Y(h(s)) is a tangent vector at a(h(s)), so 
Y(h) is a vector field on the curve a(h). | 


We can write Y(t) = (y(t), ya(t), ya(t) a(t) 


50 


γί = (y's (t),v2 (t)s v5 (t)a(t). 
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Now 
Y(h){s) = (yi(h(s)), ya(h(s)), ya(h(s)))e(h(s)) 
¥(h)'(s) = (yi (h(s)) μ΄), ya(bh(s))h'(s), y4(h(s))B"(s))oh(s)) 
by the definition of 
differentiation of a 
vector field on a curve 
and by the chain rule 
= h'(s)(y4(h(s)), y4(h(s)), y5(h(5)))a(ta(s)) 
=h'(s) Y'(h(s)) 


Y(h)! = h’Y'(h). 


Note that this result is, not surprisingly, yet another form of the chain rule! 


2: If 
| Y(t) = (y(t), ya(t), ya(t)) 
and 
Z(t) τῇ (z,(t), Z(t), z3(t)) 
then 


(Y X Z) (ἢ) = (y2(t)z3(t)- ya ([)2) (1), ya (t)z1 (t) — γι (t)zs (t), 
γι (t)%2(t) - yo (t)z, (t)). 


To differentiate Y X Z we differentiate its coordinate functions. The first of 
these is 


Y¥223 “322: 
whose derivative 15 


by the Leibnizian rule for derivatives 
of functions from R to R, 


y2z3 + ¥2%3 - Y322 “ Υ322» 
= (y2z3 - y 322) + (yaz3 - γ322)- 
The other two coordinate functions are similar, and so we obtain 
ya(t)z,(t) - yi(t)za(t) , 
yi(t)zo(t) - yo(t)z, (t)) 
+ (y2(t)za(t) - ya(t)za(t), ya(t)zi(t) - yilt)z3(t), 
yi(t)z9(t)- y(t)z,(t)) 
= Y'(t) X Z(t) + Y(t) X Z’(t) 


=(Y'X Z+YX Z’')\(t). 


(Y X Z)'(t) = (yo (t)za(t) - ya(t)za(t), 


Thus 
(YXZ)’ =Y'XZ+YXZ. 
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ὅ. Page 55, Exercise 4. | 


a(t) = (2t, t?, log t), t > 0. 
a(1)= (2,1, 0) =p 
a(2)= (4, 4, log 2) =q, 
so the curve passes through p and q. 
al(t) = (2, 262) (Ὁ 
[α΄ (t) || = (4 + 4t? + \t = 2t += since t > 0. 


The arc-length between p and q is the arc-length from t = 1 to t = 2, which is 


2 2 
[ [2 ἘΞ ται Ξ le + log ι 
1 1 


=4+log2- 1 


= 3 + log 2. 


4. Page 55, Exercise 3. 
a(t) = (cosh t, sinh t, t) 
a’(t) = (sinh t, cosh t, 1) c(t) 


1 1 
llo’(t)|| = (sinh? t + cosh?t + 1)2 = (2 cosh? t)3, because 1 + sinh?t = cosh’ t, 


=4/2 cosh t. 


t t 
s(t) = \ lle" (u) || du = \ “2 cosh u du =,/2 sinh 1 
0 0 
SO 


t(s) = sinh7! > 


V2 
The unit-speed reparametrization of a based at t = 0 is 


5 


B(s) = a(t(s)) = (cosh(sinh™ ! + sinh(sinh™ ! Ja” sinh” ! Jz) 


mn 


=((1+5 vz sinh aa) 


(using the identity cosh? 9 =1 + sinh? @ for θ- = sinh™! al 


J2?? 
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5. Page 55, Exercise 6. 


(a) - ¥(t) 50 - a(t) at a(t) 
= (- cos t, ~sin t, - ἢ a(t) 
=-cost U,(a(t)) - sint U2(a(t)) - t U3(a(t)) 
=-cost U,- sint U,- t U; 


using the convention mentioned in the middle of page 53. 


(Ὁ) a(t) = (-sint, cost, 1) a(t) 
a" (t)= (cost, ~sin τ, 0) et) 


Y(t) =(cost - sint)U, + (cost + sint)U, + U3. 
(c) Any tangent vector at a(t) orthogonal to both a’(t) and α΄ () is a 
scalar multiple of a’(t) X a’’(t), if this is not zero. 
a’(t) X a(t) = (sint, -cost, 1) a(t) 
lla’ (t) Χ a’'(t)||? = sin?t + cos*t + 1 = 2 


so a unit vector in the direction of a(t) X a(t) is * (1/s/2)au'(t) X α΄ (t). 


Thus Y(t) = + yt cost U2 , U3 


δ ve ee 


(d) ὙΥ(ὴ = (aft + πὴ) - a(t)) ot) 
= ((cos(t + πὴ), sin(t +7), τ Ὁ π)ὴ - (cost, sint, t) e(t) 
= ((-cost, -sint, t+7) - (cost, sint, t)) e(t) 


=-2cost U,- 2sint U, + 7U3. 


6. Page 55, Exercise 2. 
Let p = a(t) =(t cost, t sin t, t). 
The usual reason for the presence of the sine and cosine functions in the 
Euclidean coordinate functions of a curve is to take advantage of the 
identity sin? 6 + cos? = 1. Thus we see that | 
pi +p, =t’ (cos*t + sin’ t) = t? = pj, 


that is, every point p on the curve satisfies 


Pi ΤΡ; = p3- (*) 
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If C is the set of points satisfying (*), C intersects the plane p3 =r in the 


circle pi + P3 =r*, for each real number r. Thus C is the circular cone with 
axis the z-axis, vertex the origin, and half-angle 7. Every point of the curve 


lies on C; the vertex (0, 0, 0) is a(0). 
a'(t)=(cost - t sint, sint + τ cost, 1) qt) 
a'(0) = (1, 0, 1) (0, 0, 0) 
Ια} = αὐ +12)? = 23 


a’’(t) = (-2sint - t cost, 2cost- t sint, 0) (0) 


αὐ"(0) = (0, 2, 0) (0, 0, 0): 


We first evaluate Y’ ‘and Z’, differentiating each coordinate function 
Y(t) = (cost, sint, 1) a(t) 
Y'(t) = (-sint, cost, 0) c(t) 
Z(t) = (sin t, t, cos t) a(t) 
Z'(t) = (cost, 1, τοῖα ἢ a(t) 
6) V(t) = ¥(t) + Z(t 
so V'(t) = Y'(t) + Z'(t), by linearity, 
= (cost - sint, cost + 1, -sint) a(t): 
(b) V(t) =t? Y(t) 
SO 
V'(t) = 2t Y(t) τι Y'(t), by the Leibnizian property, 
= 2t (cost, sint, 1) α() + t?(-sin t, cost, 0) a(t) 


= (2t cost - t?sint, 2t sint + t? cost, 2t) a(t). 


V(t) = Y'(t)+Z(t) + Y(t)-Z'(t), by the Leibnizian property, 
= (-sint, cost, 0) -(sint, t, cost) + (cost, sint, 1) + (cost, 1, -sint) 
=-sin*t + t cost + 0 + cos?t + sint - sint 


= cos*t - sin*t + t cost. 
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(d) = V(t) = Y(t) X Z(t) 


ν΄ (Ὁ = Y(t) X Z(t) + Y(t) xX Z(t), by the Leibnizian property, 
= (-sin t, cost, 0) a(t) Χ (sin t, t, cos t) c(t) 
+ (cost, sint, 1) a(t) X (cost, 1, -sint) a(t) 
= (cos? t, sint cost, -ἰ sint —sintcost) a(t) a 


(1 -sin*t, cost + sint cos t, cos t ~sin t cos t) ¢(t) 


(cos*t -sin*t - 1, cost + Qsint cost, cost - t sint —2sint cos t)e(t) 


= (-2sin*t, cost + sin 21, cost - tsint - sin 2t) a(t): 


If ||Y|| has the constant value c, then 
VeyoSc. 

Differentiation gives 
Y'-Y+Y-Y’'=0 
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Y-Y'=0. 
Further differentiation gives 


Y'-Y'+ Y-Y" =0. 


If Y(t) is orthogonal to Y"(t) then (Y-Y”)(t) = 0. This forces (Y""Y")(t) = 0, 
that is ||Y’(t)|l = 0. The norm of a vector is zero if and only if that vector is 
itself zero, so this implies Y'(t) = 0, which is contrary to assumption. Thus 
Y(t) cannot be orthogonal to Y"(t). 


Page 56, Exercise 9. 
1 ς 
(α) lla || is a constant 
’ fo. 
<= α Αἱ is a constant 
paar (α΄ «α΄ Ξ- 0 
al «αἱ + a’ ea” = 0 
=> aa =0 


<=> a’ is always orthogonal to a’. 
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(b) 
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Suppose β is the straight line {πὴ p + tq, and α is the reparametrization B(h) 
of B. Then 


a(u) = p+ h(ujq 

a'(u) =h'(u)qo(u) 

a'"(u) =h"(u)qa(u). 
Then a’(u) and α΄ (0) are both scalar multiples of the tangent vector qq(u); 
and so they are collinear. Conversely, we wish to show that the collinearity 
of a’ and α΄ implies that α is a reparametrization of a straight line. By the 


remark about symmetry in Comment (i), it is enough to show that α has a 
unit-speed reparametrization γὙ = a(h) which is a straight line. Consequently 


we choose y to be a unit-speed reparametrization of a: Theorem 11.2.1 tells 


us that we can choose.such ay. 
Now (s) =a(h(s)) 
y'(s) Ξ Β΄ (5) a'(h(s)), by Lemma 1.4.5, 
y''(s) = μ΄ (5) a’ (h(s)) + (Β΄ (5)}2 @''(h(s)), by the Leibnizian property. 
a’’ (h(s)) and α΄ (μ(5)) collinear 
=  a’'(h(s)) is a scalar multiple of a’(h(s)) 
=> y"(s) ἰ5 ascalar multiple of a'(h(s)) 
= y'(s) and γί (8) are collinear. 
However, y has unit speed, that is |ly'|| = 1, so part (a) tells us that γ΄ (8) is 
orthogonal to γ᾽ (5). The only way that γ΄ (s) can be both collinear and 


orthogonal to y'(s) is that γ΄ (5) = 0: hence by Lemma II.2.3(2) γ is a straight 
line. 
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Π.35 THE FRENET FORMULAS 


Introduction 


This section carries straight on from Section II.2. The Frenet formulas for unit-speed 
curves are the first really important result in the course. You should try to become 
thoroughly familiar with the concepts of tangent, principal normal, binormal, 
curvature Καὶ and torsion 7, which are collectively called the Frenet apparatus, and be 
able to find them for any unit-speed curve. 7 


We use these ideas to define the Frenet approximation to a curve, which is a type of 
Taylor approximation. You have met Taylor approximations before in Unit M100 
14, Sequences and Limits IT or Unit MST 281 10, Taylor Approximation, and Unit 
M231 13, Taylor Approximations. The Frenet approximation is less important than 
the Frenet apparatus, except in so far as it helps one to visualize the shape of a curve 
near a point and suggests various characterizations of curves in terms of their 
curvature and torsion. Such a characterization is a statement of the form: 


β is a curve of a particular type (e.g. plane curve, cylindrical helix) if and 
only if the curvature (Κ) and torsion (τ) of β satisfy a particular condition 
(e.g. τ = 0; or 7/K is constant). 


The fact that there are such characterizations indicates why Κ and 7 are important 
functions associated with a curve: we shall see just how important they are in 
Chapter III. The section concludes with some characterizations of curves: you should 
note the methods of proof as much as the results. Further characterizations follow 
in the exercises and in the next section. 


READ: Section II.3 (pages 56-63). 


Comments 


(1) Pages 57-8: curvature and principal normal The definition of x as ||T'|| 
forces us to avoid points where k is zero, for at such a point not only is N undefined 
but Κ may not be differentiable (because the square-root function is not differenti- 
able at zero). Moreover, N may suddenly change from one side of the curve to the 
other near a point where Καὶ is zero, as shown in the diagram opposite. 


Consequently the footnote on page 57 is very important: we restrict our attention 
to portions of curves where the curvature is positive. 


It is possible to develop a theory where k is allowed to become zero and even 
negative, in which N is defined for many curves even at points where kK = 0. In this 
theory kK and N are still differentiable at such points. O’Neill does not take this 
approach (except for curves in E? — see the optional section in the exercises), but if 
you are interested you can read about it in T. J. Willmore: An Introduction to 
Differential Geometry (O.U.P. 1964), Chapter I. 


(1) Page 57: binormal We choose B to be T x N specifically to obtain a vector 
field which is orthogonal to T and N at each point. Since T(s) and N(s) are 
orthogonal unit vectors, Lemma 11.1.4 tells us that B(s) is a unit vector orthogonal to 
T(s) and N(s), and moreover the following equations hold: 

TX N=B; N X T =-B; 

NX B=T; BX N=-T; 

BXT=N; TX B=-N. 
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Since T(s), N(s), B(s) form a frame at each point 6(s) we can extend the idea of 
orthonormal expansion by the pointwise principle to obtain the result that any vector 
field Y on β has an orthonormal expansion of the form 


Y =(Y°T)T + (Y°N)N + (Y-B)B. 


(11) Page 59 onwards: the correspondence between points and tangent vectors 

The identification of the tangent vector v) with the point v, for working which is 
concerned just with the Euclidean coordinates, enables us to omit the subscripts to 
tangent vectors. This convention considerably simplifies manipulation and proofs. 
For example, O’Neill uses this convention throughout the proof of Corollary 3.5: 
without this convention the last line of page 61 would read 


B'(s)-da(s) = B'(s)-44(s) =0 
and the second paragraph on page 62 would contain words to the effect that since B 
is parallel there is a fixed vector v such that B(s) = V,,) and would then define f(s) 
as (B(s) - B(0))-v; this adds verbiage and symbols to the proof without enhancing our 
understanding of it. Consequently we use this convention whenever it is possible to 
do so without causing confusion. We note that by page 58 O’Neill is already writing 


rather than the technically more correct 


a (05 Ὁ. ἃ 5ἴη 8 bs 
ΠΝ oan oa 


T(s) ἘΝ: sin =, = cos & ;| | 


In the last paragraph on page 59 we take this identification of tangent vectors with 
points a little further. We associate the tangent vector Y(s) = (y,(s), ya(s), y3(S))B(s) 
with the point (y;(s), y2(s), y3(s)) of E%. 
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We simply take all the tangent vectors Y(s) and move the point of application B(s) to 
the origin; the new end points of the tangent vectors become the new curve. If we 
call this new curve ἃ, then ἃ is parametrized in such a way that a(sg) is the point 
with the same Euclidean coordinates as the tangent vector Y(so). This technique 


allows us to transfer certain results about curves to vectors fields on curves, and vice 
versa. 


Additional Text 


The following exercise introduces a result that we shall need in the next section, so 


attempt the exercise now. Do not spend too long on it, and be sure to read the 
solution. 


1. Page 65, Exercise 7. 


Supplementary Comments 


(t) Page 57: line -2 The “orthonormal expansion” referred to is that of Β΄ in 
terms of T, N, B, as mentioned in Comment (ii). 


B’ = (B'T)T + (B’-N)N + (Β-Β)Β 
Ξ- (Β΄ ΝΝ ΒΤ =B"B=0. 


(11) Page 59: line 5 Looked at from above we have: 


(a cos Sa sin— 0) 
S— - 
Ν()Ξ (- cos =, -sin=, 0 ς᾽ : 


The normal is in the opposite direction to the projection of the position vector B(s) 
on the xy-plane, and so it always points towards the z-axis. 


SUT] SINMDTLATOd JUINCVONYT 
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(11) Page 61: line 4 
would be 

s* dk 
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This is not the Taylor approximation to β of degree 3: that 


3 
B(s) ~ β(0) + (s- κῦ s*)To + (Ko 97 ἃς (9)s° )No + KoTo = Bo. 


We are interested in the approximation of the component of β(5) - B(0) in each of 
the directions Tp, No, Bo, so we keep just the term of lowest degree in each 


component. | 


Summary 


Notation 


TwWaAa ew 


Definitions 

(i) Unit tangent T 

(ii) Curvature K 

(iii) Principal normal N 


(iv) | Binormal B 
(v) Frenet frame field T, N, B 
(vi) Torsion T 


Frenet approximation 
Tangent line 

Osculating plane 

(x) Frenet apparatus T, N, B, kK, T 
(xi) | Plane curve 

( Spherical curve 


Example 
(i) The unit-speed helix 
s bs\ 


" SO 55h 
B(s) =|a cos—, a sin—, --- 


3 


where c? = αὖ τ 7, has constant curvature a/c” and 
constant torsion b/c’. 


Results 

(i) The Frenet formulas. 
T= KN 
N’ =- xT + 7B 
Β΄ = -τΝ 


(i) 


The Frenet approximation: for small s, 


B(s) ~ B(0) + sT(0) + K(0)S N(0) + X(0)r(0)S, B(0). 


2 
(iii) 


A unit-speed curve with positive curvattire is a 
plane curve if and only if 7 = 0. 


Page 56, line -4 
Page 57, line 2 
Page 57, line 6 
Page 57, line 8 
Page 58, line 3 


Page 56, line - 4 
Page 57, line 2 

Page 57, line 6 

Page 57, line 8 

Page 57, Lemma 3.1 
Page 58, line 3 

Page 61, line 5 

Page 61, line 10 
Page 61, line 14 


Page 61, line -12 
Page 63, last two lines 
of text 


Page 58, Example 3.3 


Page 58, Theorem 3.2 
Page 61, line 4 


Page 61, Corollary 3.5 


A unit-speed curve has zero torsion and constant 
curvature Καὶ if and only if it is part of a circle with 
radius I/k. 


A spherical unit-speed curve has curvature 2 1/a, 
where a is the radius of the sphere. 


ne! 


ἔα =a(h) and @ are both unit-speed curves, then T 
= eT(h), N = N(h), B = eB(h), K = k(h), 7 = 7(h), 
here ε =h’ = + 1. 


= 


T=NXB,N=BXT,B=TXN. 


(viii) If Y is a vector field on a, 
Y = (Y-T)T + (Y-N)N + (Y-B)B. 
Techniques 


(i) 


(i) 


(iii) 


Finding the Frenet apparatus T, N, B, k,7, by dif- 
ferentiation, followed by taking norms and cross 
products. 


Identification of a vector field on a curve with 
another curve. 


The following two techniques are useful in 
characterizations: 


(a) to show a function is constant, show that 
115 derived function is zero, simplifying the 
derived function by using the Frenet 
formulas; 

prove that “type of curve’ > “properties 
of kK and τ᾽ first, as the proof should give 
you information which will indicate the 
method of proving the converse. 


Exercises 


Technique (1) 


Σ. 
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Page 59, third 
paragraph, and | 
Page 62, Lemma 3.6 


Page 63, last 
paragraph 


Page 65, Exercise 7 
Text, page 28 


Text, page 29 


Page 58, Example 3.3 


Page 59, last 
paragraph 


Page 62, lines 6-11 


Page 62, proof of 
Lemma II.3.6 


Page 63, Exercise 1. It is sufficient to show that the curve is part of a circle, 


and find its centre and radius. 


Technique (11) 


3. 


For β as in the preceding exercise, let o be the curve whose coordinate 
functions are given by o(s) = T(s). Find the speed of o. 


Technique (111) 


4. 


Page 65, Exercise 10. 
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Optional Section — Curves in the Plane 
5. Curves in the plane are treated somewhat differently from those in E*. If 


you would like to make a small sub-study of them, read the definitions given 
in Exercise 8 and then do that exercise. More exercises on curves in the plane 
will be provided later. Note that, because ΕΖ is two-dimensional, N spans the 
set of vectors orthogonal to T: T’ is orthogonal to T because ||T|| = constant, 
and so T’ = KN for some Κ. 


Solutions 


1 Page 65, Exercise 7. 


(a) 


@ = a(h) 
so α΄ =h'a’'(h), by Lemma 1.4.5, 
80 [α΄ (5}}} = |h’(s)| lw"(h(s))|I for all 5. 
Q is a unit-speed curve, so |la’(h(s))|| = 1 for all 5; ἃ is a unit-speed 
curve, so {{ 6 (5}}} = 1 for all 5: thus |h’(s)| = 1 and so h’(s) = + 1. Since 
h is differentiable and has an interval as its domain, h’(s) cannot be 
+1 for some values of 5 and -1 for other values of 5. So we can write 
μ΄ =e, where ε = + 1 independent of 5. Then h(s) = es + Π(0) = Ἐ 5 + 89 
where Sg = h(0). : 
The salient fact from part (a) is that ἢ (5) = e. 
T(s) = a(h)'(s) = h’(s)a’(h(s)), by Lemma i.4.5, 

= ¢T(h(s)). 


T (s) = eT(h)'(s) = eh'(s)T'(h(s)), by Exercise II°2.7, 


e* T'(h(s)) = T'(h(s)): 
thus 


Κρ) N(s) = K(h(s)) N(h(s)): (*) 


taking norms we find 
Ix(s)i IIN(s)Il = 1«(h(s))I IIN(h(s))II 
SO IX(s)| = Ik(h(s))| since ||N(s){| = {IN(h(s))II = 1: 


k(h(s)) and K(s) are positive so we may remove the modulus signs, 
obtaining 


K(s) = k(h(s)). 


Now this equation and (*) together imply N(s) = N(h(s)) since 
K(h(s)) is not zero. 


B(s) = T(s) X N(s) = eT(h(s)) X N(h(s)) = €B(h(s)). 
B’(s) = €B(h)'(s) = ch'(s) B'(h(s)), by Exercise II.2.7, 
= εὖ B'(h(s)) = B'(h(s)) = -7(h(s)) N(h(s)): 
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thus 

-7(s) N(s) = -T(h(s)) N(h(s)), 
but 

N(s) = N(h(s)) 


7(s) = 7(h(s)). 


The importance of this result is that if οἱ and ἃ are two different 
unit-speed reparametrizations (in the sense of Theorem II.2.1) of 
some curve Ύ, then a and & have the same Frenet apparatus at each 
point of the curve. 


2. Page 63, ~~ 1. 


B(s) = @ cos s, 1 ~sins, -3.cos 5). 


B'(s) = 4 sin 8, — COS _ sin s) 


1 1 
lle (s)Il = (ΣῈ sin? s + cos’s + ἐξ sin? s)* = (cos?s + βἰπ25)2 = 1, 
so B is He a unit-speed curve and 
T(s) = B'(s). 
Δ, 4 Ὁ 
Τ (5) = (“= cos S, sin 8, 5 COS s) . 
K(s) = {{Τ  (5}}} = (ἐξ τος s + 5107 5 + cos’ s)? 
= (cos’s + sin ae =1,s0 
N(s) = Τ'΄ (5). 
U; U, U3 

B(s) = T(s) X N(s) = 3 sins - (058 : sin 5 

“% 6058 sin 5 : COS 5 


= τ (cos*s + sin’s), ἜΣ (sin 5 cos s- sins cos s), -ὦ (ἰὴ: + cos*s) 


5? 0, -3). 
Β΄ (5) = 0 so 7(s) = 
Since T = 0 and K is constant, Lemma 11.3.6 tells us that β is part of a 
circle of radius ὦ =] The proof of Lemma II.3.6 showed that the 


centre of the circle is given by B(s) + (1/k(s)) N(s), which in this case 


gives 
4 3 4 : 3 
(| cos 5, 1 —sin 5, Ἑ COS 5) + ( Ἔ COS 8, sin s, Ἔ 005 5) 
= (0, 1, 0).. 
3. o is the curve whose coordinates are the same as those of the vector field T, 


and so 
llo"(s)|l = IIT'(s)ll = K(s). 


We saw in the preceding exercise that k(s) = 1 and so |lo’(s)|| = 1 for all 5, 
that is, o has unit speed. | 
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4. 


Page 65, Exercise 10. 
(a) If a lies on the sphere of centre c and radius r, then 
lla (5) - cll =r, 
that is, | 
(a(s)- c) + (a(s) - c) = r?. 


Using coordinates only and ignoring points of application (following 
Comment (iii)), we differentiate to obtain 


(a(s) - c) - α' (5) = 0, 
that 15, 
(a(s) - c) - T(s) = 0. 


By the orthonormal expansion of a(s) - c in terms of the basis T(s), N(s), 
B(s), 


a(s) - c = a(s)N(s) + b(s)B(s) 
where 
a(s) = (a(s) - c)-N(s), b(s) = (α(5) - c)-B(s). 
Differentiating again: 
a'(s) = a'(s)N(s) + a(s) N'(s) + Ρ΄ (5) B(s) + b(s)B((s), 
but 
a'(s) = T(s) 
so that 
T(s) = a'(s)N(s) + a(s)(-x(s)T(s) + 7(s)B(s)) + Β΄ (5) Β(5) - b(s)7(s)N(s). 


Since T(s), N(s), B(s), form a basis, we can equate coefficients on each side: 
coefficients of T(s) give 


1 =-a(s)K(s) 
and so | 

a(s) = τ =~ ρ() 
coefficients of N(s) give 

0 = a(s) - b(s)7(s) 
SO 

b(s) = πῷ 56) 

=~ σ(5)ρ΄ (5) 

Thus a- c=- pN- p oB. 
Since N and B are orthogonal, 

Ια - cll? = (-p)? + (-p'0)? 
SO 


r2 =p? + (p'o)?. 
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(b) We put 7(s) = a(s) + p(s)N(s) + p’(s)o(s)B(s) as we know by part (a) 
that (s) is constant when α is a spherical curve. We aim to show that 
y(s) is a constant if p? + (ρ' σ)2 = τῶ. We can achieve this if we can 
show that γ' = 0. 

Now 


vy! -_ αἱ 4 p'N + ΡΝ’ + (ρ΄ σ᾽ Ἐ + p'oB’ 
=T +p'N+ p(-KT + 7B) + (p'0)'B - p'orN 
= (1 - pk)T + (ρ΄ - p'or)N + (pr + (p'0)')B 
= (pt + (p'o)')B since pk = oT = 1. 
Now we use our information that p” + (p’a)? =r’. Differentiation gives 


2pp' + 2p'a (p'a)' =0 


350 
pt+oa(p'o)' = 0, because p #0, 
SO 
pt + or (pa) =0 
SO 
pt+(poa) =O, because o7 = 1. 
Thus 


γ᾽ = (pt + (p'c)')B =0 and so ¥ is constant. 
Putting y(s) = c gives 
a(s) - ¢ =~ p(s)N(s) - p’(s)o(s)B(s) 
and so, as before, 
Ια - ell? = (-p)? + (-p'o)? 
=p? + (ρ' ο); 
= y? by assumption 
SO 
lle - cll = x, 


that is, ἃ lies on the sphere with centre c and radius r. 


Page 65, Exercise 8. 
(2) N=(-y}x’), 0 
N’ = (- γ΄, x'’). 


However, T’ = (χ΄΄, γ΄) = KN = K(-y’, x’) so 


N’ = (κκ', -κυ") = -κίχ', γ) = KT. 
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(b) 


ἴω 


Since T has slope angle y and unit length 
T=cosy U, +sing U, 
and so 


Τ' =-siny y'U, + cosy φῦ). 


N has slope angle (φ + 5) and unit length, so 


N = cos ( +5) Uy + sin(y ἘΦ) U, 
=- sng U, + cosy U2. 
Thus 
T =9N. 
However, 


T’ = KN, and sok =y. 
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Il.4 ARBITRARY-SPEED CURVES 


Introduction 


This section extends the results of Section II.3 to arbitrary speed curves. We need to 
use the chain rule for reparametrizations of curves (Lemma I.4.5) and its analogue 
for vector fields on reparametrized curves (Exercise II.2.7) to adapt the Frenet 
apparatus to an arbitrary speed curve. We are searching for an effective procedure 
for computing the Frenet apparatus of an arbitrary regular curve, and, although we 
succeed in this, we lose the simplicity of the earlier Frenet formulas, with the result 
that the theory becomes cumbersome and the computations more involved and so 
liable to error. Although this whole section is important and very practical, if you 
find yourself becoming bogged down in calculus and computation give it a rest for a 
while and return later: the results of this section are not needed again until Section 
ITI.5. 


READ: Section II.4 (pages 66-74), omitting the last full paragraph on page 67. 


Comments 


(1) Page 66: the definitions The curvature, torsion etc. of a are those at the same 
point of the corresponding unit-speed curve @, that is, if pis the point a(t) = a(s(t)) 
on the curve, then the curvature at p is k(t) =K(s(t)). There is a possible difficulty 
here, in that if we take different unit-speed reparametrizations of a they may give a 
different Frenet apparatus. However, the result of Exercise 11.3.7 tells us that so 
long as we restrict ourselves to unit-speed reparametrizations in the sense of 
Theorem 11.2.1 the Frenet apparatus is the same. Thus “‘the Frenet apparatus of α is 
the Frenet apparatus of any unit-speed reparametrization of α᾽ is a valid definition. 


(1) Page 73: the orthonormal expansion of u By Theorem 11.1.5 
u = (u-T)T + (u-N)N + (u-B)B 
= cos ὃ T + ΔΒ for some a, because αἱ = cos ὃ and u-N = 0. 
Now u is a unit vector, so 
1 = |lull? = cos? 3 + a? 


50 
a2 = 1 -cos* 8 = sin? 3 


50 
ἃ ΞΞ Ξ οιη ὃ. 


If a= Ὁ 5η 8 we have the required expression; if a = -sin ϑ then, because cos (- ϑ) = 
cos 0 and sin (- ὃ) = -sin ὃ, we can replace ὃ by -8 and obtain 


u = cos(- 3)T + sin(-&)B. 


This is possible because we are allowing ὃ to have any value. The recognition that we 
can just write sin ὃ for a in such a situation should become second nature to you. 
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Supplementary Comments 


(iii) 


Page 67: second paragraph You are not seriously expected to 
reparametrize the curve a(t) = (t, t?, εὖ). If you attempted it and got stuck 
then you will understand O’Neill’s point — there may not be explicit 
formulas for &. 


Page 69: the formula for k Since v = |la’||, the equation 
lla’ X α΄" = Kv3 


yields 
᾿ _ eg Χ αὐ" " [α΄ Χ aly 


<< 
ν lla’ {19 


Page 71: the example 


Summary 

Notation 

ὃ Page 71, line 10 
Definitions 

(i) Frenet apparatus for an arbitrary-speed curve Page 66, first paragraph 
(ii) Sphenical image o Page 71, line 10 

(iii) Cylindrical helix | | Page 72, Definition 4.5 
(iv) Circular helix | Text: page 41, Exercise 5 
Results 

(i) T =KkvN 


N’ =-KvI + TvB 


B' =-tvN Page 67, Lemma 4.1 


40 
(ii) 


(iii) 


(iv) 


a=vT 
[ dv 
Qa =—T+kv? 
cra κνΝ 
ἴ “ 
(ἢ le ἘΣ [lox X @ | 
Πα || leaks 
B " αἱ Χ a” (α’ Χ a” al” 
[α΄ X a” || [α΄ X aI? 
N=BXT 


For a regular curve: 
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Page 68, Lemma 4.2 


Page 69, Theorem 4.3 


K=0 
T=0 


K constant >0,7 =0 


if and only if α 15 a straight line 
if and only if ἃ is planar 


if and only if @ is part of a circle 


K constant >0, τ constant #0 


T/K constant 


Techniques 


(i) Finding the Frenet apparatus of an arbitrary 
regular curve. | 


Finding the spherical image of a curve. 


Finding the Frenet apparatus for a curve derived 
from some other curve in terms of the latter’s 
Frenet apparatus: this involves repeated 
application of the Frenet formulas and taking 
higher derivatives. 


Finding u and ὃ for a cylindrical helix by putting 
cot ὃ Ξ τίκ and u=cos ὃ T +sin ὃ Β. 


(iv) 


Exercises 


Technique (1) 


if and only if ἃ 15 a circular helix 


if and only if α is a cylindrical helix. 


Page 74 


Page 69, Theorem 4.3 


Page 71, second paragraph 


Page 71, last paragraph 


Page 73, Theorem 4.6 


1. Page 74, Exercise 2. This continues the example of Exercise II.2.3, whose 


solution is on Text page 23. 


Techniques (11) and (111) 


2. Page 75, Exercise 11. Kg has been found on page 72, so all you need find is 
Tg. Make use of the working already done on pages 71-72. 


Technique (111) 
5. Page 74, Exercise 8. 


Technique (ww) 
4, Page 75, Exercise 9(c). 
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Theory Exercises (omit if you are short of time) 


5. Page 75, Exercise 10. This continues from Exercise II.4.8: a cylindrical helix 
8 is a circular helix if its cross-section curve ¥ is part of a circle. 


6. Page 75, Exercise 12(a). This continues from Exercise 11.4.11. 


Optional Section — Curves in the Plane 


If you have time to follow this optional line of study, you should also do: 


7. Let ἃ be a plane curve, ἃ a unit-speed reparametrization of a, that is ἃ = Gs) 
where 5 is an arc-length function for a. Define 


T = T(s) 
K = K(s) 
N as in Exercise 8 on page 65. 


Prove that (a) a’ = vT 


(Ὁ) T’ = vKN 
(c) Ν΄ Ξ -κντ. 
8. Page 75, Exercise 14. 
9, Page 75, Exercise 15. The central curve is defined in Exercise Π.4.13. After 


you have sketched both curves, how do you account for the cusp (sharp 
point) in a* at αὖ (0)? 


Solutions 


1. Page 74, Exercise 2. 
a(t) = (cosh t, sinh t, t). 
We already know that: 
a’(t) = (sinh t, cosh t, 1) 
v(t) =./2 cosht 
s(t) =,/2 sinht. 
Now 
a’"(t) = (cosh t, sinh t, 0) 
a”"'(t) = (sinh t, cosh t, 0) | 
so a’(t) X a’(t) = (-sinh t, cosh t, sinh? t - cosh?t) = (~sinh t, cosh t, - 1), 
α΄ (Ὁ) X a’’(t)|| = (sinh?t # cosh?t + 1); =,/2 cosh t, 


a’(t) Χ α΄΄(1)-α΄"(Ὁ =-sinh?t + cosh?t = 1. 
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Now we simply τὰ Theorem 11.4.5: 


_ a(t) _ 
MO) =e 


(t) = a’ (t) X a(t) 1 


“ fla(t) x a (tll τῷ (- tarth t, 1, -sech ἢ) 
N(t) = B(t) X T(t) =5(2secht, 0, ~2tanht) = (secht, 0, ~tanht) 


K(t) = α΄ (1) X_a'"(t)Il /2 cosht 
lla’ (0}}3 ΕΝ, 2 mae rns 


a(t) X a''(t)- a" (t) ee ee 
Y= Ἰατὴ χ αἿΓἿὯΠἹΠΠὲ (2 a 2 2 cosh t 


76 (tanh t, 1, sech t) (writing tanh for 85 and sech for -ἰρ 


Since we know s(t) =4/2 sinht, 2cosh7t = 2 + 2sinh’t = 2 + 52, 


K 
so K(s) = 7(s) = S43 
Zs Page 75, Exercise 11. 

Let B have Frenet apparatus T, N, B, κὶ T. 


Making the usual identification of coordinates and ignoring both the 
distinction between points and tangent vectors and the points of application 
of tangent vectors, we can write, as on pages 71-72: 


o=T 
o =KN | 
o” =-K?>T+k'N+k7B 
σ' Xo =K?(KB+7T) 
lo’ x of Il = «2 (Kk? +7? 2 
Now 
σ᾽ =-2kn'T- K?T' +k "N+k'N' + k'7B + k7'B + KB’ 
=-2xk'T - κΝ τ Κ΄ Ν - κ'κτ +k'7B Ὁ K'7TB + K7'B- κτῦν 
=-3Kk'T + (κ΄ ΄- κ᾽ - Kr?)N + (κτ' + 2κ' ΤὴΒ 
50 | 
σ' X 0-0" = K27(-3KK’') + K3 (κτ' + 2k'T) 
= K>(KT - TK’) 
= «5 (r/K)’. 
ig Koro". K(k) (ἡ 
Tog XK oN? Kt? +77) κί + (7/K)?) 
ὃ; Page 74, Exercise 8. 


(a) We have to show that f(t) = (y(t) - a(0))-u = 0. 
We know that 
[(0) = (γ(0) - a(0))-u = s(0) cos } u-u = 0 
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because 5(0) = 0, and so it is sufficient to show that f is a constant 
function, i.e. that f’ = 0. 


f(t) = (y(t) - a(0))-u 
= (a(t) - s(t)cos $ u- a(0))-u 
= (a(t) -- a(0))-u - s(t)cos 3 because u-u = 1; 
f'(t) =a'(t)-u- s'(t)cos ϑ 
= v(t) T(t)-u- v(t)cos 3 
= v(t)cos 8 - v(t)cos 3 
= 0. 


Hence y(t) - a(0) is always perpendicular to u, that is, y lies in the plane 
through a(0) orthogonal to u. 


(b) Let us suppose that a has unit-speed, so that s(t) = t and v(t) = 1. 
Using bars to denote the Frenet apparatus of 7: 


y(t) = a(t) - tcos du 
¥ (t) = a'(t) - cos 8 u = T(t) - cos ϑα. (*) 
v= Iiy'll 
= ((T- cos 3 u)-(T- cos 3 u))?2 
=(T-T- 2 cos 3 T-u + cos? 3 uu)? 
= (1- 2 cos? & + cos? 8)? 
= (1 - cos? 9)? 
= (sin? 8)? = |sin Of. 
Since V is constant, Lemma II.4.2 gives: 
Y(t) = K(t) (W(t)? N(t) 
= K(t) sin? § N(t), 
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but our first expression, (*), for y'(t) gives: 
Y(t) = Τ ἢ = K(t)N(t), 
so K(t) sin? ὃ N(t) = K(t)N(t). 
Taking norms gives K(t) = (K(t)/sin? ϑ)} since K(t), K(t), and sin? ϑ are 


all positive. 


Page 75, Exercise 9(c). 


We use the technique used in the proof of Theorem II.4.6. We already have 
all the necessary information about ἃ (see solution to Exercise 11.4.2). 


7(t) =K(t) = par so T(t)/K(t) = 1: we choose 


7(t) 


K(t) 


π π 
Now we put U(t) = cos 4 T(t) + sin 7 But) 


π 
ὃ “ so that cot? = 1 = 


1 1 
(tanh t, 1, sech t) +. .—_ (-tanht, 1, ~sech 1) 


2/2 aie </2 


This vector field U is parallel, as expected, so we put u = (0, 1,0), anduisa 
fixed unit vector such that T(t)-u = cos (7/4). 


y(t) = a(t) - s(t) cos u 
(cosh t, sinh t, t)-./2 sinht * (0,1, 0) 
= (cosnt, sinnt, t)— SINN tT. —=~ (VU, 1, 
2 


-=(cosht, 0, 1). 
y(t) - (0) = (cosh t, 0, t) - (1, 0, 0) = (cosht - 1, 0, t) 
so(y(t) -- a(0))-u = (cosht - 1, 0, t)-(0, 1, 0) = 0, as required. 


Page 75, Exercise 10. 


Since K > 0 and rt ¥ 0 are constants, we can apply Theorem 11.4.6: thus 6 is 
certainly a cylindrical helix with 


ὃ = cot! (7/k), u = cos? T(t) + sind B(t). 


All that remains to show is that the cross-section curve Ύ of β is part of a 
circle. By Exercise II.4.8(a), y is planar; by Exercise 11.4.8(b) the curvature 
of y is (k/sin? 9), which is a constant: hence, by Lemma 11.3.6 (which is 
unaltered if the unit-speed restriction is lifted), y is part of a circle. 


Page 75, Exercise 12(a). 
We may suppose the curve β has unit-speed. Let o be its spherical image. 
6 is a cylindrical helix = τίκ 1s constant (by Theorem II.4.6) 
<=> Kg is constant andTgis zero (ὈῪ Exercise 11.4.11) 


<> σ is part of a circle (by Lemma II.3.6 and its converse). 
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7. (a) a = Gs) 
| So 
a’ = s'Q'(s), by Lemma 1.4.5, 
= νᾶ! (5), because s’ =v, 
= vI(s) 
=vIT. 


(b)  T=T(s) 
SO 
Τ' =s T(s), by Exercise II.2.7, 
= vT'(s) 
= vK(s)N(s), because T’ = KN, 


= vKN. 


(c) N=N(s) 


N’ =s'N(s), by Exercise 11.2.7, 


= vN’'(s) 
= v(-K(s)T(s)), by Exercise II.3.8, 
Ξ -νκῚΊ. 
8. Page 75, Exercise 14. 
a’ = vT 


a" =v T+vT' - 
=v'T+v*KN 


Thus a” -N = v’K. 


However, in the plane N = J(T) _ Je) , SO 
Vv 


| f 
α" Me) Ξ νὲκ 
ν 
1.6. 
᾿ 5 a” -J(a’) 
y3 


In terms of the coordinate functions, 


a’ = (χ', y ox 


50 K = 


45 
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Page 75, Exercise 15. 
8) α' =a tg 
f , 1 ἵ κ' 
ο ΞΟ IN = ΩΝ 
Κ Κ 


VK κ' 
= Vb eae IN 
OK K 


a 
K2 ἡ 


The tangent line to a* at a*(t) is the line through a*(t) in the direction 
a*'(t); the normal line to α at a(t) is the line through a(t) in the direction 
N(t), that is in the direction orthogonal to a’ (1). Consequently these two 
lines are the same if and only if | 

(i) a*'(t) and a'(t) are orthongonal: a*'(t)-a'(t) = 0 


(ii) there is a number u(t) such that a*(t) = a(t) + u(t)N(t). 


Firstly, let us check that a* does satisfy these conditions. 
-κ(ἢ 
(x(t))? 


so (i) is satisfied. Moreover 


ov" (t)-0'(t) = 


*(t (t) + : N(t) 
= Οἱ --... 
a* (t) x(t) 
1 
so condition (ii) is satisfied with u(t) = καὶ 


Conversely, suppose β is a curve satisfying (i) and (11), that 
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Then 


so 
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β' -- αἱ +u’N + uN’ 
=yT+u/N- uvKT 


= ν(] - uk)T +u'N 


β' «α' = (v(1 - uk)T + u'N)-(vT) 
= yv?(1- uk). 


1 
β' «α' = 0 and v is non-zero, so this implies kK =—, that is 
u 
1 
βξΞαῖ-Ν:ε αν 
K : 
1“)  ὀ υα'-[(α7 


We have already shown that N = ——~ , k = ee 
| Vv ν 


1 
soa*® =~a+—N 
K 


mec 


Vv 
a+ ——— 
ot” J (a’) ν 


ν2 ; 
erate 
a’ «αἱ 


=qQ+ a Jat) Ji) 


a(t) = (t + sin t, 1 + cos t) -m<t<T7 

a’(t) = (1 + cost, -sin t) 

α΄ (Ὁ) = (-sin t, -cos t) 

c(t) -'(t) = 1 +2 cost + cost + sin?t = 2 +2 cost 


J(a’(t)) = (sin τ, 1 + cos t) 


α΄ (Ὁ).7(α΄ (0)) =- sin?t - cost- cos?t =-1- cost. 
wy ccs alta) 
Now a*(1) = a(t) + ya eh Je) 


= a(t) - 2J(a’(t)) 
=(t+sint, 1+ cost) - 2(sint, 1 + cos t) 


= (t- sint, -1- cost). 
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The cusp αἱ αἴ(0) suggests that a* is not regular at that point. In fact 
that is the case, for 


a*'(t) = (1 - cost, sin t) 


a*'(0) = (0, 0). 
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H.5 COVARIANT DERIVATIVES 


Introduction 


This section depends on Sections I.3 and II.2; you also need to be familiar with the 
differential of a function from Εὖ to R (Section 1.5). We introduce a new derivative, 
the covariant derivative. This is a very important idea in differential geometry, and 
serves as the starting point for a lot of more advanced work. The definition is similar 
to the other definitions of derivatives in the book, in that it is given in terms of a 
derivative we already know along the particular curve t-—> Ὁ + tv. It generalizes the 
derivative of a vector field on a curve. 


READ: Section II. 5 (pages 77-80). 


Comment 


(i) Page 78: the symbol V This is usually pronounced ‘‘del’’ or ‘“‘nabla’’. 


Additional Text 


(i) Covariant Differential If W = 2w;U; is a vector field on Εὖ, the covariant 
differential, VW, of W is the function on tangent vectors defined by 
VW(v) = VW. 


By Lemma 11.5.2 VW = Zv[w;] Uj(p) and so 
VW(v) = Zv[wi] Uj(p) 
= Ydw;(v)U;(p), by definition of dwj;, 


= (Xdw,Uj)(v). 
Thus we may write 
VW = 2dw;Uj. 


(it) A Useful Result The result of the following exercise will be used often 
later in the course. Attempt the exercise now. 


1. Page 81, Exercise 6(a). (HINT: Use Lemma I.4.6.) 

Summary 

Notation 

νυν Page 78, line 2 
Vyw : Page 79, line 15 


VW Text, page 49. 
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Definitions 


Results 


(i) 


(i) 


Covariant derivative with respect to a tangent 
vector VW 


Covariant derivative with respect to a vector field 


Vyw 


Covariant differential VW 


If W = Lw,U;, VyW = Zv[wj] U;(p) 


VyW = ZV{[wj] Uj. 


Linearity and Leibnizian properties of the 
covariant derivative. 


With respect to a tangent vector v: 
Vay thw ~aVyY + bV WY 
Vy(aY +bZ) =aVyY + bV,Z 
Vy(FY) = v[f] ¥(p) + f(p)Vv¥ 
v[Y°Z] = Vy¥°Z(p) + Y(p)°VyZ 


With respect to a vector field V: 


Vivi+ gw =f{VvyY + gVwy 
Vy(aY + bZ) =aVvyY + bVyZ 
Vy(fY) = ΝΙΠῪ + fVyY 
V[Y°Z] =VyY°Zt+Y°VyZ 


If W = ΣΝ, VW = Σ ἀν Uj. 


Vox'(t)W = ΟΝ). 


Techniques 


(i) 


Finding the covariant derivative with respect to a 


tangent vector or vector field, 


(a) 
(b) 


(c) 


(d) 


from first principles; 


using result (i) and calculating the 
directional derivatives from first principles; 


using result (i), the linearity and Leibnizian 
properties of both the directional and 
covariant derivative, and the results 


ὉΠ = (κι), v[f] = 2 vi(of/0x)); 


by means of the covariant differential. 
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Page 77, Definition 5.1 


Page 79, line 12 


Text, page 49 


Page 78, Lemma 5.2 
Page 79, line 18 


Page 78, Theorem 5.3 


Page 80, Corollary 5.4 
Text, page 49 


Page 81, Exercise 6(a) 


Page 77, Definition 5.1 


Page 78, Lemma 5.2 


Page 78, Lemma 5.2, 


Page 78, Theorem 5.3 and 


Page 80, Corollary 5.4 


Text, page 49 
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Exercises 
Technique (i)(a) 


2. Page 80, Exercise 1(a). Work directly from Definition 11.5.1. 


Technique (i)(b) 


3. Page 80, Exercise 1(a). Use the result of Lemma 11.5.2 but calculate the 
directional derivatives from first principles. 


Technique (1)(c) 


4. Page 80, Exercise 1(a). Now use all the results available to simplify the work! 
5. Page 80, Exercise 2(a). 
6. Page 80, Exercise 2(c). 


| Technique (i)(d) 


7. Page 80, Exercise 5. 
Solutions 
1. Page 81, Exercise 6(a). 
Let W = νυ). 
Then Vq'(¢)W = Σ αἰ (Ὁ [w;] U;(a(t)), by Lemma 11.5.2, 
i 
d(w;(@ 
ἘΣ ( ᾿ ἡ υζία(), by Lemma I.4.6, 
i 
= (Σ wj(a(t)) Uj(a(t)))’, by the definition of differentia- 
. tion of a vector field on a curve, 
= (Wa) (t). 
2: Page 80, Exercise l(a). 


p = (1, 3,-1), v =(1,-1, 2), so 
p+tv=(1+t, 3-t,-1 + 2t). 
W =x*U, + yU, 
so W(p + tv) =(1 + t)?U,(p + tv) + (3 -t)U,(p + tv). 
VyW = W(p + tv)'(0) 
= [2(1 + t)U(p + tv) - Un(p + tv)] |, = 0 
= 2U,(p) - U2 (p) 


= (2,-1, 0)p- 


52 
3. Page 80, Exercise 1(a). 
W = x’U, + yU, 
SO 


VW = v[x?] Uy(p) + v[y] Ua(p) 


d 
vix?] = τα + wv) |e = 0 


d 

Ξ-ο (ᾳ τ ὖὐκ- 
τ ἃ τε το 

Ξ- 2(1 Ὁ] π 0 


l= Sy(p + wh, 
ΝΥ] ar? t=0 


Thus 
VW = 2U,(p) - U2(p) 
= (2,1; 0)p- 


4. Page 80, Exercise 1(a). 


νυν = v[x7] U; (p) + v[y] U2(p). 


8(x’*) 


lp vps 


Ox 


v[x?] = V4 


=v, 2x(p) 
=1.2.1 =2; 


0 
viy] τ νι () ἐν Zp) + vs) 


ΞΡ 
= =I. 
50 
νυν = 2U,(p) - U2(p) 
= (2, -1, 0)p. 


by Lemma 11.5.2. 
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5. Page 80, Exercise 2(a). 
W =cosx U, + sinx U, 
50 
ΝΥΝ = V[cos x] U, + V[sin x] U, by Lemma II.5.2. 
V[cos x] = (-yU,; + xU3)[cos x] 
=-y U,[cosx] + xU3[cosx], by linearity, 
O(cosx) δ(εοξβ x) | 
ΠΥ ὌΧ a ὃς 
=y sinx + 0; 
V[sin x] = (-yU, + xU3)[sin x] 
=-yU,|[sin x] + xU;3[sinx], _ by linearity, 
d(sinx) 0(sin x) 
ἢ δὰ dz 
=-ycosx + 0. 
Thus 
VyW =y sinx U,- y cos x Up. 
6. Page 80, Exercise 2(c). 
Vy(z?W) = V[z?] W + 22V VW by Corollary 11.5.4. 
V[z?] =2zV[z], by Corollary 1.3.4, 
= 2z(~yU, + xU3)[z] 
=-2yz U,[z] + 2xz U,[z], by linearity, 
=-2yz.0 + 2xz.1 
= 2xz, 
SO 
Vy(z’W) = 2xz W+ 2VyW 
= 2xz (cosx U, + sinx U2) + z*(y sinx U, - y cosx [02] 
= (2xz cosx + yz’sin x)U, + (2xz sin x - yz? cos x)U). 
ἧς Page 80, Exercise 5. 
W = xy°U, - x?z’U; 
SO 


VW = d(xy)U, - d(x?z2)U; 
= (y3dx + 3xy*dy)U, - (2xz2dx + 2x2z dz)U3. 
(a) (y°dx + 3xy7dy) ((1, 0, ~3)(-1, 2,-1)) = 2°.1 + 3.(-1).27.0 =8 
(2xz?dx + 2x?zdz) ((1, 0, - 8)... 9 ~4)) = 21). 1)?.1 + 2.(-1)?.-1).(-3) 4 
and so 
Vwi, 0,-3)(-1, 2, -1)) = 8U,(p) - 4U3(p) 


= (8, 0,-4)p, 


54 M334 1.5 
(b) (y°dx + 8xy7dy) ((-1, 2,-1)(1, 3, 2)) = 33,(-1) + 3.1.37.2 = 27 
(2xz2dx + 2x7z dz) (-1, 2,-1)(1, 3, 2)) = 2-1.27(-1) + 2.17.2.(-1) = -12 
and so 
VW((-1, 2,-1)(1, 3, 2)) = 27Ui(p) + 12U3(p) 
= (27, 0, 12). 
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II.6 FRAME FIELDS 


Introduction 


This section does not depend on the previous two, but on Sections II.1 and II.3. The 
idea of a general frame field (as opposed to the Frenet frame field of Section II.3) is 
formulated. 


READ: Section II.6 (pages 81-84). 


Additional Text 


(i) 


The Pointwise Principle In this section O’Neill has used the pointwise 
principle to extend some familiar definitions and theorems from the set of 
all tangent vectors to E® to the set S of all vector fields V in Εὖ. We recall 
that S is only a three-dimensional module (see Comment (ii) to Section 1.2 
(Text, page 10)) and so S is not isomorphic to Εὖ. However, because each 


element of S can be expressed as 2f,U;, many of the ideas do carry over to S 


via the pointwise principle with no trouble. Some examples are given below. 


(a) The vector fields E,, E,, E3 form a basis for S if the tangent vectors 
E, (p), E.(p), E3(p) form a basis for Tp(E*) for each point p of E?. 


(b) The dot and cross products and norm are defined pointwise. That is, 
if V and W are vector fields then V-W is the function from E? to R 
defined by 


(V-W)(p) = V(p)-W(p), 
V X W is the vector field defined by 


(V X W)(p) = V(p) X W(p), 
and |/V|| is the function from ΕΞ to R defined by 


IIVIlQp) = IIV(p)Il. 


(c) Vector fields V and W are said to be orthogonal if V(p)-W(p) = 0 for 
all p. For example, V X W is orthogonal to V and W. 


(d) Similarly the vector fields E,, E,, E3 are orthonormal if 
Ei-E; = δ» 
that is (Ej-E;)(p) = 1 for all p and for i = 1, 2, 3 and Es Ej are 
orthogonal for i#j. 


(e) (Lemma 6.3). If E,, E,, E; are orthonormal vector fields, any vector 
field V has an orthonormal expansion of the form 
V= (V-E,)E, + (V-E,)E, + (V-E3)E3 
= f,E, + f,E, + f,E, 
where ἢ = V-E;. 


Moreover, if W = gE, + g,E, + g3E3, we find, as one would expect, that 
V-W = fig) + ἔ)θ2 + f3g3. 


In future we shall not always trouble to point out when the pointwise 
principle is used to make definitions or deduce results about vector fields. So 
long as you are sufficiently familiar with the linear algebra of Ε3 you should 
have no trouble with adapting this to vector fields. 
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Summary 


Notation 


V-W 
VX W 


IVI 


E,, E,, Ε3 


r, ὃ, z 
p, vo,” 


Definitions 


Orthogonal vector fields 

Orthonormal vector fields 

Frame field E,, E,, Ἐ3 

Coordinate functions with respect to a frame field 


Examples 


(i) 
(i) 


(iii) 


Results 


(i) 


(1) 


(iii) 


The natural frame field U,, U2, U3 
The cylindrical frame field E,, Εν, E3 
The spherical frame field Fy, F2, F3 


For the cylindrical frame field 
E, = cos? U,+sind U2 
E,=- sind U,+cosd U2 
E3 = U3. 
For the spherical frame field 
F, =cosy cos? U,+ cosy sind U2, + sing U3 
F, =-sin? U, + cosv U2 
F, =-siny cos? U, - siny sind? U2 + cosy U3 


If E,, E,, Ε3 is a frame field and V is a vector field, 
then 
V = (V-E,)E, + (V-E2)E2 + (V-E3)E3. 


(iv) If E,, E,, E3 is a frame field, V = ΣΕ; ana 
We 2gE;, then 
VeW= Lig: 
Techniques 


(i) 
(ii) 


(iii) 


Recognition of frame fields. 
Production of frame fields using Gram-Schmidt and 
cross product (see Lemma II.1.A). 


Expression of a vector field in terms of a frame 
field, and applications thereof. 
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Page 82, line 1 

Text, page 55 

Page 82, line 2 

Page 82, Definition 6.1 
Page 82, Example 6.2.(1) 
Page 83, Example 6.2.(2) 


Text, page 55 

Text, page 55 

Page 82, Definition 6.1 
Page 83, Lemma 6.3 


Page 82, second paragraph 
Page 82, Example 6.2.(1) 
Page 83, Example 6.2.(2) 


Page 82, Example 6.2.(1) 


Page 83, Example 6.2.(2) 


Page 83, Lemma 6.3.(1) 
Page 83, Lemma €.2.{2) 


Page 82, Definition 6.1 


Page 82, Example 6.2 
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Exercises 


Techniques (1) and (11) 


1; 


Page 84, Exercise 1. 


Technique (111) 
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2. Page 84, Exercise 2. 
Solutions 
1. Page 84, Exercise 1. 
First we notice that ||V]| and WII are never zero and so E, and E, are 
well-defined. Since V and W are linearly independent at each p, we know 
— that 
V(p) #0 
W(p) #90 
(W-V)(p) 
W(p) # IV? V(p). 
V(p) # 0 and so ||V]| is never zero. 
W=W- (W-E,)E, 
(W-V)V 
VIP’ 
which is also never zero. 
We must show that E;-E; = ji. 
a end ee SIC ae 
PT UVIEIVIE VIR vie 
E,°E, = Bue : mi =] similarly. 
Wit wil 
Vil UWI Vt Wl IV it Wit 
ΝΜ = (W-E,)(V-Ey) _ {IVII(E1-W) - (W-E,)(IIVIIE,-E)) 
᾿ ΙΝ Δ] Vi ΠΝ 
_ IVIL (W-E,) - [IVII(W-E,) | 
᾿ Vil nw ᾿ 
Since E3 = E, X E,, E,-E3; = E,-E,; = 0 and 
E3°E3 = ((E,-E,)(E,-E,) - (E,-E,)? 2 by Lemma 11.1.8, 
= 1. 
2. Page 84, Exercise 2. “ 


(a) U,=cosd E, - sind E, 
=cosy cos? F,- sind’ F,- sing cos? F3. 
(b) cosd U,+sind U,+ U3;=E, +E; 


= (cosy + siny) Fy + (cosy - siny)F3. 
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(c) (i) xU, + yU, + 2U3=rcos? U,;+rsind U,+2U3 
=rE,+zuU3;; 
(ii) xU, + yU, + 2U3 = p cosy cosd U, + p cosy sind? U,+p sing U3 
= pF). 


If you cannot do this type of exercise by inspection, you may find the 
following method helpful. We can write the equations giving the F; in terms 
of the U; in matrix form as 


F, cosy cost? cosysind — siny U, U, 
F, |= ]- sind? cosv.. 0 U,| =M/U, |; 
F, —siny cosv -siny sind cosy 3 U3 


Since the ΕἸ and the U; are both frames, M must be an orthogonal matrix, 
i.e. ΜΠ] = 'M, so we can write {U,\ = tM [F,\ , giving the U; in terms of the Εἰ. 
U2 F, 
U3 F; 
As an example, we work part (b)(ii): 


cos0 U, + sind? U,+ U3 = (cos, sind, 1) [Ὁ] 
U2 
[Us 
=(cos¥, sind, 1)'M /F, 
F, 
Fs; 
= (cos¥, sind, 1) | cosy cos -sin od —siny cos? | | Εἰ 
cosy sin? cosd - sing sind] | F, 


siny 0 cosy 3 
= (cosy + sing, 0, οοβῷ -- sing) | Εἰ 
Fy 
Ε3 


= (cosy Ὁ siny)F, + (cosy - siny)F3. 
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Π.7 CONNECTION FORMS 


Introduction 


These last two sections of Chapter II are of quite a different nature to the preceding 
ones. The material is more abstract, and concerned almost entirely with forms. We 
expect you will find these sections difficult. However, they are not needed again 
until Chapter VI, so you may be content with just a superficial understanding at this 
stage of the course. If necessary, you can revise these sections when you reach 
Chapter VI: you should find them easier going at that reading after the lapse of 
time. 


Section II.7 draws together the previous two sections and Section 1.5. Its purpose is 
to generalize the Frenet formulas to arbitrary frame fields. The matrix techniques 
introduced look messy but are simple to use in practice. 


READ: Section II.7 (pages 85-90). 


Comment 
(i) . Page 88, Theorem 7.3 The ij-th entry of dA‘A = δ(4Α) (CA) = 
δ (daiy)(ajx)s which we write as δ aj, dai, to keep to the standard con- 


_ vention of putting the differentials on the right. We cannot use such a 
conventional arrangement with the matrices dA and tA, however, as matrix 
multiplication is not commutative. 


Supplementary Comment 


(i) Page 89: dA The fact that d(cos 8) = -sin ὃ dd, and the other similar 
results, follow from Lemma I.5.7. 


Summary 
Notation 
ij Page 85, Lemma 7.1 
ω Page 87, line 4 
A Page 88, line 11 
dA Page 88, line 18 
Definitions 
(i) Connection forms ως; Page 85, Lemma 7.1 
(11) Attitude matrix (A) of a frame field Page 88, line 11 
(ui) | Differential of a matrix whose entries are functions 

from ΕΞ to R Page 88, line 18 
Results 
(i) (ij is a 1-form and Wij =-Wii- Page 85, Lemma 7.1 
(1) The connection equations: VE; = 2 Wij (V)E,. Page 86, Theorem 7.2 
(iii) w=dAta, Page 88, Theorem 7.3 
Technique 
(i) Calculation of the connection forms using ὦ = dA‘A. 


Page 88, Theorem 7.3 
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Exercises 


Technique (1) 


1. 


Page 91, Exercise 4, using A and w. 


Theory Exercise 


2: Page 91, Exercise 5. 
Solutions 
ip Page 91, Exercise 4. 
A= | cosy cos? cosy sin? sing 
|-sind cos0 0 
-siny cos0 -siny sind cosy 
dA -sinycos?dy-cosysindvdd -siny sinédpy+cosycosd dd cosydy 
-~cosd dd -sind dd 0 
~cosycos0dy + sinysindd} -cosysinddy-sinygcosd0 dd -sinydy 
w= dAtaA = 0 cosy dd dy 
-cosy dd? 0 siny dd 
-dp -sing dd 0 
SO ὦ, = cosy dvd 
W 3 =dy 
G)>3 = siny dd. _ 
7 
Ζ: Page 91, Exercise 5. 


= 2 Vy (FE), by Corollary I1.5.4.(1), 
i 


1 


= 7 (V{[E] E; se wii(V)E;), by the connection equations, 
i J 


Σ VUf JE. + 2 Σ ἕως (V)E., by rearrangement, 
yo 11 J J 


Σ {Vif} + = βως Δ) Εν. 
] i 


In the case of the natural frame 1614 411} the connection forms are zero (prove!) 


and so this equation reduces to 
VyW = Fi ΝΠ] U; 


as given on page 79. 
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1.8 THE STRUCTURAL EQUATIONS 


Introduction 


As mentioned in the previous section, you will probably find this section rather 
abstract and hard going. Do not attempt it until you feel fairly confident about both 
Section II.6 and Section II.7. You should also be familiar with the ideas of linear 
functional, dual space and dual basis (see Unit M201 12, Linear Functionals and 
Duality, Sections 1 and 2). 


This section deals with finding the exterior derivatives of the connection forms — 
introduced in Section II.7 and of the dual 1-forms of a frame field. As we do not yet 
know what an exterior derivative is, this section, like 1.6, must be approached purely 
formally, as manipulation of strings of symbols. In Chapter IV we shall find a 
meaning for the exterior derivative, and in Chapter VI we shall relate that to the 
results developed here. 


The results of this section are not needed until Chapter VI. You will probably find it 
hard: if so, do not worry about understanding it in depth now, but return to it from 
time to time so that it becomes fairly familiar before Chapter VI is reached. 


READ: Section II.8 (pages 91-95). 


Gomments 


(1) Page 91: dual 1-forms In Lemma II.6.3 we saw that if E,, E,, E3 is a 
frame field then any vector field V can be expressed as 


V = (V-E,)E, + (V-E,)E, + (V-E3)E3. 


In a similar manner, we obtain the fact that, if Vp is a tangent vector, 


Yp ~ (pEi(P))Ex(P) + (ν᾽ Ε2(Ρ)) Ε2(ρ) + (vp-Es(P))Es(p), 


simply by applying Lemma 11.1.5 to the frame E, (p), Ε2(Ρ), E3(p). Thus if 
we define the functions 6; from the set of all tangent vectors to E? to R (and 
extend to vector fields by the pointwise principle) by 


θι(νρ) = Vp Ei(P) 

we may write 
»" θ.(ν}}Ε1(Ρ) + θχ(ν»} 2(Ρ) Ἔ θ3(ν}) Ε3(Ρ) 
V = O(V)E, + 0,(V)E, + θ3.(Ν})Ε3. 


0; is certainly linear at each point, and so θ1 is a 1-form. In fact, since the E; 
are orthonormal, we have 


which is precisely what is meant by saying that the 9; are the dual basis to 
the Ej. This is why we call the 6; the dual 1-forms of the frame field. 


(ii) Page 94: Example The 0; have not been found yet, but a method for so 
doing is given on page 95. The wij were computed in Exercise II.7.4. 
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Summary 
Notation 
0; Page 91, Definition 8.1 
Definition 
(i) Dual 1-form 6;. Page 91, Definition 8.1 
Results 
(i) If V is a vector field, then V = 20,(V)E.. Text, page 61 
(ὦ) θ.(ὴ = δ» Text, page 61 
(iii) If @ is a 1-form, then ¢ = 2O(E;)6;. Page 92, Lemma 8.2 
(iv) IP k= Σ aijUis then 6; = Σ aii dx;. Page 92, line 20 
(v) The structural equations 

J 

ἀως = : Wik Δ WKj- Page 92, Theorem 8.3 
Techniques 
(i) Finding the dual 1-forms 6; by adhoc methods : 
or using the attitude matrix. Page 92, line 20 
(ii) Using the structural equations. Page 92, Theorem 8.3 
Exercises 
Technique (1) 
1. Page 96, Exercise 4. Part (c) depends on knowing what df/dr, df/00 mean 
and on knowing the formula 
of of of 
df = — dr + --- ἕ 4ϑ + —dz. 
Or od Oz 


These will be explained in the final section of this text, so you may like to 
defer this part of the exercise until then. 


Technique (11) 


2. Check the structural equations for the cylindrical frame field. (The con- 
nection forms were calculated on pages 89-90.) 


Theory Exercise 


3. Page 95, Exercise 1. 
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Solutions 
1. Page 96, Exercise 4. 
(a) E, = cos? U, + sind U, 
KE, =-sind U, + cosd U, 
E3 = U3. 


By definition, 9,(U;) = ὕει = E,-Uj, 50 


θ6 (0. = cosv 6 ,(U,) = sind 0 (U3) = 0. 


We compare this with the value of dr on each of the U.. 


ο 
dr(U;) = αὖ. [r] = by Lemma 1.3.2. 


1 


r 
Υ̓ 
Χ 
A 
SO 
0 
τ ~ .-ἶς- cos 3 
Ox (x? +y?)2 τ 
or 
—=— L=~= sing 
ay (x+y?) 
Or 
— = (J. 
Ζ 
Thus 


Since the 1-forms 6, and dr are equal on the frame field ὕ they are 
equal on all tangent vectors and vector fields (by Lemma I.5.4), and 


so θ᾽ = dr. 
Similarly 92(U;) = U;-E,, 50 
θ.(0.) = - οἴη ϑ θ,(0,) = cos 3 6,(U3) = 0. 
Also 
0d 


d3(U;) = U;[d] =— 


Ox: 
ϑ- tan! (5 | 


X 
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(b) 


(c) 
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SO 
ὃ "ὐπὸ ee sind  -sind 
Ox ᾿ f 2 x? x? + y? ἢ r 
x 
ὃ 1 :- Χ _rcos? οοβϑ 
Oy : +2) x Ἐν r? r 
a 
δῦ 
ὃΖ 
anus r sin 0 
Yr d3(U;) = 5 = 6,(U;) 
r'cos ὃ 
Yr ἀϑ(,) = τὰ θ,(0,) 
r ἀϑ(03) = 0 = θ)η(03) 
and so @, =r dd. 
93(U;) = 0 83(U2) = 0 93(U3) = 1 
dz(U,) = 0 dz(U,) = 0 dz(U3) = 1 
and so 03 = dz. 
ΕΠ] = dr(Ej) = 41(Ej) = 611 
6,(E;) δι 
E,[8] = dd(E;) = a = —. 
E;(z] = dz(Ej) = θ3(Ε}) = 3). 
ΒΝ ᾿ of of of 
E;(f] = df(E;) = oe dr ee dd? + ἜΣ dz | (E;) by the theorem 
to be proved in the final section, 
of 1 df of 
τες το ΤῊΞ 58 boi + 37 δ 3] 


Notice how we have used the Kronecker delta in (b) and (c) to 
convey several pieces of information in one statement. It does not 
matter if your solution did not use it, but bear in mind that you can 
often shorten the amount of writing by using it. 


Now we check the structural equations. 


θ᾽ = dr, 0. a ταῦ, 0; = dz, 


W1 = dd, 43 = 0, Wa3 = 0 as found in Section II.7: 


dé, = d(dr) = 0 and Wy A 02 + 3A 03 = dd A rddb + 0 = 0; 


dé, = d(rd3) = dr Add πὰ 


dé, = d(dz) = 0 and W3, Δ 0, + G37 A 0, = Q; 


dw 2 = d(dv) = 0 and W343 A W32 = 0; 


dw 43 = 0 and W12 A &23- 0; 


dw.3=0 and WA W43= 0. 


Go A 01 + Wo3 A 03 =-dd A dr +0 = dr A dd: 
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3. Page 95, Exercise 1. 


d¢ 


= ἀ(Σ £0;) 
1 
i 


1 
i j 


by Theorem I.6.4.(2), 
by Theorem II.8.3.(1), 


by rearrangement, 
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PARTIAL DIFFERENTIATION 


We have met two new coordinate systems in this chapter: r, ὃ, z and ρ, ὃ, y. If you 
have met these before you may have come across expressions such as Οἵ ον, d6f/d0 
and equations such as 

of of of 

df =— do + — _ dvd+ — dy. 

Op Ov oy 
Since the only partial derivatives we have so far formally defined are the df/0x;, 
where x; are the natural coordinate functions, our purpose here is to give a meaning 
to expressions such as οἴου, df/00 which is consistent with our idea of a partial 
derivative. 


To do this properly, we must first of all be quite clear about the use of the symbols 


_ X; y, Z, as defined on page 4. They denote not “dummy variables”’’, but the natural 


coordinate function from E* to ΒΕ. That is, if p = (Pi, P2, p3) then x(p) = p,, y(p) = 


P2, Z(p) = p3. In particular (x, y, z)(p) = (pi, P2, p3) = p, and so (x, y, z) is the 
identity function on Ε. 


Now suppose that f is a function from Εὖ to R. We must first notice that, although f 
is a single function from E? to R, it has different expressions in terms of x, y, z and 


in terms of p, 3, y say. For example, let us consider the function f = x? + y? + z?. We 


know p* = x? + y? + z?, so we can also write f = p?. Now, because (x, y, z) is the 


identity function, we can write 
f= fo (x, y, z) = f(x, y, z) 
but f is not equal to f(p, 0, y) because 
f(p, 8, y) = f° (ρ, ϑ, yp) =p? + + yy’. 


Can we find a function g such that f = g(p, 3, ¢), that is f = gom where m 15 the 
function (p, 3, y): Ε5 —> E>? 


EF? a ς΄ --ῶν 


m= (ρ,ϑ, φ) 


In this case we can do so quite simply. If p € E® then 
f(p) = e*(p) = (e(p))° 
g(p, ὃ, 9)(p) = g(o(p), δ(Ρ), Φ(ρ)) 


and so we require the function g to pick out the first coordinate and square it: but 
the function that does this is precisely the function we have called x?. Thus g = x” 
and so 


f =x?° m. 


We return to the general case, and recall that the definition of of/0x is 


d | _d Z 
= (p) = 3, f(t Pa Ps) Pa f(t, y(p), 2(p)) me 
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Roughly speaking, we are holding y and z fixed and differentiating with respect to x. 
If we want to define df/dp in a similar fashion we need to hold 8 and y fixed and 
differentiate with respect to p. This is where we need to use the function g: since 


f = g(p, 9, φ) 


_ Of 
we define — by 
dp 


of d 
Ὁ; P) = Galt MP), HlP))} (0) 


But this is precisely dg/0x evaluated at (o(p), 3(p), y(p)), because, roughly speaking, 
dg/dx means “differentiate with respect to the first variable’? no matter what the 
“‘variables’’ may be called. 


This is formalized in the following definition. 


Definition 


If m = (m,, mz, m3) is a differentiable one-to-one function from a subset of E? to 
E° with differentiable inverse m™!, and f is a differentiable function from E? to R, 
and g is a function such that f = go m (in fact g must be f° τ"), then 


of _ Og 
3m; " x, ΤΡ) 


Notice that this definition of df/dm; is dependent on the whole function m: if τῇ = 


(m,, Mz, M3) then df/dm, may be different depending on whether m or ΠῚ is being 
used. : 


In practice this definition is very easy to work with. In our previous example we had 


f = p?, g = x”, and so df/dp =(ag/dx)(m) = 2x(p, 0, py) = 2p. Another example: if 
f= p cosy then g = x cosz, and 


of = og =a 3 _ 

dp 5.118) = cos Ζίρ, 3, φ) = cosy; 

Of og 

= = <"(m) = 03 

0d dy 

of ὁ 

% = - (τὴ) =-x 51η2 (ρ, 3, y) =- psiny. 


This should show you that this process effectively treats p, 3, ᾧ as *““dummy variables’’ 


just as x, y, z are normally treated, and so the new partial derivatives can be written 
down without the step of introducing g. 


For the usual partial derivatives df/0x, df/dy, 86,92 we had the result (Corollary 
1.5.5): 


Now that we have defined other partial derivatives suitably, we can prove an 
analogous theorem. 
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Theorem 


If m = (m,, τὰ, m3) is a differentiable one-to-one function from a subset of Εὖ to 
E> with differentiable inverse m7!, and f is a differentiable function from E? to R, 
then 


of 
df = 2— dm 


Raa 
dm; 


In particular, 


ΓΟ a 
cae Oe Ῥω, 


ipo ae ape a 
Ὁ 38 ae 


(Corollary 1.5.5 is the particular case of this theorem for mj = X;.) 


Proof 


We use the chain rule given in the additional text on Section 1.7. We can take 
g=fom! to obtain 


f=gom. 
Now the chain_rule gives 
τὸς g.(m)m,. 
If v is a tangent vector at the point p, this gives 
f (v) = g,(m(p))m, (v),  ) 


where g_ is written as a matrix evaluated at m(p) and the vectors f,(v), m,(v) are 
written as column vectors. Now, Theorem I.7.5 tells us that 


f (v) = (v[f] ) = (df(v)): 


this is a 1 X 1 matrix so that corresponding column vector is also (df(v)). The same 
theorem tells us that 


τα, (ν) = (v[m,], v[m2], v[ms]) 
= (dm,(v), dm,(v), dm;(v)), 
which is 
dm ,(v) 
dm,(v) 
dm;(v) 


as a column vector. 


By Corollary 1.7.7 g has matrix 


Ε dg =| 


ὄχ! Ox_” Ox3 
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Evaluating this at the point m(p) we have 


0 0 
se (m(p))s = (an(p))s == (an(p) 


which is precisely 
of of (p) of 
5m AP)» ona im?) 


by the definition of (0f/0m,). Putting the expressions we have obtained into (ἢ): 


δὲ of οἵ 
(df(v)) = an: (p), 5ης, (Ρ), =— (p)} /dmi(v) 
. : dm (v) 
dm 3(v) 


of of of 
= ani: (p)dm,(v) + Oi (p)dm.(v) + dm; (p)dm;(v) 


Of Of of 
=||— dm,+ —— dm, Ὁ — dm3]| (v)}. 
om, om, om3 


This is true for all tangent vectors v, and so 


of of of 
df =—— dm; + — dm, +—— dm3. 
om, dm, dm3 


You do not need to know any details of this proof. All you need for this course is 
the defintion of general partial derivatives and the result stated in the theorem. 


Summary 


Notation 


far af δὲ ᾿ 
lar 59° δ. ext, page 66 


of of of 
ap a8" ov Text, page 66 


Definition 


(i) Partial derivatives Text, page 67 


Results 


) areata «Bt ay δὲ 
(i) df= > dr + 29 dd} + ὃ, dz. Text, page 68 


7 0 0 | 
(ii) df= 3p do +—— dd + Vane Text, page 68 
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Techniques 


(i) Finding partial derivatives. Text, page 67 
(ii) Using the expressions for df in terms of the | 
partial derivatives. Text, page 68 
Exercises 
Technique (1) 
; | Ξ of of of hae 9 
ind ——, — , —-when f =p cos? cosy. 
ap ae’ dp” ΠΤ ᾿ 
2 Ὁ. νὰ f=x?4+ 22 
᾿ ind —3 =~, — when f = x* + z*. 
ar av az 
Technique (11) 


This has already been tested in Exercise II.8.4(c). Do that exercise now if you 
previously deferred it. 


Solutions 
1, f = pcosd cosy 
=x cosy cosz (p, 0, φ) 


= g(p, ὕ, φ) where g = X COSY 008 Ζ. 


of a 
ee (0, 0, p) =cosy cosz (p, ὃ, y) = cos¥ cosy. 
0p Ox 
of a 
+= = (ρ, 9,9) =-xsiny cosz(p, 9,9) =~ p sind cosy 
of a ' 
oa -Ξ (p, 3,y) =-x cosy sinz (p, 3, y) =- pcosd sing. 
Oop dz 

2. We must first of all express f in terms of r, 0, z. 


From the diagram we see that 


x=rcos? 
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and so 
f=x2+2z? 


= x? cos? 3 + 22. 


As before, we can introduce g = x 
results: 

of 5 

— = 2r cos*d, 

or 

: 2r* cos3 sind 
— =-2r’°cosd sind; 
od 


2 


cos*y + z”, or we can go directly to the 
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FURTHER EXERCISES AND SOLUTIONS 


Section II.1 


Recommended Exercises 


Page 49, Exercise 2. This shows that Euclidean distance is a metric in the sense of 
M202 and M231. 


Page 50, Exercise 11. This relates the vector operation grad to the norm and dot 
product. 


Solutions 
λ 
2(a). ἀρ, q) = lip - qll = (2(p; - α:)7}2, which is non-negative. 
d(p, q) = 0 > ΣΟ; - q;)* = 0, and a sum of squares is zero if and only if each term 
is zero, that is p; = qj. 
2(b). (pj ~ aj)” = (aj - Pj)” so d(p, 4) = d(q, p). 
2(c). d(p, 4) + d(q, r) = Ilp - qll + [[ᾳ -- rll 25 llp - q+ ᾳ - rll = [lp -- rll = d(p, r). 


of; Of. 
11(4). df(v) =2 al (2vjU;(p))-(Z ao U;(p)) = v-VE(p). 
11(b). Put w= (σ ἢ). 
uff] =u-Vf(p) =u-ew 


and |u-wi < |lull [Iwill = Ilwil 
with equality when u= —™~.. 
llwIll 


Section II.2 


Technique Exercise 


Page 55, Exercise 1. 


Other Recommended Exercises 


Page 55, Exercise 5. This deal with unit-speed repararmetrizations in the sense of 
Theorem 11.2.1. 


Page 56, Exercise 10. This shows that arc-length is preserved by reparametrizations 
which are symmetric in the sense of Comment (i). 


Solutions 
: ΣΤῚΣ 2 9 re 5 
Ka) (2,3... BBN 4 ἢ 
t?7+2,3; 
0, 9, 9), 0, 2, ὃ 
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l(b). s(t) = 2t τὰ = 
- § a ae 
5. If B; is the unit-speed reparametrization based at t = t;, and 5; is the arc- 


length function based at t = ty 


a(t) = B,(si(t)) = B(s2(t)). 
t 
s,(t) = f v(u)du 


ty 


ty t 
-{ v(u)du +f v(u)du 


=So + 5χ(1) 


where 80 is the arc-length of ἃ from t, to to. 


10θ. Put 8 = ah). 
(a) Arc-length of B from a to Ὁ 


ie 


ΗΠ} (c) 


= [νὰ 


Cc 


= arc-length of α from c to d. 


(b) Arc-length of β from a to b 
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Section II.3 


Technique Exercises 


Page 63-64, Exercises 2, 3. 


Other Recommended Exercises 


Page 64, Exercise 5. This expresses all the Fremet formulas in a single format. 


Page 64, Exercise 6. This deals with the approximation of a curve by part of a circle. 


Solutions 
2 _(]-s 2 
2; Taye) C yd 
2 282 
N(s) = (1- ᾿ ἢ (τ) 0 
V2 4/2 
B(s) = (14s) cy : 


2 °/2 


K(s) = 7(s) = RP τ 


NO 


3. Evaluate both sides of each equation. 


5, AX T=kKBX T=KN 
AX N= TTX N+KBX N=TB- kT 
AX B=7T X B=-MT™N. 


6. _ The only solution for ¥ is 


: 5 _ Ss 
γί) Ξ ε- reos-Not rein τὸ 


N 
where c Ξ- + B(0) 


Section II.4 


Technique Exercises 


Pages 74-75, Exercises 1 (a), 3(a), 4 (first part), 6, 7, 9(a), (b). 


Other Recommended Exercises 
Page 74, Exercise 5. This gives a formula for xk. 
Page 75, Exercise 13. This introduces another special curve derived from a given 


curve. Since one of a, ἃ is negative, you will first have to adapt Example 11.5.5 for 
the case where a is negative. 
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Solutions 
l(a). T(t)= στ (2 2t, ι2) 
N(t) = aa 2t, 2 - t?, 2t) 
B(t) = +p (t?, - 2t, 2) 
elt) = τί = os. 
_ (1, 0, 1) 
3(a). T(0)= v7 
N(0) = (0, 1, 0) 
_ 1,0, 1) 
B(0) = 
K(0)=1 
3 
T(0) a 
4. Evaluate both sides of each equation. 
6 a’ = cT 


Now substitute in Theorem II.4.3. 
oe _a ; a b 
7: T(t) -( ~ sin t= Cos 2] 


N(t) = (-cos t, -sint, 0) 


b. b a 
B(t) -° sin t, -— cos t, °) 
ς Cc C 
a 
K(t) = -2 
Ρ 
T(t) = = 
1,0, 1 
9(a). ( We: 
Se. 
4 


t ιϑ 
Ξ{--πρ,ᾶ -ττ-]. 
γί) ar -| 
9(b). u=(0, 0, 1) 
o=- 
4 
γι) = (3t - t, 3t?, 0). 
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Η͂ αν 
5. a” =—T+Kkv*-N 
dt 


dv\ 
lo" I? |=) + (v2)? 


18. Ifa>0, then κα) =, N(s) = (- cos—- sin—, 0); 
C 


9 
c? ς 


ifa <0, then k(s) ao, N(s) = (eae, sin—, 0). 
Cc ς ς 


Substitute these to obtain 
Bab™ - Bab 
for all a. Now (8)Ξ ἃ so 


Bap* = Bab: 


Section II.5 


Technique Exercises 


Page 80, Exercises 1(b), 2(b), (d), (€), (ἢ), 4. 


Other Recommended Exercises 


Page 80, Exercise 3, This extends the result that if Y is a vector field on a curve and 
Y|| is constant then Y.Y’ = 0. 


Page 80, Exercise 6(b). This deals with the definition of covariant derivative. 


Page 80, Exercise 7. This exercise introduces the bracket of two vector fields. 


Solutions 

1(b). (1, 2, 4)p 

2(b). τὺ U3. 

2(d). -sinx U,+cosx U3. 


-y?cosx U, - y’sinx U2. 


) 
2(f). (γ2- x-cosx - yz sin x)U, + (-x sinx + yzcos x)U,- 2xy U3. 


4. X= ΣΧ, U.. 
= oi Y= EE 
1 1 Jj J 11 
Ξ- Σ Vi U; = V. 
1 
3. W(p+tv)-W(pttv) = constant 


=> W(pttv)-W(pttv)’ = 0 
= W(p)-V,W = 0. 
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6(b).  W(a)'(t) = Vai (ry W = VW. 


Ow; Ov: | Of 
7(a). Both sides equal Σ᾿ Σ |v: lege τ 


ij ’ dx; ἊΝ ax: 


7(b). The definition is antisymmetric. 
7().  [U,[V,W]] [f] = U[V,W] [f] - [νιν ]Ό 
= UVW([f] - UWV[f] - VWU[f] + WVU[f]. | 
Adding the other two similar expressions to this gives zero. 
4(d). ΓΝ ΕΜ] [h] = fV[gw[h]] - gW[fVv[h]] 
= {(V[g]W[h] + sVW[h])- g(W[f] V[h] + fWV[h]) 
= fV[g]W[h] - gW([f] V[h] + fg[V,W] [bh]. 


Section II.6 


Techinque Exercises 


Pages 84-85, Exercises 3, 4. 


Solutions 

5. Choose any unit E, orthogonal to E, and put Ε3 = Εἰ X E,. For example 
E, = sinz U,- cosz [93 
E3,=- sinx U,+cosx cosz U,+cosxsinz U3. 

4. The same formulas are obtained as for the spherical frame field. 


Section II.7 


Technique Exercises 


Pages 90-91, Exercises 1, 2, 3, 7. 


Solutions 
df 
1. 12 03 Wig = Was = Fp. 
2. All zero. 
2. A is orthogonal. 
Wi. =- αἴ; 


W13 > cosf df; 


G23 = sin f df. 


78 
7(a). 
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For any f, 


Ν of . ηηὖ, . ὃ 
F,[f] Ξ cosy cosd x ee gee = + sing =. 


. 1 
ρΞ (χ᾽ τ y? τ οὗ 


3=tan”! Σ 
Χ 
Ζ 
y = tan “!}———1) 


evaluate the partial derivatives and substitute. 


τ sin ρ F, + cos p F3. 


Section Π.8 


No further exercises are recommended. 
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Set Book 


Barrett O'Neill: Elementary Differential Geometry (Academic Press, 1966). It is 
essential to have this book: the course is based on it and will not make sense without 
it. 


Bibliography 


The set books for M201, M231 and MST 282 are referred to occasionally; they are 
useful but not essential. They are: 


D.L. Kreider, R.G. Kuller, D.R. Ostberg and F.W. Perkins: An Introduction to 
Linear Analysts (Addison-Wesley, 1966). 


E.D. Nering: Linear Algebra and Matrix Theory (John Wiley, 1970). 
M. Spivak: Calculus, paperback edition, (W.A. Banjamin/Addison-Wesley 1973). 
R.C. Smith and P. Smith: Mechanics, SI edition (John Wiley, 1972). 


Conventions 


Before starting work on this text, please read M334 Part Zero. Consult the Errata 
List and the Stop Press and make any necessary alterations for this chapter in the set 
book. 
Unreferenced pages and sections denote the set book. Otherwise 

O’Neill denotes the set book; 


Text denotes the correspondence text; 


KKOP denotes An Introduction to Linear Analysis by D.L. Kreider, R.G. 
Kuller, D.R. Ostberg and F.W. Perkins; 


Nering denotes Linear Algebra and Matrix Theory by E.D. Nering; 
Spivak denotes Calculus by M. Spivak; 
Smith denotes Mechanics by R.C. Smith and P. Smith. 


References to Open University Courses in Mathematics take the form: 
Unit M100 22, Linear Algebra I 
Unit MST 281 10, Taylor Approximation 
Unit M201 16, Euclidean Spaces I: Inner Products 
Unit M231 2, Functions and Graphs 
Unit. MST 282 1, Some Basic Tools. 
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ΠΙ.1 INTRODUCTION AND ISOMETRIES OF E? 


Introduction 


The aim of this chapter is to prove that a unit-speed curve in E® is determined, apart 
from its position in space, by its curvature and torsion functions, which were intro- 
duced in Section II.3; in other words, that the curvature and torsion of a curve, as 
functions of the arc-length, tell us all there really is to know about it. We cannot 
begin to prove this until we have decided what we mean by “apart from position in 
space”: when are two curves in different positions in E* going to be declared 
“essentially the same’? We shall not finally answer this question until Section III.5, 
but we make a start in this section by defining tsometries, that is mappings of Ε 
which preserve distance. You have met some isometries before — translations in Unit 
M201 15, Affine Geometry and Convex Cones, Section 1.1, and orthogonal linear 
transformations in Unit M201 24, Orthogonal and Symmetric Transformations, 
Section 1. You should remind yourself of the results of the latter section now, as 
they are used in this section. Apart from that, this section depends only on Sections 
I.7 and 11.1; the later sections of Chapter II are not referred to yet. 


READ: Introduction to Chapter III and Section III.1 (pages 98- 102). 


Comments 
(i) Isometnes An important point about the isometries of E? is that they 
form a group; that is, that they satisfy the following conditions. 
(a) The composition of two isometries is again an isometry — this is 
Lemma 1.3. 
(b) Composition of isometries is associative — this is true for com- 


position of any functions. 


(c) There is an identity isometry I such that IF = FI=F for all iso- 


metries F — this is true because the identity mapping I is an 
isometry. 
(d) Each isometry F has an inverse F' which is also an isometry. This 


condition requires slightly more checking. It is an immediate con- 
sequence of Definition 1.1 that isometries are one-to-one mappings, 
for if F(p) = F(q) then 


d(p, q) = d(F(p), F(q)) = d(F(p), F(p)) = 0 


and so p=q. The fact that isometries of Εὖ are also onto mappings 
follows from Theorem 1.7, because the translation T is onto and the 
orthogonal transformation C is onto, so their composite F = TC must 
also be onto. Since F is one-to-one and onto F has an inverse func- 
tion F*=C'T', which is a mapping because both C! and T” are 
mappings (see Comments (ii) and (iii)). Now 


d(F'(p), F"(q)) = ἀ(Ἐ Ε΄ 0), FF"(q)) because F is an 
isometry 
= d(p, q) because FF! = I 


and so Ε΄ is indeed an isometry. 


(ii) 


(iii) 
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Translations The translations form an important set of isometries, as 
noted in Example 1.2(1). We shall use the notation T, to denote translation 
by a, that is, 


Ta(p) =p +a. 
Then 

TpTa(p) = p + a+b=T, + p(P) = Th + alP) 
so TpT, is translation by b +a. In fact the translations correspond to the 
points of Εὖ in such a way that the composition of translations corresponds 
to ordinary vector addition; hence the commutativity of composition of 


translations follows from the commutativity of vector addition. We have the 
following commutative diagram: 


+ 
ἃ. SS atk 
corresponding corresponding 
translation translation 


composition 
5 Tb Ta th 


Since the identity mapping I is translation through 0, Τὰ = T_, and we 
have this commutative diagram also: 


additive inverse 
a - 


corresponding corresponding 
translation translation 


T, inverse (T,)!= Tha. 


Thus the translations also form a group. 


Orthogonal Transformations As noted in Lemma 1.5, these form 
another important set of isometries. The definition given on page 100 is in 
fact equivalent to that given in Unit M201 24, Orthogonal and Symmetric 
Transformations, page 8, because all the spaces in which we are interested 
are finite-dimensional. Thus we can make use of the result proved in that 
unit, that the following conditions on a linear transformation C of finite- 
dimensional Euclidean spaces are all equivalent: 


(a) C preserves dot products (that is, C is an orthogonal transformation); 


(b) The rows of the matrix C are orthonormal; 
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(iv) 


(c) The columns of the matrix C are orthonormal; 
(d) tcc =c'c =I; that is, ΟἽ = 'C (that is, C is an orthogonal matrix); 
(e) C maps some orthonormal basis to another orthonormal basis; 
(f) C maps all orthonormal bases to orthonormal bases. 
Since, for orthogonal transformations C,, ὦ, C, 
(c,c,) = *c,"c, = CC," = (C,c,)* 
and 
αὴ = ttc) =C= (α "0! 


this immediately tells us that the composite of two orthogonal 
transformations is an orthogonal transformation and that the inverse of an 
orthogonal transformation is an orthogonal transformation. Thus these also 
form a group. 


Page 101: Theorem 1.7 This breakdown of an isometry F as TC is very 
useful. In future work with isometries we shall nearly always use this ex- 
pression, sometimes without explicitly defining T and Ὁ. If Ε, = Τί, and 
F, = T,C, are isometries then their composite F,F, is also an isometry 
(Lemma 1.3) so we can write F ,F,=T3C3, where T3 is the translation part of 
F ,F, and (3 is the orthogonal part of F,F2. Then 


T3C3 = T,C,T,C, 


but it is not generally true that 13 = ΤΊ Τῷ (although C3 = C,C,) because C, 
and T, do not commute in general. (See the Theory Exercises if you are 
interested in investigating this further.) 


Supplementary Comments 


(i) 


(ii) 


Page 99: rotation The formulas for the coordinates of q in terms of 
those of p were worked out in Unit M201 24, Orthogonal and Symmetric 
Transformations, Section 1.2. 


Page 101: lines -10 and -9 If we put r = ap + bq, then τὶ = ap; + bq; for 
1= 1, 2, 3. Using the identity established in line -11, 


F(r)=2ZrjF(uj), F(p)=2piF(uj), Ε(4ᾳ) = 2 qiF (uj) 
SO 
F(r) = XrjF(uj) 
= Σ (apj + baj)F (uj) : 
= ZapjF (uj) + 2 bqjF (uj) 
= ad pjF(uj) + b2 qiF (uj) 
= aF(p) + bF(q). 


ὃ 


Summary 


Notation 


Definitions 


(i) 
(") 
(i 
( 


lil) 


Isometry F 
Translation by a, Τὰ 
Orthogonal transformation C 


iv) Identity mapping I 

Example 

(i) Rotation about the z axis 

Results 

(i) The composite of two isometries is again an 
isometry. 

(ii) For translations: 

TaTp = TpTa = Ta + bi 
(ΤᾺ) = Ta. 

(iii) | Given p, q in Εὖ, there is a unique translation T 
such that T(p) = q. 

(iv) If T is a translation and T(p) = p for any p, then 
1ΞΙ|Ι. 

(v) Translations are isometries. 

(vi) | Orthogonal transformations are isometries. 

(vii) Any isometry fixing Ὁ is an orthogonal trans- 
formation. 

(viii) Each isometry F has a unique expression as TC, 
where T is a translation and C is an orthogonal 
transformation. Moreover T = TF(Q). 

(ix) | Every isometry has an inverse isometry. 

Techniques 


Recognition of isometries, translations, orthogonal 
transformations. 


Expression of an isometry in standard form TC. 


Calculation of the image of a point under an iso- 
metry expressed in standard form. 
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Page 98, Definition 1.1 
Page 98, Example 1.2(1) 
Text, page 6 

Page 100, line 11 

Page 99, line -6 


Page 98, Definition 1.1 
Page 98, Example 1.2(1) 
Page 100, line 10 

Page 99, line -6 


Page 99, Example 1.2(2) 


Page 99, Lemma 1.3 


Page 99, Lemma 1.4(1) 
Page 100, Lemma 1.4(2) 


Page 101, Lemma 1.4(3) 


Page 100, lines 8-9 
Page 98, Example 1.2(1) 
Page 100, Lemma 1.5 


Page 100, Lemma 1.6 


Page 101, Theorem 1.7 
Text, page 5. 


Page 98, Definition 1.1, 
Page 98, Example 1.2(1), and 
Page 100, line 10. 


Page 101, Theorem 1.7 


Page 102, line -5 
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Exercises 


Technique (1) 


1. Page 103, Exercise 4. 


2. Page 103, Exercise 6, (a) — (d), first part. 


Technique (11) 


3. Page 103, Exercise 6, second part. 


Technique (111) 


4. Page 103, Exercise 5(a). 


Theory Exerctses 


5: Page 103, Exercise 1. 
6. Page 103, Exercise 2. 
7. Page 103, Exercise 3. 
Solutions 

1. Page 103, Exercise 4. 


(omit if short of time) 


As noted in Comment (iii), C is orthogonal <=> αἶα = 1 = the rows of C are 
orthonormal. We check the last condition as it involves only six calculations. 


ἐξ 8 - sh 


8 
21 21 2 
3° 3° 53] 13’ 3? 


This shows that C is orthogonal. 
1 


3 


οὐ cof οὐ 


οὐ. Οὐ 


8 


ἡτξατατητι 


ata 1+4)=1 
ξτξατετω- 1 


stat +2+2)=0 


ἽἘ διὸ» 4)=0 


2 

3 3 
_| 19 
Ly=| 3 
7 

6 3 
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C2 2 a Τὺ 

3 3 3 3 

ΤΌΣ 1 oe oe δ΄ 

C(q) = 3 3 3 0} = “8 

i 2 21\ 5 Ah 

3 9 3 3 

p-q = 3.1 + 1.0 + (-6)(3) =3- 18 =-15. 
; (2) 5), 19} ἀν 77) 1) an] ae] aq\ -_ 1385 _ 

C(p)*C(q) ἢ 3) Al “|| 1 3 10 ΟΠ ΞΕ 3 Sab. 


Page 103, Exercise 6. 
In each case we must check whether d(F(p), F(q)) = d(p, q) for all p and q. 
() F(p) =p. 
d(F(p), F(q)) = d(-p, - 4) 
=||-p- Ca) 
=|- 1) - a) 
=|-1| |lp- al] (using |[apl] = [αἱ pl) 
= 1 |p - al 
= d(p, 4). 
This is true for all p and q, so F is an isometry. 


(b) In this case F: pp—>p-aa is just the perpendicular projection of E° 
onto the one-dimensional subspace spanned by a. We can easily see 
from the picture 


Ρ 


0 a F(p) 


that F does not preserve norms: for example, we can choose p to be 
orthogonal to a and then F(p)=0 80 ||F(p)|| # |lp||. Since F does 
not preserve norms, F cannot preserve dot products. 


Alternatively we proceed as follows. 
d(F(p), F(q)) = d(p-a a, q-a a) 
= |[p-a ἃ - q-aal 


= ||(p-a- q-a)al 

= |p-a- qcal |lall, as above, 

= |p-a- q-al, since [al] =], 

= |(p - q)-al 

= llp τ 4} lal ΩΣ ϑ), where ὃ. is the angle between 
p- qanda, 

= d(p, 4) |cos ϑΙ, since [αἱ] =, 


which is not equal to d(p, q) unless ϑ is a multiple of 2. 
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(c) 


11 


As yet another approach, since the image of Ε is not the whole of 
E3, F is not onto E? and so F cannot be an isometry, by Comment 


(i). 
F(p) = (ps- 1, p2- 2, pi- 3). | 
d(F(p), F(q)) = d((p3- 1, p2- 2, pr - 3), (43 - 1, 4) - 2, αι - 3)) 
= ||(ps- 1, po - 2, pr - 3) - (ᾳ5 - 1, 42- 2,41 - 3)} 
= |(Pa- 43 P2- 92, P1- α1}}} 
= ((p3- qa)? + (P2- 42) + (Pi - qu) 
= |\(p1- 41 p2- 42 P3- 43)}}} 
= [lp - αἱ 
= d(p, q)- 
This is true for all p and q, and so F is an isometry. 
F(p) = (Pi, pa, 1). 
d(F(p), F(q)) = ἀ((ρ:» Pas 1), (qi, 42» 1)) 
= ||(p1, P2» 1) - (a1, G25 1) 
= ἸῸΝ ~ Gis P27 4)» 0)|| 
= ((P1- 41)? + (p2- 2)*)’, 
which is not equal to d(p, q) unless p3 = q3. For example, 
d((0, 0,0), (0,0,1))=1 Βαϊ 
d(F(0, 0, 0), F(0, 0, 1)) = d((0, 0, 1), (0, 0, 1)) = 0. 
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Thus F is not an isometry. 
Again, we could note that, since the image of F is 
{p €E*: p3=1}# E’, 


F is not onto, and so cannot be an isometry. 


5. Page 103, Exercise 6. 


(a) 


(b) 
(c) 


F(p)=-p and so F=-I, which is an orthogonal transformation. 
This is already in standard form, and so T is the identity, C = -I. 


F is not an isometry. 


F(0) = (-1,-2,-3) so T, the translation part of F, is translation by 
(-1,-2,-3). lf F = TC, 


F(p) = TC(p) 
Le. (p3- 1, p2- 2, pi ~- 3) =C(p) + (-1, -2, -3) 
ie. (Pas Pa» Pr) + (1, -2, ~3) = C(p) + (-1, -2, -3) 
50 C(p) = (Ps, Ρ» P1) 


0 0 1 
so C has matrix | 0 1 0 
1 0 0 


(In fact this represents reflection in the plane x = z.) 


F is not an isometry. 


12 


Page 103, Exercise 5(a). 
F(p) = Τὰ C(p) = a + C(p) 


1 -π 0 -ταὶ 
Ξ 37+] 0 ] 0 

-} -- 0 τ 
= [5] -2 

af \ 49 

1- 3/2 
- 1 

=i: y/2 


Page 103, Exercise 1. 
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Put F=CT,. Since C and T, are isometries F is an isometry (by Lemma 
11.1.3), and thus by Theorem III.1.7 we can write F = Τρ Ὁ where Τρ is 
translation through b and D is an orthogonal transformation. Now 


CT,(p)=TpD(p) _ for all p 
1.8: 

C(a + p) = b + D(p) 
1.6. 

C(a) + C(p) = b + Dip). 
Putting p=0O gives C(a)=b_ because 


Substituting back, we have 


b+ C(p) =b+ D(p) for all p 
1.6. 

C(p) = D(p) for all p 
and so 

Cc=D 
Thus 


F = TpD = TC(a)C- 


C(0) = D(0) = 0. 


M334 Π1.1 | 13 


Alternatively, we could show that CT, and T¢(a)C have the same effect on 
every point of E*. For p in E’, 


CT,(p) = C(a + p) = C(a) + C(p), 


while 

Tc(a)C(P) = Tc(a)(C(p)) = Cla) + C(p). 
6. Page 103, Exercise 2. 
| F=T,A and G=T}B, so 

FG = T,ATpB. 

By the result of Exercise III.1.1, 
ATp =T A(b)A 

and so 


FG = TgATpB = Tal A(p)AB. 


TaTA(b) is the translation through a + A(b); AB is an orthogonal trans- 
formation, being the product of two orthogonal transformations. Thus FG 
has translation part Τὰ +°A(p) and orthogonal part AB. 


Similarly GF has translation part Tp + B(a) and orthogonal part BA. 
ip Page 103, Exercise 3. 
F = T,C. Since T, and C both have inverses we know that 
F!=(T,C)'=C'T?. 
Now 
CT SC τ by Lemma III.1.4(2), 
=To\- ajc", by Exercise 11.1.1, 
= TL C'a)C", by linearity of C’’. 
Thus the translation part of Ε΄" is T_¢-1(q); the orthogonal part of Fis C*. 
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1.2 THE DERIVATIVE MAP OF AN ISOMETRY 


Introduction 


This section follows on from Sections IJI.1 and 1.7. We also need to use certain 
results from M201 — that there exists a unique linear transformation taking one 
basis of ΕΞ to another basis of E? (see Unit M201 2, Linear Transformations, 
Section 1.8) and that a linear transformation is orthogonal if and only if it takes an 
orthonormal basis to another orthonormal basis (see Unit M201 24, Orthogonal and 
Symmetnc Transformations, Section 1.2). 


The purpose of this short section is to show that there is a unique isometry taking 
any given frame in E? to any other given frame in E*. In order to do this we have to 
look at the derivative map F,: we find that this takes a particularly simple form 
when F is an isometry, for if F = TC then F,, is represented simply by Ὁ. 


READ: Section III.2 (pages 104-106). 


Comment 


(i) Page 105: lines -18 to -15 F,, and C cannot be the same function, for 
they act on different spaces — T(E) and E® respectively. However, T(E?) is 
isomorphic to Εὖ via the “canonical” isomorphism dp: E3—>T, (BS) given 


by 
op: Vt Vp (v EE). 


To say that F,,, and C “differ only by the canonical isomorphisms of E*”, 
means, in effect, that the following diagram commutes; that is, that F,,, and 
C send vectors that correspond to each other via %p to vectors that corres- 
pond to each other via Or (p)’ 


aaa es ee ee 
*p ΦἘρ) p Pr (p) 
ΒΡ Fxp 
Tp(E*) oF Trp (E) ‘~—— F xp(Yp) = CVE) 


Supplementary Comment 


(i) Page 105, line 4 If v = (vj, v2, v3) then the ith coordinate of Cv is 2X CijVj> 
so that : 


(Cv)q = τα πα) 


for any point q. In particular, putting q = F(p) gives 
ee 4A ayjUilF (P))- 
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But F εἰν) Ξ (Cv) (0) and so 
F ,(vp) = ore (p)) ΠΣ 1 )). 
However, Vp = ZvjUj(p), 50 this becomes 
J 
F , sive) = Σου (Ἐφ). 
J I,J 


«{ 99 


which can be abbreviated to the result given in line 4 by omitting the “‘p’’s 


and writing Uj; for U;(F). 
Summary 
Results 
(i) The derivative map of an isometry F = TC sends 

the tangent vector v at the point p to the tangent 

vector Cv at the point F(p). Page 104, Theorem 2.1 
(ii) If F is an isometry, F,,, is an orthogonal trans- 

formation from T(E) to ΤῊ (p) =): Page 105, Corollary 2.2 
(iii) | Given two frames in E%, there is a unique isometry 

taking one onto the other. Page 105, Theorem 2.3 
Techniques 
(i) Finding the derivative. map of an isometry using 

Result (i). Page 104, Theorem 2.1 
(ii) Finding the isometry mentioned in Result (iii), 

using the method employed in the proof of 

Theorem 2.3. Page 105, line —3 of text 
Exercises 
Technique (1) 


1. = Page 106, Exercise 1. 


Technique (11) 


os Page 107, Exercise 5. 


Theory Exercises (omit if short of time) 


3. Page 106, Exercise 2. Write F = T,A and G=TpB and use the results of 
Exercise III.1.2, whose solution occurs on Text page 13, and Exercise 
IfI.1.3, whose solution occurs on Text page 13. 


4. Page 107, Exercise 4(a). (HINT: r is in the plane through p orthogonal to q if 
and only if (τ - p)-q = 0.) 
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Solutions 


1. Page 106, Exercise 1. 


We can write T = TI for any isometry T, where I is the identity mapping. In 
the case when T is itself a translation this expresses T in standard form, as I 
is an orthogonal transformation. Using Theorem III.2.1 we have 


Τ, (ν) = (Ν}}ρ) 


=v : because Iv = v. 
T(p) 


Thus T,(v) has the same Euclidean coordinates as v; only the point of 
application has changed. In other words, T,,(v) is parallel to v. 


2. Page 107, Exercise 5. 


The attitude matrix of the e frame is 


2 2 1 

3 3 3 
_|_2 oe 
aig ye 
dL 2 2 

3 3 3 


Lal 4 0 wie Z 2 1 

“2 ν 2 3 3 3 
oe πο 1 Z 
c='BA=l ὁ 1 0 Ξ Ξ Ξ 

ale p --}}ὀ 2 2 

V2 V2} \ 3 8 3 

a 0 os 

V2 V2 

_|_ 2 Ἵ: Ζ 

3 3 3 

Ae ἢ 

3/2 3/2 3..2 
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and T is the translation through 


1 
0 V2 0 
1 2 
q- C(p) = 3 3 J 
4Ὕ4 1 ὃ 
3/2 ~ 3/2 


Ty 


ἐν) 


Y3 


for all points:r = (ry, r2, 13) of Ε5. 


Let us check that F really does carry the e frame into the f frame; that is, 
F,.(€jp) = fig for i= 1, 2, 3; that is, F(p) = q and Ce; = f; fori= 1, 2, 3. 


1 1 
3 V2 0 72 0 
\ 
4 1 
Fe=|-3 τἰ-ῷ τ 2! 
εν ὦ ἅ ΟΣ 


ς 
Ὁ 
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3 
— -] = 4. 
1 
Me ὦ οὐ P2). gu 
ν 2 J2\ | 3 /2 
1 
c=! -3 3 3. || 3]-| ° Ff 
1.4. 1}}1 Ι 
2 3/2 3/2] \ 3 V2 
=e a 
V2 °° Yr\P3 : 
2 1 1 
συ} τῷ 93 3 || 3|-|1 8 
1 4 1 2 
2 5 372] \3 υ 
εἶς δ εἰ 0 
J2 V2 \] 3 ν 2 
1 
ces=|-3 3  [{-3-| ο]τἢ 
pal SA αν δ᾽: πὶ 
3/2 3/2 3/2] \ 3 “2 


Page 106, Exercise 2. 


If ΕΞ ΤΑ and G=TpB, where A, B are the orthogonal parts of F and G, 
then, by the result of Exercise III.1.2, GF has orthogonal part BA. Hence, by 
Theorem III.2.1, if Yp is any tangent vector, 


(GF),(vp) τ (BAY) GE): 
The same theorem gives 
F (vp) = AV Fp) 
and, applied to the isometry G and the tangent vector F (Vp), 
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that is 

(GyF)(Vp) = (BAY) GF(p) 
Hence (GF), (v. ) = (G4F )(νρ) for all tangent vectors Vp, and so it 
follows that (GF), = G,Fy,. 


By the result of Exercise Π]Ι.1.3, ΕἾ has orthogonal part A™', and so 
Theorem III.2.1 gives 


(F')x(Vp) = (ΑΝ) F'(p) 


for any tangent vector vp. We must show that this is the same as (F x)’ (¥p)- 
We know that 


F,(v,,) = (Av : 

εἰν ρ) = (AY) (0) 
that is, F, acts on the vector part of vp by the orthogonal transformation A 
and on the point of application of Vp by F. Thus (F,,.)"', which is the inverse 


of F,, must act on the vector part of νρ by A’! and on the point of 
application of v, by F “1. that is, 


(Fx) "(Yp) ᾿ (ΑΝ) 1} 

Consequently 
(Fx) ‘(vp) = (F") (Vp) 

for all vp, and so (F,)" = (Ε΄ἢ).. 

Page 107, Exercise 4(a). 

r is in the plane through p orthogonal to q if and only if 
(τ - p)-q = 0. 

C preserves dot products so this happens if and only if 
(C(x - p))-C(q) = 0. 


Suppose T is translation by the vector a. 


C is linear, so 
C(r- p) = C(r) - C(p) 
= C(r) + - (C(p) + a), 
= F(r) - F(p). 
Thus 
(C(r -- p))-C(q) = (F(r) - F(p))-C(q), 


which is zero if and only if F(r) is in the plane through F(p) orthogonal to 
C(q). Hence F carries the plane through p orthogonal to q to the plane 
through F(p) orthogonal to C(q). 
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1.35 ORIENTATION 


Introduction 


This section continues from Section III.2, also tying in ideas from Unit M201 24, 
Orthogonal and Symmetric Transformations, Sections 2.2 to 2.4. You may recall 
from that unit that frames in E® are of two distinct types, known as left-handed and 
right-handed, distinguished by which hand “‘best fits” the frames. Moreover, ortho- 
gonal transformations of Εὖ also fall into two distinct sets: there are the proper 
rotations (that is, those transformations physically realizable in 3-space as a rotation 
about an axis) and the improper rotations (that is, those transformations which are 
not realizable as an actual movement in 3-space because they consist of a proper 
rotation followed by a reflection). It turns out that proper rotations preserve the 
“handedness” of frames, whereas improper rotations interchange left-handed and 
right-handed frames, and that the corresponding matrices have determinant +1 for a 
proper rotation and -- 1 for an improper rotation. 


In this section we give a more mathematical definition of “right-handed” and “‘left- 
handed” and classify all isometries of Εὖ (not just orthogonal transformations) in 
terms of their effect upon frames. We are able to state and prove the results quite 
precisely, in a form that makes them suitable for use in proving the important 
theorems of Section ITI.5. 


READ: Sections III.3 (pages 107-110). 


Comment 


(i) Page 107: Remark 3.1 
(1) In this case the attitude matrix is I, and det I = +1. 


(2) Since 635 is a unit vector orthogonal to both e, and 6, it must be 
either εἰΧ e, or —(e;X ε)). By the result of Exercise II.1.4(d), 
Εἰ ΘΟ X e3 = €3°(€; X€z), which is +1 if e3= e; X 65, -1 if e3= τίει X e2). 


(3) This is a restatement of part of Lemma 11.1.4, on Text, Part II, 
page 7. 


Supplementary Comments 


(i) Page 110: the determinant Remember that a formal expansion of 


yields 


(v2w3 - V3w2)e1 + (V3wy — VyW3)e2 + (ViW2 ~ V2W1)e3- 
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(ii) Page 110: proof of Lemma 3.5 If the frame is negatively oriented, the 
e€, component of v X wis 


ν 262 X W3e3 + V3e3 X We2 = (V2W3 - V3W2)e2 X 63 
= (v2w3 — V3W2)(-e1)5 by Remark 3.1(3), 
Ξε (νγν3 - v3W2)e1 


because € = - 1 when the frame is negatively oriented. 
(iii) Page 110: end of proof of Theorem 3.6 
Ci 6, 64 
F,(v) X F,(w) = € Vi V2 V3} > by Lemma III.3.5, 
Wi W2 W3 


=€ ((v2w3- v3w2)e, +...) 
Ξ- ε ((v2W3 - v3w2)F,(Ui(p)) +...) 
Ξε (F,.((v2w3- Vv3w2)U,(p) +. . .)), because F, is 


linear, 


U,(p) U2(p) Us(p) 


ΞΕ Ba γι V2 V3 
Wi 2 W3 
=e F,(v X w), by the definition 
of cross product, | 
and | 
€=eye,X 63. = F,(Us(p))-F,(U2(p)) X Fs (Ua(p)) 
= (sgn F)U,(p)-U2(p) X U3(p), by Lemma III.3.2, 
= son F, because the frame 
Ui(p), Ua(p), 
U3(p) 18 posi- 
tively oriented. 
Summary 
Notation 
sen F Page 108, line 8 
Definitions 
(i) Positively oriented i | Page 107, line -17 
Right-handed 


(1) Negatively oriented \ 


Left-handed Page 107, line - 16 
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(iii) 
(iv) 
(v) 


Results 


(i) 
(ii) 


(iii) 
(iv) 


(vii) 


Sign of an isometry, sgn F 
Orientation-preserving 


Orientation-reversing 


The natural frame field is positively oriented. 


The frame e,, 62), 63 15 positively oriented if and 
only if ες X e, = 63. 


Frenet frames are positively oriented. 
If εἰ, €, €3 is a positively oriented frame, 
ej = εἰ X ek =e, X ej 
for (i, j, k) = (1, 2, 3) or (2, 3, 1) or (3, 1, 2). 
F,(e1)°F,(e2) X Fy(e3) = sgn F e1-e2 X 63. 


The coordinates of tangent vectors in terms of a 
positively oriented frame give the expected for- 
mula for the cross product; if the frame is nega- 
tively oriented the usual formula must be multi- 
plied by -1. 


Orientation-preserving isometries preserve cross 
products; orientation-reversing isometries change 
their sign: 


F,(v X w) =sgn F F,(v) X F,(w). 


Techniques 


Distinguishing positively and negatively oriented 
frames. 


Finding the sign of an isometry 


Finding the effect of an isometry on a cross pro- 
duct, using Result (vii). 


Exercises 


Technique (1) 


1. 


M334 11Π.8 
Page 108, line 6 | 
Page 109, Definition 3.3 
Page 109, Definition 3.3 


Page 107, Remark 3.1(1) . 


Page 107, Remark 3.1(2) 
Page 107, Remark 3.1(2) 


Page 107, Remark 3.1(3) 
Page 108, Lemma 3.2 


Page 110, Lemma 3.5 


Page 110, Theorem 3.6 


Page 107, lines -17, -16 
Page 108, lines 6 to 8 


Page 110, Theorem 3.6 


Find the orientation of each of the frames in Exercise III.2.5 on page 107. 


Technique (1) 


2. 


Find the sign of the isometry in Exercise III.2.5 and check that Lemma 


11.3.2 is satisfied. 


Technique (it) 


3. 


Page 111, Exercise 3. 
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Theory Exercises (omit if short of time) 


4. Page 111, Exercise 1. (HINT: Use the result of Exercise III.1.2.) 
5. Page 111, Exercise 2. 


Solutions 
1. The attitude matrix of the e frame is 
2. 2 1 
3 3 3 
2 1 2 
3 3 3 : 
i 2 2 
3 3 3 


whose determinant is 
asa Sts) 8: ΠῚ 
= F5(2(2 + 4) 3(2 τ 41): (4- 1)) 


=], 


so the e frame is positively oriented. Alternatively (and more simply) 
e,X e=G(2.2- 1.1, 1-2- 2.2, 2.1 -- 2.(-2)) 
= 5(3,-6, 6) =e; 
and so the e frame is positively oriented by Remark 3.1(2). Similarly, 


f,X f= 90. 0 - 1.1, 1.0- 1.0, 1.1- 0.0) 


1 
“Vat 1, 0, 1) = -f, 
and so the f frame is negatively oriented. 


2, Lemma III.3.2 is satisfied if F,(e,)-F,(e2) X F,(e3) =sgn Ε e;-e, Χ 69. We 
found in the previous section that 


i 0 a 
V2 72 
- π᾿ 1 2 
G=|-3 3 3 
ee eee ee 
3/2 3/2 “5/2 
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111 1 4 
sen ΕΞ det C= 513" τς 8.75 


1 
πτρα  - 8- 8- 1)=-1. 


_ 2, 
3 


Since sgn F = -1, Lemma III.3.2 predicts that the e frame and the F(e) frame 
(that is the f frame) have opposite orientations: we have already shown that 
this is the case in the previous exercise. 


3. Page 111, Exercise 3. 
We want to show that C,(v X w) =sgn C C,(v) X C,.(w). 
v= (3, 1, -1) 
w = (-3, -3, 1) 
SO 
vX w=(1- 3,3- 3,-9 + 3) = (-2, 0, -6). 


C is its own orthogonal part, so C, is represented by the same matrix as C. 


2 2 1 2 
3 3 3 3 1 
2 1 2 
C,.(v) = 3 3 “3 1|Ξ| 3 
1 2 2 ᾿ 
3 3 8 } 1 
ἃ. ἃ ἀν [a 
3 3 3 3 
2 1 2 = 11 
C,.(w) = 3 z -3 -3 |= Ὁ 
Ι 2 2 1 . 
3 3 3 3 
fo 2 [|| [10 
3 3 3 3 
2 1 2 1 8 
α,(νΧ w)= 3 3 ΠῚ 0.1.5 3 
1 2 2|[[.[ 11. 
3 3 3 3 
1 il 7 
C,(v) X C,(w) = (-1, 3, 1) ΕΣ - 5) 
10 8 14 
= πὰ ~9> iA) -C,.(v X w) 


so the formula is checked if sgn C= ~-1. 
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However, 


_ ~2/1.2 , 2.2), 2/21 2.2) 1/22 11 
a a2 22).2( 24 3 23 4 


Fy-2(2 + 4) +A(-2- 4)- (4-1) 


=-] 
and so the formula is checked. 
4. Page 111, Exercise 1. 


Let F = T,A, G = TpB. Then, by the result of Exercise II.1.2, FG has ortho- 
gonal part AB. Hence 


sen (FG) = det (AB), by definition, 
= (det A) (det B) 
= (sgn F)(sgn G), by definition of sgn F, sgn Ὁ. 
Similarly 
sgn (GF) = (sgn G)(sgn F) 
= (sgn F)(sgn G). 
Putting G = F"!, gives 
sgn (FF"') = (sgn F)(sgn Ε΄ ἢ). 
But FF"! =I, the identity mapping, and so 
(sgn F)(sgn F') = sgn I= +1: 


therefore 
-1 — 
sgn F sgn F 
= sgn F, because sgn F = +1. 
δ. Page 111, Exercise 2. 


Let G be an orientation-reversing isometry of E°. We want to express G as 
HoF, so we define F to be Ηρ 'G. Then certainly 


HoF = Ho Hp 'G=G 


and so all that remains to be shown is that F is orientation-preserving. Now, 
by the result of the previous exercise, 


sgn G = sgn(HoF) = (sgn Ho)(sgn F). 
Here G and Hg are both orientation-reversing, and so 
sen G = sen Ho = - 1; 


hence sgn F = +1 and so F is orientation-preserving. 
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ΠΙ4 EUCLIDEAN GEOMETRY 


Introduction 


This section depends on Sections III.1 -III.3 and Section II.3. Now we are able to 
use the ideas and results of Sections ΠΙ.1 - III.3 to begin to define what we mean by 
“the same, but for position in space, as...”. Loosely speaking, we are going to 
declare two “objects” in E3 (for example, curves or vector fields) to be “the same 
but for position in space’”’ if there is an isometry carrying one into the other. In 
order that this definition agree with our intuitive ideas of “sameness’’, two con- 
ditions must hold: (a) the relation “is the same, but for position in space as’”’ must 
be an equivalence relation (any sensible definition of “‘same”? must lead to an 
equivalence relation); (b) any properties of the objects concerned that we regard as 
essential, such as the curvature of a curve, the derivative of a vector field, must be 
preserved by isometries, so that objects which are “the same’’ have the same 
essential properties. Condition (a) is easily checked: the relation is transitive because 
the composite of isometries is itself an isometry (Lemma III.1.3); it is reflexive 
because I is an isometry; it is symmetric because each isometry has an inverse iso- 
metry (Comment (i) on Section III.1). Condition (b) is the concern of this section, 
where it is shown that isometries preserve derivatives of vector fields on curves and 
the Frenet apparatus of unit-speed curves. 


READ: Section III.4 (pages 112-115). 


Additional Text 


(i) Arbitrary-Speed Curves and Isometries While it is true that any mapping 
F preserves the velocity of a curve αἱ in the sense that 


F(a’) = (F(a))’ 


(Theorem 1.7.8), the speed of a curve is not generally preserved, because 
Ilo’ || and ||(F (x))'|| are not necessarily the same. However, in the case where 


F is an isometry an argument similar to that given at the beginning of the 
proof of Theorem 4.2 shows that F does preserve speed: F preserves norms, 
as noted on page 105, and so 


νεὼ) = [(Γ(α)}} 
= |F.(«’)| 


[α΄] 


να" 


We have shown that a and F(a) have the same speed if F is an isometry. The 
following exercise shows that they have the same curvature, and plus-or- 


minus the same torsion. 


1. Let a be an arbitrary-speed regular curve in ΕἾ, F an isometry of Ε", 
β = F(a), and ἃ a unit-speed reparametrization of a, where a = Qs). 
Prove that kg = Ky and Tp = sgn F τα: (HINT: Use the above result to 
prove that B= F(@) is a unit-speed reparametrization of β in the sense of 
Theorem 11.2.1, and then use Theorem III.4.2.) 
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Supplementary Comments 


(i) 
(ii) 


(iii) 


(iv) 


Page 113: second half As usual we are writing F = TC and C = (cij). 


Page 114: fourth line of proof Τ and T are defined by T=6', — 
T =B' so the result follows using the fact that β' = (F(B))' = F,(6’) by 
Theorem I.7.8. 


" 


Page 114: seventh line of proof k and Καὶ are defined by x =|(6 


= |6"||; β΄ =¥F,(8") by Corollary 11.4.1; [F,.(6")|] = ||8" |] because 
F, preserves norms. 


Page 114: eleventh line of proof (F,.(B"))/K = F,.(6"/k) because F, 
is a linear transformation at each point. 


Summary 


Results 


(i) 


(ii) 
(iii) 


Isometries preserve derivatives of vector fields on 
curves: (F,.(Y))' = F,(Y’). 


In particular, isometries preserve acceleration. Page 113, Corollary 4.1 


Isometries preserve the speed of curves. Text, Page 26 


Isometries preserve the Frenet apparatus of unit- 
speed curves, except that orientation-reversing iso- 
metries change the sign of the torsion and reverse 
the direction of the binormal: 


K=K T= F,(T) 
T=son Fr N = F,(N) 
B = sgn F F,(B) Page 114, Theorem 4.2 


A similar result for arbitrary-speed curves: if 
B = F(a), then Kg Κα and Tg = sgn F 7. Text, Page 26 


Techniques 


Applying Result (i) to find the derivatives of vector 
fields of the form F,(Y) on a curve F(a). Page 113, Corollary 4.1 


Using Result (iii) to find the Frenet apparatus of 
curves of the form Ε(α). Page 114, Theorem 4.2 
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Exercises 


Technique (1) 


2. Page 115, Exercise 2. (Remember that, because C is orthogonal, C, has the 
same matrix as C.) 


Technique (1) 


5. Page 115, Exercise 1. 


Solutions 


1. We have seen that a and β have the same speed, and consequently a and β 
have the same arc-length function s. Now 


B (s) = (F(&))(s) = F(&(s)) = F(a) =B 


and so β is a unit-speed reparametrization of β in the sense of Theorem 
Π.2.1. 


Hence 
Kg = Κβ6) 73 gs) 
by the definition of the curvature and torsion of an arbitrary-speed curve. 
Similarly 
Κα = Ka(s) T = Τα (5): 
However, ἃ is unit-speed and β =F(&%) and so Theorem III.4.2. gives 
KB = Κα Tq = sgn Ε τα: 
Hence 
KB = Ka(s) = Ka(s) = Κα 
and 
ΤΆ Ξ 73(s) = sgn F 7,(s) = sgn Ε 7p. 


2. Page 115, Exercise 2. 


-] 0 0 cost 


-cost 


= Sa(sint S20) 


, (sint + 2t) 


V2 
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Υ(0 =C,(Y(t)): since C is itself an orthogonal transformation C, has the 
same matrix as C and so 


1 0 0 t 
c,v(ty)=| 0 -ς -4E]] 1-2 
ε “2 V2 
1 1 2 
0 V2 ΨΩ 1+t 
τῷ 
=| -/2t? 
ν 2 
That is, 
Y(t) = (-t, -/2t?,/2). 
Thus 


Y'(t) = (-1, -2/2t, 0). 
Now 
Y'(t) = (1, -2t, 2t) 


and so 


Thus Y'(t) = C,(Y'(t)) for all t, and so Y' = C,(Y’). 
a'(t) = (-sint, cost, 2), 
α" (0) = (-cos t, -sint, 0) 
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50 
=i 0 0 -cos t 
Cea") =| 0 τς -πῷ |] ~sine 
o ye ya]\ ° 
cost 
= τ sin t 
- asin t 
whereas 


@ (t) = sin ts 75 (cos t=2); 300s to 2) 


a(t) = feos ἐωΞ sint _ ΝΣ] 


V2? νΣ 
and so C,,(a"(t)) Ξ α΄ (1) for all t; that is, C,(a") = &”. 
We have already computed Υ΄, a”, Ὗ΄, ἃ“: from this we see that 
(Y'-a")(t) = (1, -2t, 2t)-(-cos t, -sint, 0) 
=-cost + 2tsint 


and 


(Y'-x")(t) 7 (-1, -2/2t, 0)- cost -sint =sint 


=-cost + 2t sint 
80 


Υ΄«.α " = Ya” 


Page 115, Exercise 1. 


Since β has unit speed, T = β΄, and so if B is a cylindrical helix then there is a 
constant unit vector u and a constant angle 9 such f'-u=cos ϑ. Let 
Ὁ = F,(u). Then 


al) = IF (a) = fal] = τ 
and so U is a constant unit vector. Moreover, F(8) also has unit speed; that is, 
T = F(8)’, and so 


Τοῦ = (F(6))'-0 
= (F(6))-F,(u) 
= F,(6')-F,(u), by Theorem I.7.8, 
= B'-u, because F,,preserves dot products, 
= cos ὕ, 


and so F(8) is also a cylindrical helix. 


M334 Π|.4 31 


(b) 


τ 7 | 
Let F(8) denote_the spherical image of F(8), T the unit tangent vector field 
on F(f). Then F(6) is the curve whose points have coordinates given by T, 
while 6 is the curve whose points have coordinates given by T. In other 
words 


T(t) =B(t)g(t) and T(t) = F)(t)F(@(t)). 


Omitting the t: 


_ mY 


T=6g and T=F(6)F@g). 

By Theorem III.4.2, T = F,.(T) 

and so F(6) F(8) = F,(6g). 

Since F = TC, Theorem III.2.1 tells us that 
F (ββ) = C(B )F(p) 

and so 
ΕΓ) FB) = CBF) 


and so 
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ΠΙ.5 CONGRUENCE OF CURVES 


Introduction 


At last we reach the definition of congruence of curves promised in Section III.1 
This is the definition suggested in Section Π]|.4 and, as the remarks there show, 
congruence is in fact an equivalence relation. Results from all the earlier sections of 
Chapter III are used to prove the main theorem that unit-speed curves are congruent 
if and only if their curvatures are the same and their torsions differ at most in sign. 
Using the definitions of Section II.4 we can widen this theorem to include arbitrary- 
speed regular curves. Finally we generalize the main theorem to non-Frenet frame 
fields, using the ideas of Section 1.6. This last theorem (Theorem III.5.7) is less 
important now but will be needed in Chapter VI: you are not expected to remember 
its details. 


Some of the proofs in this section are a little long and technical. Try to work 
through them, but if you get bogged down make sure that you at least understand 
the statements of the theorems: they are the whole purpose of this chapter. 


READ: Section III.5 (pages 116-121). 


Comments 


(i) Pages 117-118: proof of Theorem 5.3 Notice the structure of the 
proof. If F is to carry ἃ to B then certainly F(a(t)) = B(t) for all t, so our first 
requirement is that F(a(0)) =8(0). Secondly, we know from Theorem 
ΠΙ.4.2 that F, must take the Frenet frame of α at a(0) to the Frenet of β at 
B(0), reversing the direction of the binormal if Tg =-7Tg, so we require that 
F, have this effect on T,(0), Να (0), Bg (0). These two conditions specify F 
uniquely, so the final stage is to check that F(a) is actually equal to β. 


Notice also the beauty and economy of the last stage of the proof. We know 
that T-T<1 because 
τας [| 1] cos 9, 

where 9 is the angle between T and T, and cos ϑ = 1 if and only if ὃ is a 
multiple of 27, that is if and only if T and T are equal. Thus we can show 
that T=T by showing that T-T is always 1. However, because the same 
remarks apply to N and N, B and B, we can show that all three pairs are 
equal by the single step of showing that 


f=T-T+N-N + B-B= 3. 


This is shown by a technique we have noted before, that of proving f' =0 to 
show f is constant and noting the f(0) has the correct value. 


(ii) Page 119: Corollary 5.5 When O’Neill uses the word “helix’’ 
unqualified, he means not a general cylindrical helix, but a circular helix, 
that is a cylindrical helix whose cross-section curve is (part of) a circle (see 
Exercises I[.4.8 and II.4.10), as he remarks in Example 1.4.2(2). An equiva- 
lent definition of circular helix is as a curve congruent to a reparametrization 
of the helix 


t +—>(a cost, a sint, bt) 


given in Example 1.4.2(2), and it is this definition O’Neill uses in the proof 
here. 
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Supplementary Comments 


(i) 


Gi) 


(iii) 


(iv) 


(v) 


Page 117: line -9 F is orientation-preserving because it carries one 
Frenet frame into another, and Frenet frames are always positively oriented. 


Page 117: line -2 
K=Kq, by Theorem III.4.2, 
= KB by the hypotheses of the theorem. 


Page 119: Example 5.4 The ‘‘a” used here is simply a shorthand for 
1j/2 =-1/c: it is not the same “a” as in Example 11.3.3. 


Page 120: first two lines of proof ἃ and β must be based at the same 
value of t so that a and β have the same arc-length function s, for if ἃ is 
based at t, and β at t, then 


t 
Sa (t) -{ Va (u)du 


ty 


t 
= \ vglu)du, because Va = Ms 
1 


ty t 

Ξ \ ‘Va(u)du + | vg(u)du 
1 2 

= Sy + Sa(t), 


and the constant s,, is zero if and only if t, = ty. 


0 


Page 121: Theorem 5.7, hypotheses (1) and (2) These are just natural 
extensions of the hypotheses in Corollary 5.6, for if {Ej} and {Fj}.are the 
Frenet frame fields on a, B respectively then condition (1) becomes 


simply vy= νβ and condition (2) becomes Κα =K β' ἴα Τ᾿ 


Page 121: lines 7; 8 of proof Since F carries the Εἰ frame at a (0) to the 
Εἰ frame at 6(0), the two left-hand equations are straightforward. For the 
other two: 


&'-E; = (F(a ))'*F (Ej), by definition, 


= F,(a’)-F,(Ej;), because F, preserves velocities, 
=a'-Ei, because F,. preserves dot products, 
= β΄ Ἑ;, by hypothesis (1); 


also 
Ej-Ej = (F,(Ej))'-F (Ej), by definition, 


= F,(E:)-F +(E)), because F, preserves derivatives of 
vector fields, 


= Ej -Ej, because F, preserves dot products, 


= Fj'-Fj, by hypothesis (2). 
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(viii) 


(ix) 


(x) 
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Page 121: iy 9 of agg Since {Ej ; is a frame, Ἐπ has an orthonormal 
expansion ἘΣ ajjEj, where ajj = E; -Ej (Theorem 11.1.5). ene 


Fi =z i where bij 


bij ~ aij and we can write F;' ΞΣ Δ} ΕἾ: 
] 


=F; “Fi. We have just shown that Fj’ ἜΠΞἃῈ “Ej, 50 
Page 121: lines 10, 11 of proof ἘΠῈ:5Ξ δι => ΓΕ) = 0 


Page 121: line 13 of proof 
f= Σ( -Fj + Ej-F;) 
i 


Page 121: line 14 of proof For i= 1, 2, 3, since E;(t) and Fj(t) are unit 
vectors, Ej(t)-Fj(t) <1 with equality if and only if E;(t) and Fj(t) are equal. 
Thus f(t) = D E;(t)-F;(t) <3 with equality if and only if each E;(t) is equal 


to the corresponding Fj(t). We have shown that ἔ' is the zero function, so f 
itself is a constant function. However, f(0) = 3 (because E;(0) = F;(0) for 
each i) and so f(t) = 3 for all t, that is Ej(t) is equal to F;(t) for all t. 


Summary 


Definitions 


(i) 
(ii) 


Results 


Congruent curves Page 116, Definition 5.1 


Parallel curves Page 116, line -1 


If a'(s) and β' (5) are parallel for each s, a and β are 
parallel. Page 117, Lemma 5.2 


If aw and β are parallel and α(ϑρ ) = B(s Sq) for some 
50᾽ then a = β. Page 117, Lemma 5.2 


Unit-speed curves a, β are congruent if and only if 
Κὰ = Ke and Ty = ET Page 117, Theorem 5.3 and 
Page 114, Theorem 4.2 


Arbitrary-speed regular curves a, β are congruent if 
and only if 


Va Τ᾽ Ky Κρ Te = = Te Page 120, Corollary 5.6 and 
Text, page 26 
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(ν) If a, β are arbitrary curves and {E;}, {Ε1} are 
frame fields on each such that 


α' +E; = β' Ἐ; 


and Ej -Ej = Fj'-Fj 


then a and β are congruent. 


Techniques 


(i) Recognition of congruent curves. 


(ii) Finding an isometry establishing the congruence of 
two curves. | 


Exercises 


Techniques (1) and (1) 


1. Page 122, Exercise 6. 


Theory Exerctse 


2. Page 122, Exercise 5. 


Solutions 


TF Page 122, Exercise 6. 
a(t) = &/2t, τ, 0) 
a’ (0) = 6/2, 2t, 0) 
να() =/2(1 + 27)? 
a(t) = (0, 2, 0) 
We use the formulas of Theorem II.4.3. 
a'(t) X a"(t) = (0, 0, &/2) 


. 2/2 1 
a’"(t)=0 so T(t) =0. 
B(t) = (t, t, τ 
B'(t) = (-1, 1, 2t) 
va(t) =(2+ 42)? =,/2(1 + 912)? = ναί) 
B" (t) = (0, 0, 2) 
B'(t) X β' (ἢ = (2, 2, 0) 


ον 2 1 


Κρ) πόσα +2 rare καἰ) 
β΄ (Ὁ ΞῸ so τρί) = 0 = Tot). 
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Page 121, Theorem 5.7 


Page 116, Definition 5.1 


Page 117, proof of 
Theorem 5.3 
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Thus α and β have the same speed, curvature and torsion and so they are 


congruent. 
a'(0) = 4/2,0,0) so T (0) = (1, 0, 0); 
a'(0) X α"(0) = (0,0, 2/2) so Bg(0) = (0, 0, 1); 
Ng(0) = Ba(0) X Ta(0) = (0, 1, 0): | 
B(0)=(-1,1,0) so Tg(0) = 5 73 ο: 
β'(0) x β" (0) - (2, 2,0) so Βρ(0) [75 ΠΣ ἣ 
Ng(0) = Bg(0) Χ Tg(0) = (0, 0, 1). 


Since Ty = Tg we want to find the isometry F carrying the a Frenet frame to 
the 6B Frenet frame: such an isometry has orthogonal part with matrix 


1 1 1 1 
73 0 72 ] 0 0 72 0 72 
= .1 =| —L an 
C 2 0 V2 0 1 0 V2 0 /2 
0 1 0 0 0 1 0 1 0 
transpose of attitude . attitude matrix of Οἱ 
matrix of β frame frame 


Since α(0) = B(0) = 0, C(a(0)) = β(0) and so the translation part of the F is 
just the identity. 


Checking: 


ΕΙΣ 0 -π ν΄ 2t 
οἱ. 
v2 


F(a(t)) = 0 τ |=] t J=(t). 
0 1 0 0 t? 


Alternatively, since Tg =-7g also, we could choose F to take the a Frenet 


frame to the frame Tg(0), Ng(0), -Bg(0). This gives 


and again the translation part of F is the identity. 
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2. 


Page 122, Exercise 5. 
If α and β are congruent, then Kq=Kg=K and T= +7g=T. Suppose F 
is an isometry such that F(a) = B. Then, as noted in the Additional Text (i), 
we must have , : 
F(a(0)) = B(0) 

F ,.(Ta(0)) = Tg(0) 

F .(Na(0)) = Ng(0) 

F,(Ba(0)) = sgn F Ββ) (ἢ) 
by Theorem III.4.2. This theorem also tells us that 


Tg = sgn F Tq. 
If r#0, this equation tells us that sgn F=1 if Ty =Tg, sgn F=-1 if 
Ty =-Tg. Thus the four equations (*) determine the isometry F uniquely, 
and the proof of Theorem ITI.5.3 shows that in fact F(a) = B. 


If r= 0 then there is no constraint on sgn F, so we can have sgn F = 1 or 
sgn F =-1. In each of these two cases the equations (*) give a unique iso- 
metry F. Moreover, since Ty =7g and Ty = ae the proof of 
Theorem III.5.3 shows that both of these isometries satisfy F(a) = β. 
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FURTHER EXERCISES AND SOLUTIONS 


Section III.1 


Technique Exercises 


Page 103, Exercises 5(b), (c). 


Solutions 


5(b). 


5(c). 


(5/2, -5, 4/2) 
(-%/2, 1, 5/2). 


Section ITII.2 


Technique Exercise 


Page 107, Exercise 4(b). (HINT: (0, 1, 0) has the same length as (1, 0, - 1)A/2.) 


Other Recommended Exercise 


Page 106, Exercise 3. This proves the result given at the end of page 106 in an 
alternative way. 


Solutions 


4(b). 


3(a). 


There are many possible solutions, each of which is obtained by putting a 
particular value of ϑ in the following. 


sin ὃ 1 cos 3 


C= cos ϑ 0 sin 3 


sin 3 cos 3 


τ -π Σ ν΄ 2 
and Τ is translation through 


sin ὃ 1 cos ὃ 1 sin 3 1 


b+ 972 + 7p 8 Oe 2] 


The translation part of F carries C(0) = 0 to p, so is Tp: 


The orthogonal part of F carries U;(0) to e;, so has the coordinates of the ej 
as its columns, so it 1s tA, 
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3(b). 


The e-frame at p is taken to the natural frame at O by 
“1)-1 — ας 
(TpA )" = ATp = Ta(-p)A- 


The natural frame at 0 is taken to the f-frame at q by Τα Β΄". 


(Tg B')(T A(-p py’) takes the e-frame at p to the f-frame at q and has ortho- 
poral part ΒΊΑ 


Section III.3 


Recommended Exercises 


Page 111, Exercise 4. This shows that orthogonal transformations with determinant 
+1 can be realized as rotations of E. 


Page 111, Exercise 6. Some more group theory. 


Page 111, Exercise 7. This looks at isometries of Ε΄ and E*, which are defined. in 
the obvious way. 


Solutions 


4. 


Put e3 = (p/ lIp||). Choose e; and e, to be orthogonal unit vectors spanning 
the subspace of Εὖ orthogonal to e3. Cle) ἢ is also orthogonal to e3 and has 
unit length, so 


C(e,) = cos ϑ 6; + sin ὃ e, 
for some ϑ. If 
C(e2) = sin ὃ e, — cos ϑ e., 


replace ϑ and e, by their negatives. 


For both parts: det (AB) = det A det B 
det Α΄ = (det A)! 


det I= +1. 
E!: F(x) =exta 
cos 3 € sin 3 
ΕΣ F=TC,C= 
-sin 3 Ecos ὃ 


In each case, orientation-preserving if € = +1. 


Section III.4 


Technique Exercise 


Page 116, Exercise 3. 
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Solution 


3. 
_3 4 
5 5 
(3, -3) 
4 3 
5 5 
Section IJI.5 


Technique Exercises 


Page 122, Exercises 2,4. (HINT for Exercise 2: The Frenet apparatus is not needed 
— look for an isometry first.) : 


Other Recommended Exercises | 


Page 121, Exercise 1. This gives another characterization of congruence of curves. © 
Page 122, Exercise 3. This uses Theorem III.5.7 and the connection forms. 


Page 122, Exercise 11. This proves a theorem equivalent to Theorem III.4.2 and 
Theorem III.5.3 for curves in the plane. 
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Solutions 


2. 


11. 


There are eight possible solutions. Each of €, δ, ἢ may be +1 in the follow- 
Ing. 


y(t) = (ed/2t, 53t?, n/2t?) 


ε 0 ἶξς 
V2 V2 
F=| ὁ δ 0 


a=2,b=2 
V3 1 

oc πα τὴς 

F=/ 1 0 0 

1 ν 8 

: 2 “δ᾽ 


If F = TpC, where C(u;) = ej, then F(a) = β. 
The frame field on a is {E;(a)}, that on B is {E;(B)}- 
α΄ -E;(a) = 6;(a’). 
(Ej (&))'-Ej(@) = (V q"Ej)-Ej(a) = wii (o’). 
If: let F be the isometry taking 
a(0) to B(0) 
Tg(0) to Tg(0) 
Ng(0) to eNg(0) where Kg = €Ky. 
Follow the proof of Theorem II.5.3. 
Only if: follow the proof of Theorem III.4.2. 
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Set Book 
Barrett O’Neill: Elementary Differential Geometry (Academic Press, 1966). It is 


essential to have this book: the course is based on it and will not make sense without ἢ 
it. 


Bibliography 


The set books for M201, M231 and MST 282 are referred to occasionally; they are 
useful but not essential. They are: 


D.L. Kreider, R.G. Kuller, D.R. Ostberg and F.W. Perkins: An Introduction to 
Linear Analysis (Addison-Wesley, 1966). ΕΝ 
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M. Spivak: Calculus, paperback edition (W.A. Benjamin/Addison-Wesley, 1973). 
R.C. Smith and P. Smith: Mechanics, SI Edition (John Wiley, 1972). 


Conventions 


Before starting work on this text, please read M334 Part Zero. Consult the Errata 
List and the Stop Press and make any necessary alterations for this chapter in the set 
book. | 


Unreferenced pages and sections denote the set book. Otherwise 
O’Neill denotes the set book; 
Text denotes the correspondence text; 


KKOP denotes An Introduction to Linear Analysis by D.L. Kreider, R.G. 
Kuller, D.R. Ostberg and F.W. Perkins; 


Nering denotes Linear Algebra and Matrix Theory by E.D. Nering; 
Spivak denotes Calculus by M. Spivak; 
Smith denotes Mechanics by R.C. Smith and P.Smith. 


Reference to Open University Courses in Mathematics take the form: 
Unit M100 22, Linear Algebra I 
Unit MST 281 10, Taylor Approximation 
Unit M201 16, Euclidean Spaces I: Inner Products 
Unit M231 2, Functions and Graphs 
Unit MST 282 1, Some Basic Tools. 
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INTRODUCTION 


This chapter uses the differential and vector calculus developed in Sections I.1 to 
Π.1. 


It introduces the second major theme of this course, surfaces. The surfaces in which 
we shall be interested are subsets of Ε5 that locally look like some open region of 
ΕΖ. You have already met some of these, such as planes, spheres and cylinders. 


After discussing several ways of describing a surface we extend the definitions of 
tangent vector, differential form and mapping to apply to them. 


Finally we use differential forms to describe orientability of a surface. 
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IV.1 SURFACES IN Ε 


Introduction 


This section follows on from Sections I.2, 1.4, 1.5, I.7 and 11.1. 


We shall be using implicitly defined curves in the plane. You first met these in 
Section 1.4. Typical examples are: es 


C, 


In general a curve is defined as a subset C: g = c, where g is a differentiable function 
and c is a constant. We shall always assume that, for each point (Xo, yo) in G, either 
(g/0x) (xo, yo) # O or (0g/dy) (Xo, yo) # 0, and that if C has more than one 
component then we are restricting attention to just one of them. With these restric- 
tions the only curves that we obtain are similar to C,; and C,. 


(a) Given a curve like C, we can parametrize it by a regular differentiable 
function a from R to ΕΖ that is one-to-one and whose inverse map ao! from 
C, to R is continuous. In our example of C, such a parametrization is given 
by a(t) = (t, t?). This has inverse αὐ (χ, y)=x for points in C,. 


(b) Given a curve like C, we can parametrize it by a periodic regular differenti- 
able function B from R to ΕΖ. We can also demand that if we restrict 
attention to small enough open subsets of C, they will be the one-to-one 
images of small intervals of R and the inverse functions between these small 
subsets will be continuous. In our example of C, such a parametrization is 
given by B(t) = (cos t, sin t). A typical ‘local’ inverse for this function is given 
by β΄ (χ, y) = cos” x for all those points p in C, with y(p) > 0. 


We shall need the implicit function theorem, a two dimensional form of which was 
dealt with in an appendix to Unit M231, Applications of the Derivative, Section 8. 


As an example of an implicitly defined curve in E* we can consider again the unit 
circle 


C: f(x, y) =x? ty? =1. 
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{(x, y) : ms +y? = 1} 


We can use the implicit function theorem to describe the local behaviour of this 
curve. The implicit function theorem states: 


Theorem IV.1.A 


If the point (Χο, Yo) belongs to C and if (df/dy) (Χο, yo) #0 then there exists: 
(i) a neighbourhood U of xg in the real line; 
(ii) a unique differentiable function g : U——>R; and 


(iii) | aneighbourhood N of (xX, yo) in the plane; such that 
NNC= {(t, g(t)) : t EU}. 


B(Xo) (Xo, Yo ) 


NNC 


\ 
\ 


That is, locally the curve C can be described as the graph of a mapping g : U——>R. 
Similarly we can describe C equally well in terms of y near (xo, yo) if 
(d£/0x) (Χο, yo) # 0. 
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In our example, if x) =4+ we can choose for U the open interval (+,4) and then g is 


2 
the function 
1 

g:tr—(1- t?)?. 

For a suitably chosen N we have that 
1 

NNG= {(t, (1-4?)?) 24 <t<H 
that is, N M C is the graph of g. 
In this section we shall apply an extension of the implicit function theorem to 


implicitly defined subspaces of Εὖ. For instance, near a point (Xo, Yo, Zo) on the 
unit sphere 


Σ : f(x, y,z)=x? ty? +2? = 
for which 


(df/0z) (Xo, yo, Zo) = 22Z 


is nonzero, the sphere can be described as the graph of a function g, where 
g(x, γ) Ξ 2 Ξ (1 - x? - y?)’. 


1 


(Xo. Yo, (1 - Xo” 7 Yo")*) 


(Xo, γον 0) | | 


READ: Section IV.1 (pages 124 - 131). 


Comments 


(i) The plane ΕΖ When we use Εὖ, or some open set D in Εὖ, as the domain 
for a patch x we write u and v for the natural coordinate functions rather 
than x and y or x, and x,. Consequently when we want to refer to a variable 
point in E? we write (u, v), though strictly speaking this is the identity 
function from E? to itself. Whichever interpretation you adopt it is unlikely 
that any ambiguity will arise. When we have to use the partial derivatives of a 
function f whose domain is in E? we write them as @f/du and of/dv. 
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(ii) Page 124: Proper patches The conditions in the definition of a proper 
patch are there to rule out certain pathological possibilities. The condition 
that the mapping x is regular means that its derivative x, is one-to-one and 
hence no nonzero tangent vector is mapped to a zero tangent vector. Since 
derivatives preserve velocities, each curve with nonzero velocity will be 
mapped to another curve with nonzero velocity. As we saw in Section 1.4 
this means that x does not introduce any kinks into the patch. The image of 
a patch cannot look like the following diagram. 


The condition that x is one-to-one rules out the possibility that the patch 
might intersect itself, as in the following diagram. 


The condition that x~' is continuous rules out the possibility that the patch 
might approach itself arbitrarily closely, as in the following diagram. 


10 
(iii) 
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Page 125: Definttion 1.2 To prove that a subset of Ε is not a surface 
we need to find only one point that does not have any neighbourhoods that 
are like smooth open discs. One way to do this is to look at the boundaries 
of suitably small neighbourhoods to see if they are like circles. For instance 
in the second example of Comment (ii) the boundary of a typical small 
neighbourhood of a point on the line of self-intersection is shown in the 
following diagram. 


We shall assume that our intuition does enable us to distinguish this from a 
circle. 


Page 129: Curves and surfaces The curves used in both Example 1.5 and 
Example 1.6 are defined implicitly. As in Section I.4 this rules out the 
possibility that they may be of any of the following forms. 


(a) (b) (c) 


This in turn ensures that the surfaces derived from them, as in Examples 1.5 
and 1.6, are not pathological in any of the ways mentioned in Comment (11). 
In fact the implicit function theorem discussed in the introduction proves 
that the above types of curve cannot occur. Curves (b) and (c) cannot be 
expressed locally as graphs and curve (a) cannot be expressed as the graph of 
a differentiable function. | 


When dealing with implicitly defined curves we shall always restrict ourselves 
to one component at a time. In Example 1.6 this enables us to assume that 
the curve is in the upper half plane. If we did not have this restriction we 
would have to consider curves like the following hyperbola. 
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11 


When this is revolved about the x axis the spaces traced out by the two 
- components intersect and the result is not a surface. 


As mentioned in the introduction this restriction limits us to two types of 


curve. The following are typical examples. We can revolve them about any 
line that does not intersect them. 


(b) C,:x? ty? =1 


For curves like C, we shall use only one-to-one parametrizations and with 


curves like C, we shall use only periodic parametrizations. As usual all 
parametrizations of implicitly defined curves will be regular. 
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Supplementary Comments 


(i) Page 129: Example 1.6 Rotating about the x axis we keep the x co- 
ordinate fixed. 


(qi, 4) COS ν, 4) sin v) 


| [(ᾳ,, 642» 0) 
] 


Hence 4) gives the radius of the circle that the point (q,, 42. 0) traces out as 
it is revolved. When it has been revolved through an angle v its new coordi- 
nates are (41, 42 COS V, q2sin ν). 


If the point. p = (pi, p2, p3) is revolved about the x axis, its x coordinate 
remains unchanged and its distance from the x axis remain unchanged. This 
distance is (p? + p3)*. Hence when it has been swung round into the upper 
half of the xy plane it reaches the point p = (p1, (p3 + p3 ye 0). The point p 
is on the surface of revolution if and only if this point is on the original 
curve. So (p;, Ρ2, Ρ3) belongs to M if and only if f(p,, (p3 + p3 \2) = c. That 
is, M is given by M: g=c where g(x, y,z) = f(x, (y? + 42}. 

How do we use the chain rule to prove that dg is never zero? Firstly, since g 
is a mapping from Εὖ to R 


ag(v) = vig} = (e(p + tv))| y= Bev) 


for any tangent vector v to Εὖ at p. Similarly for any tangent vector w to E? 
at q then ᾿ : 


df(w) = f,.(w), 
where f is a function from ΕΖ to R and the differential df is defined by 
analogy with the definition for mappings from E° to R. Now g is the com- 
posite mapping fo F where 


,F, (Pi, P2, P3)) 


e 


Ε(Ρ:, Pa, P3) = (Fi (Pi, Pas Ps 


Ni- ee” 


=(p., (ps + p3) 
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Hence by the chain rule 
dg(v) = g+(v) = £4 (F.(v)) = df(F4(v))- 


Now the Jacobian matrix for F is 


OF, OF, OF, 1 0 0 
ox dy Oz 

F,= {| | = 
OF, OF, OF, Ἢ y Ζ 
ox dy oz (y2+22)P (y? 122) 


Hence at points of M the mapping F, is onto, has rank 2, since either y or z 
is nonzero as M does not intersect the x axis. 


Assume dg is zero at p on M; then dg(v) = 0 for all vectors v tangent to M at 
p. Now if w is tangent vector to E? at F(p): then, since F, is onto, 
w = F,(v) for some tangent vector v to E? at p. Hence 


df(w) = df(F,(v)) = dg(v) = 9, 
by assumption, and so df is zero at F(p). Now for mappings from E? toR 
the analogue of Corollary 1.5.5 gives | 
_ Of of 
df = au du Τῆς dv. 
Hence 0f/du and δέον are both zero at F(p). But 


1 
F(p) = (Pi, (p2” + p3”)”) | 
is a point of the profile curve C and so by the definition of an implicitly 
defined curve df/du and df/8v cannot both be zero. This contradiction 
tells us that our original assumption that dg was zero at p 15 false; dg is never 
zero on M. 


Summary > 

Notatton 

x Page 124, Definition 1.1 
M Page 125, Definition 1.2 
Σ Page 125, line -6 

M : z= f(x, y) Page 127, Example 1.3 
M:g=c Page 127, line-11 
Definitions 

(i) Coordinate patchx: D—E?_—"n Page 124, Definition 1.1 
(ii) Proper patch x : D—>E? Page 124, line -2 

(iii) Surface M | Page 125, Definition 1.2 
(iv) | Monge patch x(u, v) = (u, v, f(u, v)) Page 127, line 8 

(v) Simple surface M = x(D) - Page 127, line 11 

(vi) | Graph of a function M : z= f(x, y) Page 127, Example 1.3 
(vii) Implicitly defined surface M : g=c Page 127, line -11 

(viii) Cylinder Page 129, Example 1.5 
(ix) Surface of revolution Page 129, Example 1.6 
(x) Parallel Page 130, line 8 

(xi) 


Meridian Pn: Page 130, line 9 
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Examples 


(i) Unit sphere > 

(ii) Hemispherical patches on the sphere, 
x(u, v) = (u, v, +(1-u?-v? \2) 

(iii) Sphere 

(iv) | Circular cylinder, 


M: x? + y? =r? in E? 


Results 


(i) Graphs are surfaces. 


(ii) An implicitly defined subset M: g=cisa 
surface if the differential dg is never zero 
at any point of M. 


(iii) | Cylinders are surfaces. 


(iv) Surfaces of revolution are surfaces. 


Techniques 


(i) Recognizing a (proper) patch. 


(11) Determining whether subsets of E® are surfaces by 


looking for proper patches. 


(iii) | Recognizing that a subset of Ε is a surface since 
it is a graph, a cylinder or a surface of revolution. 


(iv) Determining whether an implicitly defined subset 
of E?, M : g =, is a surface by evaluating the 


differential dg. 


(v) Sketching surfaces. 


Exercises 


Technique (1) 


1, Page 132, Exercise 4. 


Techniques (11) and (111) 
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Page 125, line -3 


Page 126, line 7 
Page 128, line -2 


Page 129, line -13 


Page 127, Example 1.3. 


Page 127, Theorem 1.4 
Page 129, Example 1.5 
Page 129, Example 1.6 


Page 124, Definition 1.1 (and 
Page 124, line -- 2) 


Page 125, Definition 1.2 


Page 127, Example 1.3, 
Page 129, Example 1.5, 
Page 129, Example 1.6 


Page 127, Theorem 1.4 


2. Page 131, Exercise 1. Deleting as few points as possible from each subset 


construct a surface. Explain why it is a surface. 
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Technique (tv) 


3. Page 132, Exercise 5. 


Technique (v) 


4. Page 132, Exercise 6. 


Solutions 


1. Page 132, Exercise 4. 


The Jacobian matrix for the mapping x = (x1, X2, X3) : E7>E? is 


Ox, OX; 
δι. ὃν 
OX, 0x4 
du ὃν 
ΟΧ3 0x3 

‘dus A 

(a) The Jacobian matrix is 

1 0 
ν u 
0 1 


This always has rank 2 and so x is regular. 
Now if 
x(u, v) = x(u, v’) 
then 
(u, uv, v) = (α΄, u’ v’, v’) 
and so | 


ὅς τ eee 


Hence x is one-to-one. 
Since x is one-to-one and regular it is a patch. 


(b) The Jacobian matrix is 


2u 0 
92 0 
0 1 


When ἃ = 0 this matrix has rank 1. Hence x is not regular and so is 


not a patch. 
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The Jacobian matrix is 


1 0 
2u 0 
0 1 + 3v? 


and since v* > 0 it has rank 2. Hence x is regular. 
Suppose x(u, v) = x(u’, v’). 


Then 


Hence 
u=u and (v-v)+(v?-v%)=0. 


It follows that 


y-v')(1+(v? +w'+v7?))=0 


and hence 
! 


(ν- ν ( τ (v+5) +3 y'2)=0,. 


" 
Since 1 + (v + 2}; Ἐϑν'2 > 0 it follows that v = v’ also and hence x is 


one-to-one. Since x is one-to-one and regular it is a patch, 


If x(u, v) = x(u’, ν΄) then 


cos 27u = cos 27u’',  sin2mu=sin2mu'’ and v=vi. 


These conditions are satisfied whenever u =u’ +n, for any integer ἢ, 
, . . . 
and v = ν΄. Hence the mapping is not one-to-one and x is not a patch. 


2 Page 131, Exercise 1. 


(a) 


We can write Mas M : g = 0, where g(x, y, 2) = z7-x?-y?”. 


By Corollary 1.5.5 the differential of g is 
dg = -2x dx-2y dy + 2z dz 


and this is zero only at the origin. Hence, by Theorem IV.1.4, the 
cone minus its apex is a surface. 


Since the boundary of a small neighbourhood of the origin is two 
circles we cannot include the origin if we require a surface. 
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(b) 


(c) 
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Points not on the boundary of the closed disc have the same small 
neighbourhoods as if they were considered as points of the plane 
P:z=0. Since the differential dz is nonzero it follows from 
Theorem IV.1.4 that the disc minus its boundary is a surface. 


If we try to map a small open disc continuously to the closed disc in 
such a way that the centre of the open disc is mapped to a point on 
the boundary of the closed disc we find that we have to fold it over. 
Hence the map cannot be one-to-one and so the boundary points 
cannot be included in the surface. 


-ππτ-ὰ 


<Y, 
“y= 


27 


ἐς 


The region M: xy =0, x 20, y 2 0 can be written as the union of two 
half planes M,: x = 0, y 20 and M, : y = 0, x 2 0. For any point μ᾽ 
in the interior of either of these planes it is easy to find a rectangular 
coordinate patch. Thus the subset of M obtained by deleting the z 
axis is a surface. However, for any point Ρ on the z axis, the inter- 
section of these two half planes, it is impossible to find such a patch. 
Any neighbourhood of p, has a right angle bend in it and so no 
mapping x : D—~>E? onto a neighbourhood of ρ will be differenti- 
able and regular at p2. 
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9: Page 132, Exercise 5. 
(a) By Theorem IV.1.4, M : (x? + y”)? + 322 = 1 is a surface if dg is 


never zero on M, where g(x, y, z) = (x* + y”)? + 322. Now 


dg og og : 
dg = —dx + — dy + —dz, 5. 
g a ὃν y a, a2 by Corollary 1.5.5, 


and hence 


dg = 2(x? + y”) 2x dx + 2(x? + y”) 2y dy + 6z dz 
= 4(x? + y”) (x dx + y dy) + 62 dz. 
Hence dg is zero only at the origin and since this is not a point of M 
it follows that M is a surface. 


(b) By Theorem IV.1.4, M : z(z- 2) + xy = c is a surface if dg is never 
zero on M, where g(x, y, z) = ΖίΖ - 2) + xy. 


Now 

dg = 2(z- 1) dz+xdy+y dx 
and hence dg is zero only at the point (0, 0, 1). 
The point (0, 0, 1) belongs to M if and only if 


(z(z- 2) +xy) (0, 0, 1)=c 
l(1- 2)+0.0=c 


c=-1. 


Hence M is a surface except possibly when c =-1. 


When c = -1, the set M is given by M: z(z- 2) + xy Ξ -] or, on 
rearranging, M : (z- 1)? + xy = 0. A sketch of the set M near the 
point (0, 0, 1) shows that it is a ‘double’ cone. In Solution 2, above, 
we saw that this is not a surface. 


4, Page 132, Exercise 6. 
M:z=y? - 3yx? 
The intersection of M with the xy plane is given by 


S:0=y°? - 3yx*,z=0. 
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Now if 

Q=y° - 3yx? 
then 

0 =(y? - 3x*)y 

= (y - V/3x)(y τν 3x)y- 

The intersection consists of three lines in the xy plane. The lines are y = 0, 
y - /3x = 0 and y ἐν 3x = 0. 


These lines make angles of 5 with each other. 


y =/3x 


As a corollary to the intermediate value theorem, we can deduce that 
throughout each of the six resulting regions of the plane the function f(x, y) 
= y? - 3yx? is always positive or always negative. All we need to do is to 
evaluate f at one point of each region. The values are alternately positive and 
negative. Hence the surface M is alternately above and below the plane. This 
surface is illustrated in Figure 5.22 on page 205. 
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IV.2 PATCH COMPUTATIONS 


Introduction 


This section follows on directly from Section IV.1 and assumes familiarity with 
curves, dealt with in Section 1.4, and the dot and cross product, dealt with in 
Section II.1. It is also useful to bear in mind the definition of the derivative of a 
mapping, given in Section I.7. 


Choosing patches enables us to describe surfaces in terms of regions of the plane E?. 
In this section we begin to see how we can use the geometry of E? to study surfaces. 


This section contains many important examples, which will be used again and again 
throughout the remainder of the course. 


READ: Section IV.2 (pages 133 - 140). 


Comment 
(i) Patches Through each point (ug, vg) in the plane ΕΖ there are two 
curves 


tr—>(t, vo) 
and t K—>(Ug 3 t), 
that are parallel to the coordinate axes. 


These are unit-speed curves and their velocities at the point (ug, Vo) are 
Uj (Uo, Vo) and U2 (ug, vo). 


tr—>(Up, t) 


The images of these curves under the mapping x are the u- and v- parameter 
curves, ν = Vg and u = Ug respectively. These parameter curves depend on the 
choice of coordinate patch x. 


Since regular mappings preserve velocity vectors, the partial velocities (the 
velocities of the parameter curves) are given by 

Xy(Uos Vo) = Xx(Ui (Uo, Vo)) 
and 


Xy(Uo, Vo) = X4(U2 (Uo; Vo )). 
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Hence x, and xy are the composite mappings x,(U,) and x, (U2 ). To 
remind ourselves that x, and x, are functions on ΕΖ we sometimes write 
them as x,, (u, v) and x, (u, v). To calculate these explictly we look at the 
parameter curves. The u- parameter curve v = vo is given by 


α: t-—>x(t, Vo) = (X(t, Vo), X2(t, Vo), X3 (t, Vo ))- 


Hence 


da 
Xy (Uo, vo) = de. (Up) at x(Ug, Vo) 


OX, OX, 0x3 


=( a (uo, Vo), ro (Uo, Vo), a (Ug, Vo)) at x(Uo, Vo). 


Since x is regular, the derivate x, is one-to-one and hence it carries linearly 
independent vectors into linearly independent vectors. The tangent vectors 
U, (up, Vo) and Uz (ug, Vo) are linearly independent in ΕΖ and so xy (Uo, Vo) 
and x,(Uo, Vo) are linearly independent in E%. In Section II.1 we saw that 
this is equivalent to the condition 


Xy (Uo, Vo) Χ Χυίαρ, Vo) ΞΕ 0. 


That is, xy X X,y 15 never zero. 


In fact this condition that x, X x, is never zero is enough to ensure that x 1s 
regular. The condition ensures that the images of U, (ug, vo) and U2 (ug, Vo) 
under x, are linearly independent and this implies that x, 15 one-to-one at 
each point. 


When O’Neill comes to calculate x, X xy he obtains the equation 


U, U2 U3 
es | ee τοἱ 
= : du du du 

a oe ΣΙ: 

ὃν ον ὃν 


Here U,, ὕ,, U3 are vector valued functions with domain E* while all the 
other functions have domain E? and hence the equation is not technically 
correct. However it is very convenient to use such expressions as long as you 
are always aware of how they could be made rigorous. To make it rigorous 
we could replace U,, U,, U3 by the composite functions U, o x, U; o x and 
U3°x,or state that if the functions with the domain ΕΖ are evaluated at the 
point (ug,Vo) then those with domain ΕΞ are evaluated at the point 
p= x(Uo » Vo ). 
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_ Supplementary Comments 


(i) Page 136: line -1 


U; U2 U; 
r*x,X Xy = —cos Vv sin u cos Vv cos u 0 
ἜΦΗΝ COs ἃ —sin v sin u COS V 


= cos*vcosu U,; - cos v (-cos v sinu) U; 


+((-cosv sinu) (-sinv sinu) - (~sin v cos u)(cos v cos u)) U3 


2 


=cos?v cosu U, + cos’v sinu U, + cosv sinv U; 


since cos? u + sin? u = 1. 


(ii) Page 139: line 2, x, and x, are linearly independent 


Here 


χαία, v) = (g'(u), μ΄ (ἃ) cos v, μ΄ (ἃ) sin v) 


xy(u, v) = (0, —h(u) sin ν, h(u) cos v) 


and hence | 

X,(u, v) X χυία, v) = (h(u) h‘(u), -h(u)g'(u) cos v, -h(u)g'(u) sin v). 
If xy(u, v) and x,(u, v) are linearly dependent at x(ug, vo) then 

X(Uo, Vo) Χ Xy(Ug, Vo) = 0. 


But since h(ug) > 0 and cos vo and sin vg cannot simultaneously be zero, we 
would have h'(ug) = g'(ug) = 0. This is impossible since by the definition (on 
page 21) a parametrization is a regular curve. Hence x,,(u, v) X x,(u, v) is 
never zero and the partial velocities x,(u,v) and x,(u,v) are linearly 
independent. 


Additional Text 


There are two important classes of surfaces defined in the Exercises at the end of 
Section IV.2. | 


(i) Ruled Surfaces 


READ the definition on page 140 between Exercises 3 and 4 and look at the 
examples in Exercises 5 and 6. 


Comment f(u) gives the position along the base curve, 5(u) gives the ‘direction’ of 
the line L and v gives the ‘distance’ along this line from the base curve. 
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5(u) need not be the same length and direction for each u. 
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origin 


(ii) Quadric surfaces 


READ the definition on_page 142, between Exercises 9 and 10, and browse 
through the examples in Exercises 10 to 11. 


Summary 


Notation 


X,, (Ug, Vo) and xy(Uo 5Vo ) 
Χῃ and xy 


Definitions 


u- and v- parameter curves, v = Vo and u = ug 
Partial velocities, x,,(Ug Vo ) and xy(Ug ,Vo ) 
Parametrization 

Cross-sectional curve of a cylinder 
Rulings of a cylinder 

Ruled surface 

Rulings 

Ruled form 

Base curve 

Director curve 

Quadric surface 


Page 134, Definition 2.1 
Page 134, line 12 


Page 133, line -9 

Page 134, Definition 2.1 
Page 135, Definition 2.3 
Page 138, line 9 

Page 138, line 11 


Page 140, lines-16 to-8 


Page 142, line 16 
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Examples 


(i) The geographical patch on the sphere: 
x(u, v) = (r cos v Cos ἃ, Υ CoS ν sin τ, rsinv), 


where 
mT TW 


u€& (- π, Tr), νε (δ; 9) 
Parametrization of a cylinder: 


x(u, v) = (α; (u), α (u), v) 


Parametrization of a surface of revolution: 


(ii) 


(iii) 
x(u, v) = (g(u), h(u) cos v, h(u) sin v) 
Parametrization of a torus of revolution: 


x(u, v) = ((R + r cos u) cos ν, | 
(R +r cos u) sin, r sin u) 


Parametrization of a ruled surface in ruled form: 
x(u, v) = B(u) + v8 (u) 
Helicoid: 


x(u, v) = (u cos v, u sin v, bv) 


Results 
(i) x : D—>E? is regular if and only if x,,.X xy is 
never zero. | . 


The partial velocities are the images of the standard 
basis vectors under the derivative mapping x,: 


(ii) 


x,(U1)=Xy, X4(U2) = Χν. 


Techniques 


(i) Description of the parameter curves. 
(ii) 
(111) 
(iv) 


Evaluation of partial velocities. 
Testing regularity of a parametrization. 
Use of standard parametrization of cylinders and 


surfaces of revolution. 


Finding the ruled form of a surface, in certain 
simple examples. 


(v) 


Familiarity with the shapes and equations of 
quadric surfaces. 


(vi) 
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Page 135, line 3 


Page 137, Example 2.4 


Page 138, Example 2.5 


' Page 139, Example 2.6 


Page 140, line -12 


Page 141, Exercise 7 


Page 136, line 6 


Text, page 20 


Page 133, line -9 
Page 134, line -7 
Page 136, line 6 


Page 137, Example 2.4, 
Page 138, Example 2.5 


Page 140, line - 16 


Page 142, line 16 
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Exercises 


Techniques (1), (tt) and (11) 


1. Page 141, Exercise 7. 


Technique (111) 


2. Page 140, Exercise 2. 


Technique (tv) 


3. Page 141, Exercise 6. 
4, Page 140, Exercise 1. 


Technique (v) 


5. Page 140, Exercise 4. 


Technique (v1) 


6. Page 142, Exercises 10 and 11. Only sketch the surfaces. 


7. Page 142, Exercise 12(a) and (b). 
Solutions 
1. Page 141, Exercise 7. 
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(a) 


(b) 


To check that x is a patch we must show that it is one-to-one and 
regular. If x(u, v) = x(u’, v’) then 


! ᾿ . ; .- ? ' 
ucoSv=u cosv, usinv=u sinv. and v=v. 


Since v = ν΄ and the cosine and sine functions cannot be simul- 
taneously zero it follows that u = α΄. Hence x is one-to-one. 


Now 
υ, U2 7 U3 
X, X Xy = COS V sin v 0 
πὰ sin v u COS V b 


= (Ὁ sin v, - Ὁ cos v, u). 


Hence [χὰ Χ Xy| 2 = b? τυ > 0, and so Xy X xy # 0. Thus x is 
regular and therefore a patch. 


The u- parameter curve v = vo is 


tr-—>x(t, vo) = (t cos vo, t sin Vo, bvg) 


(0, 0, bvg) + t(cos vo, sin vo, 0), 


which is a straight line parallel to the line in the xy plane making an 
angle vg with the x axis. 
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oN (0, 0, bvg) 
ςς 
xe ra 
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ςς 
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ςς 
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-ς 
-ς 
᾿ς 
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The v-parameter curve u = Ug is 
tr-—+x(Ug, t) = (ug cos t, Up sin t, bt). 


As t increases by 27 the curve goes once round the z axis, in a circle 


of radius ug, and rises 27b. The v- parameter curves are helices about 
the z axis. 


(c) In order to express the helicoid in implicit form we must find some 
function g and constant c such that g(p) = c if and only if p = 
Xx(Up, Vo) for some (Up, Vo ). 


If p = x(Uo, Vo) then 
P3 =bvo, Vo =p3/b 
and 


Pi =ugcos(p3/b), pz = Uo sin(p3 /b). 
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Hence for each point p of the helicoid 
Pi sin (p3/b) = pz cos (p3/b) 


so if a point belongs to the helicoid it also belongs to the implicitly 
defined surface 


M : xsin(z/b) -- y cos(z/b) = 0. 


We need to show conversely that any point of M belongs to the 
helicoid. Suppose p satisfies the above relationship. Then since b # 0 
we can set Vo = p3/b and we obtain 


sIN Vo = COS Vo. 
1 0 2 0 


For any value of vo at least one of cos vo, sin vo must be nonzero. 
Suppose coSvg #0. Then we can find uo =pi/cos vg. Now 
P2 COS Vo = Py SIN Vo = Up COS Vo SiN Vo and 80, Since COS Vo #0, 
P2 =Upo Sin vg. Hence we can write p in the form (Ug Cos Vo, Ug Sin Vo, 
bvo ) and so it belongs to the helicoid. 


A similar argument works when sin vo Ξ 0. 
Hence the helicoid is the surface 


M : xsin(z/b)- y cos(z/b) = 0. 


2. Page 140, Exercise 2. 
By Lemma II.1.8, 


[xu x xy ll? = (xu + Xu) (χν - Xy) - (xy " Xv)? 
= EG - ΕΖ. 
Now x is regular if and only if xy X xy #0. But x, X xy is never zero if and 


only if |lx,, x x,|| is never zero, which is true if and only if EG - F? is never 
Zero. 


9, Page 141, Exercise 6. 
x(u, v) = B(u) + vq. 
Hence x, = β' 
and Xy=q: 
Xy X uy =6' X q, 
and so x is regular if and only if B’ X q is never zero. 


In Example 2.4 the curve β is in the xy plane and q = (0, 0, 1). 


4. Page 140, Exercise 1. 


(a) A parametrization of the profile curve is u+—>(u, cosh u, 0). 
A parametrization of the catenoid is 


x : (u, v)+—>(u, cosh u cos v, cosh u sin v) 


since rotation about the x axis keeps the x coordinate fixed. 
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x(u, v) = (u, cosh u cos v, cosh u sin v) 
(b) C : (z- 2)* + y* =1 is a circle in the yz plane of radius one and 

centre (0, 2). A possible parametrization is 

ut—>(0, sin u, 2 + cos u). 
A parametrization of the torus is 

x : (u, v)-—>((2 + cos u) sin v, sin u, (2 + cos u) cos v), 
since rotation about the y axis keeps the y coordinate fixed. 

y 


Χ 


-- ᾿ς ((2+ cos y sin v, sin u, (2 + cos u) cos v) 


δ (0, sin u, 2 + cos u) 


See —L——]|—____p» z 
/ | 
a 
f 4 
f | 
/ 
/ ἊΝ 

Ι 
| 
“~~, Ι 
Ι 

(c) We cannot follow the same procedure as in parts (a) and (b) since the 


profile curve cuts the axis of rotation and hence the standard 
‘parametrization’ will not be regular. However we can describe the 
surface in terms of a Monge patch. 
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P = (P1, P2> Ps) 


‘ (Py, Pa, 0) 


A point is on the paraboloid M if the square of its distance from the 

Z axis is equal to its height above the xy plane. Thus p = (p;, p2, p3) 

belongs to M if and only if pj + p; = p3. Hence M: z= x? + y? and 

we can parametrize it by mapping each point in the xy plane to the 
᾿ς unique point on the surface above it. This gives the single patch 


x: (u, v)+->(u, v, u? + v2). 


ὃ, Page 140, Exercise 4. 


Look at the intersection of M with the plane x = c, for some constant c. This 
is the straight line z = cy in the plane x = c. It passes through the points 
(c, 0, 0) and (c, 1, c). We can write it as 


ve—>(c, 0, 0) + v(0, 1, c). 


Letting the point (c,0,0) vary along the x axis we obtain the para- 
metrization 


(u, v)+—>(u, 0, 0) + v(0, 1, u), 


which is in ruled form. 


- Similarly looking at the intersection of M with planes of the form y = c we 
find the parametrization : 


(u, v)+—>(0, v, 0) + u(1, 0, v). 
Alternatively, since M : z = xy, M is described by the Monge patch 
x: (u, v)+—(u, v, uv), 


from which the above two ruled forms follow. 


30 M334 IV.2 
Page 142, Exercises 10 and 11. 
10(a). Ellipsoid 


10(b). Elliptic hyperboloid 
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10(c). Elliptic hyperboloid (two sheets) 


—_—- — ome «ney ἢ 


11. Elliptic paraboloid 
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ds Page 142, Exercise 12. 
(a) The mapping x Ε2--- Εὖ does map into M since 
(aQu+v))* (Ρῴα - v))? 


es 


We need to show further that it maps onto M. For any point p 
belonging to M we need to solve the equations 


Pi =a(Uo + Vo) 
P2 = b(ug - vo) 
P3 = 4Up Vo. 


We can solve the first two, obtaining 


and since p belongs to M the third equation is also satisfied. 
Next we need to check that x is one-to-one. Suppose 


x(u, v) = x(u’, v’): 


then 
utv=ut+v 
! 
u-v=u-v 
, ! : : 
and hence u=u,v =v. The mapping x is one-to-one. 


Now we need to check that x is regular: we use the usual method. 


U; U2 Us; 
ΧΙ X Xy = fa b 4v 
ja -b 4u 


= (4b(u + v), 4a(v -- u), - 240). 


Now, for the definition of the hyperbolic paraboloid to be meaning- 
ful we need a,b > 0. Hence - 2ab #0 and so x,, X X, is never zero. 
This in turn proves that x, and x, are linearly independent and 


hence x is regular. 


Thus x is indeed a patch and to complete the proof we need only 
prove that x is proper. To prove that x is proper we have to show 
that the inverse function x"! : Mt—>E? is continuous. Since χ 15 


given by the formula 
eee eee 
2a 2b 2a 2b 
continuity follows from standard results in analysis. 
(b) We can write x in ruled form as follows 
(i) x (u, v) = (au, bu, 0) + v(a, -b, 4u) 
and 
(11) x (u, v) = (av, - ὃν, 0) + u(a, b, 4ν). 
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IV.3 DIFFERENTIABLE FUNCTIONS AND TANGENT VECTORS 


Introduction 


This section follows on from the previous section, IV.2, and follows the develop- 
ment of Chapter I, Sections 1 to 4. You will also need the chain rule dealt with in 
Section I.7. 


The section begins with certain rather technical but intuitively obvious definitions 
and results. Mappings that you would expect to be differentiable turn out to be 
differentiable, and, given a coordinate patch, we can use it to give explicit descrip- 
tions of curves in a surface. Do not worry about the technicalities. 


We then show that the partial velocities, for a given patch, do tell us something 
independent of the choice of patch. The tangents to any curve in the surface can be 
written as a linear combination of them. These tangents form the tangent planes to 
the surface. We use them to define a directional derivative for functions defined only 
on the surface, and not on the whole of Εὖ. 


READ: Section IV.3 (pages 143- 149). Do not spend much time on pages © 
143 - 145. Just try to understand the results. 


Comments 


(i) Differentiation on M and on Ε We have now met several different defini- 
tions of differentiation with domain or codomain either E? or some surface 
M. If we are dealing with a function F : E27 -——>+E™ between Euclidean spaces 
and we are using the definition of differentiability given in Section I.7 we 
say that F is Euclidean differentiable. If we are using either of the definitions 
of this section for functions with domain or codomain some surface M we 
indicate it by saying that G: M—>E" is differentiable or F : E7>——M is 
differentiable. We need to compare these definitions of differentiability with 
the Euclidean definition. 


Directly from the definitions we have that G: M—>E® or F : E7——>M are 
differentiable if their respective coordinate expressions are Euclidean 
differentiable. 


Suppose we have a function F : E7——»M. Then we can also consider it as a 
function F : E?—-+E3. If we know that F is differentiable as a function 
from E™ to M then we would hope that F is also Euclidean differentiable. It 
15. ee F:E"—»M is differentiable it follows, by definition, that 
x-1o F: E7 +E? is Euclidean differentiable, for each patch x. But by the 
definition of a patch, each patch x: D—E? is Euclidean differentiable. 
Consequently the composite mappings x o x"! o F : E979-_+E® are Euclidean 
differentiable. But each of these mappings is just the restriction of F to those 
points whose image under F is in x(D). Since the patches cover M we can 
choose enough "x"s to deal with F at every point. Hence F : E79—>E? is 
Euclidean differentiable. 


Theorem 3.2 gives us the converse of this result. If F : E7—->E? is a 
Euclidean differentiable mapping whose image lies in M then it is also 
differentiable considered as a function F : E2—>M. 


34 


M334 IV.3 


The corollaries are proved as follows. 


Corollary 3.3 Since y is a patch it is a differentiable function y : D—>E? 
whose image lies in M. Hence, by Theorem 3.2, it is also differentiable 
considered as a function y : D—>M. By definition this just means that 
x"' oy is a Euclidean differentiable mapping between suitable subsets of ΕΖ. 


Corollary 3.4 Since χ ᾽ν is Euclidean differentiable 
x"'y(u, v) = (u(u, v), v(u, v)), 
where the Euclidean coordinate functions Ὁ, V are differentiable. Applying 


the mapping x to each side gives the result. The mapping x"! y = (Ὁ, V) gives 
us a coordinate transformation. 


Theorem 3.2 can also be used to give a converse of Lemma 3.1. Suppose a 
function a : I—M is such that 


a(t) = x(a; (1), a2(t)) 
for differentiable functions a; and a,. Then the composite x(a,,a,) is a 


Euclidean differentiable mapping into E*, whose image lies in M. Hence by 
Theorem 3.2 its restriction a: I—>M is differentiable; that is, α is a curve. 


As a corollary to this we find that the parameter ‘curves’ are in fact curves in 
M since they can be written as 


tr—>x(t, vg ) 
tr—>x(Ug ’ t), 
where the functions given by t+—>t, t-—»vg, t-—>ug are all differentiable. 


When no confusion can arise we omit the word ‘Euclidean’ from the 
expression ‘Euclidean differentiable’. 


Page 147: line 1 We have two mappings F and x with the following 
Euclidean coordinate functions: 
F=(a,,a,) and x=(x;, X2, x3). 
The composite mapping x o F is a. The composite (chain) rule gives 
a, = x,(F)o Fy. 


In terms of Jacobian matrices this becomes 


a OX, OX ; 

; Ou ὃν = 

ἢ ΟΧ,) ΟΧ) δὴ 

ΞΞ ae oe t 

ἕω Su ὃν 
ai : 0x3 0X3 

5 du ον 

F(t) 


Multiplying out we obtain 


al (t) = xy(F(t))ai(t) + xy(F(t))a(t) 
= χαίαι (t), ἃ; (t))at (t) + χνίαι (0), a2 (t))a2 (t). 
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(iii) Page 147: vector fields Since χῃίαρ, Vo) and x,(uo, Vo) are tangent 
vectors at x(Ug, Vg) we can consider x, and x,y as tangent vector fields on 
x(D). Since x,y X xy is orthogonal to both x, and xy we can consider it as a 
nonvanishing normal vector field on x(D). It may be impossible to extend 
this to a nonvanishing normal vector field on the whole of M. 


(iv) Page 148: the proof of Lemma 3.8 It is possible to have implicitly 
defined subsets M : g=c in E?® that are surfaces but for which dg and hence 
the derivatives 0g/0x; are zero. An example of such a subset is M: x? = 
The only nontrivial derivative is 0g/d0x = 2x, which is identically zero on M. 
Hence the converse of Theorem IV.1.4 is false. In this lemma we need to add 
the restriction that dg is nonzero on M. 


The form of the composite (chain) rule used is as follows. We have 
α : th>(a4 (t), 2 (t), 3 (t)) 
8: (Pi, P2 P3)-—g(p); 


and ρα: t+—+c (constant). 


Hence 
0Ξ (ρα) (ἢ) = ΕΞ am oe| αἱ 
OX, OX» 0X3 a(t) 
οὗ 
a, [1 


which gives the required result. 


(v) Page 149: Definition 3.10 We have defined the directional derivative, 
v[f], of a function f on M as the common value of (d(fa)/dt) (0) for all 
curves & in M with initial velocity v. 


It is not at all obvious that this directional derivative is well defined. Given 
any vector v tangent to M we first of all have to assure ourselves that there is 

a curve & with initial velocity v and then we have to assure ourselves that the ~ 
value of (d(fa)/dt) (0) is independent of which curve a we choose. The first 
point is easily settled. Since v is a tangent to M, by Definition 3.5 it is the 
velocity vector of some curve in M and by suitably shifting the para- 
metrization of the curve we can ensure that it is the initial velocity of a curve 
ain M. 


The second point is rather more complicated. To apply Theorem I.4.6 we 
need to extend f to a differentiable function F defined on some neigh- 
bourhood N of p in Εὖ. | 


If q is in the in- 
tersection of N 


and M then f(q) = 
F(q). 
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It is always possible to extend the function f in this way and then we can 
apply results on directional derivatives in ΕΞ to the function F. Of course, 
we need to be even more careful since it is possible to choose F in many 
distinct ways. At this stage we can use Theorem I.4.6. It tells us that 


d(FB) 
as (0), 


for any curve B with initial velocity v. Hence 
d( Fa) 

ae) 

for any curve α in M with initial velocity v. Now since F is an extension of f 

we find that 


v[F] = 6'(0)[F] = 


v[F] = 


vir] = (0) 


for any curve ἃ in M with initial velocity v. Looking at the left hand 
expression we see that it does not mention any curve αὶ and so is independent 
of that choice. Looking at the right hand expression we see that it does not 
mention any extension F and so is independent of that choice. Since the left 
hand expression equals the right hand expression and one is independent of 
the choice of @ and the other is independent of the choice of F it follows 
that they are both independent of the choice of either a or F. Hence the 
expressions (d(fa)/dt) (0) do have a common value and we can define 


d(fa) 
f}] =—— (0). 
v[f] == (0) 
This argument also suggests an alternative method of evaluating v[f]. We 


have seen that 


vie] = (0) = (0) = vp] 


for any suitable extension F. Hence if we can extend f, and in most cases this 
is automatic, we can evaluate v[f] as v[F] and use all the techniques devel- 
oped in Section 1.3. 


It follows that this new directional derivative satisfies the usual linear and 
Leibnizian properties (Theorem I.3.3) when we restrict attention to 
functions on M and vectors tangent to M. 


We shall need to find directional derivatives with respect to the partial 
velocities x,,(U9, Vo) and xy(Uo, Vo). Now xy(Uo, Vo) is the initial velocity of 
the curve a(t) = x(ug + t, vo) and so 


d(fx(ug + t, Vo | 
Xy(Uo, Vo) [f] = Bo 10d) (0) = ay (Uo, Vo). 


Similarly 
0(fx) 


Xy(Uo, Vo) [f] = ὃν (Uo, Vo). 
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Letting the point (uo, vo) vary throughout the domain of the patch x we 
find that 
0(fx) 0(fx) 
-- eee d f = —aa | 
Xulf] ou an Xv ] ay 


In the usual pointwise manner we can extend the definition of the direction- 
al derivatives to apply to any tangent vector field V on M. For any real 
differentiable function f on M we define a new differentiable function V[f] 


as follows: 
ΝΠ (p) = Vip) !ῇ, 


for any point p in M. 


Summary 


Notation 


x(t) = (a1 (t), aa (t))} 


a= x(a,, a2) 


Definitions 
(i) Coordinate expression f(x) or x” '(F) 
(ii) Differentiable functions on or to M 


(iii) | Curve in a surface 
(iv) | Coordinate expressions for a curve in a surface: 
a(t) = x(ay (t), az(t)) or 
a = x(a, a2) 
(v) Coordinate transformation, 
x ly = (u,v) 
(vi) Tangent to M at p 
(vii) Tangent plane Tp(M) 
(viii) Euclidean vector field on M 
(ix) | Tangent vector field on M 
(x) Vector normal to M 
(xi) | Normal vector field on M 
( 
( 


ΧΙ) Gradient Vg 
xiii) Directional derivative (v[f]) of a function on M 


Example 


(i) 2 x;Uj is a normal vector field on the sphere 


ig eg See 
hi g=2x =r’. 


Page 144, Lemma 3.1 


Page 146, line 15 


Page 148, Lemma 3.8 
Page 149, Definition 3.10 


Page 143, line -9 and 
Page 143, line -5 
Page 143, line 8 and 
Page 143, line - 8 
Page 144, line 3 


Page 144, Lemma 3.1 


Text, page 34, line 9 


Page 146, Definition 3.5 
Page 146, line 14 

Page 147, Definition 3.7 
Page 147, line - 10 

Page 147, line -6 

Page 147, line -4 

Page 148, Lemma 3.8 
Page 149, Definition 3.10 


Page 148, Example 3.9 
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Results 


(i) 


(viii) 


(ix) 


Any curve a in M whose image lies in x(D) can be 
expressed as a(t) = x(a, (t), a2 (t)). 


If F : E7—-+4E:; is differentiable and its image is in 
M then F : E"——>M is differentiable. 


If x, y are patches then x 'y and y !x are 
differentiable. 


Ifx, y are overlapping patches there are differ- 
entiable functions (ἃ, Vv) such that 
y(u, v) = x(U(u, v), V(u, v)). 


v is a tangent vector to M at p=x(ug, Vo) if and 
only if v is a linear combination of x,,(Ug, Vo) and 


Xy(Uo » Vo ). 
If α is a curve in M such that w= χί(α;, a, ), then 
α' = Xy (a1; a> jay i+ Xy(a4, a Jag " 


If M : g=c is a surface and dg is never zero on M 
then the gradient Vg is a nonvanishing normal 
vector field. 


Χῃ X Xy is a normal vector field on x(D). 
For any patch x: 
0 
x, [ἢ] = au (fx) and 


xy[f] = ὃ- (fx). 


Techniques 


(i) 


(ii) 


(iii) 


Deciding whether a function to or from M is 
differentiable by finding its coordinate expressions. 


Finding coordinate transformations between 


patches. 

Determining whether a vector is a tangent to Mat 
p =x(Ug, Vo) by checking whether. it is a linear 
combination of xy(uo, Vo) and xy(Uo, Vo). 


Finding normal vector fields on M, x, X xy or Vg, 
and using them to find vectors tangent to M. 


Evaluating the directional derivatives of a function 
on a surface either from first principles, or by using 
the linear and Leibnizian properties, or by extend- 
ing the function to some neighbourhood of the 
surface m E? and then applying standard tech- 


niques, or by using the formulas of Result (ix) . 
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Page 144, Lemma 3.1 
Page 145, Theorem 3.2 


Page 145, Corollary 3.3 
Page 145, Corollary 3.4 


Page 146, Lemma 3.6 


Page 147, line 1 


Page 148, Lemma 3.8 
Text, page 35, line 3 


Text, page 37, line 3 


Page 143, line -9, 
Page 143, line -5, and 
Page 144, Lemma 3.1 


Page 145, Corollary 3.4 


Page 146, Lemma 3.6 


Page 148, Lemma 3.8 and 
Text, page 35, line 3 


Page 149, Definition 3.10, 
Text, page 36, and 
Text, page 37 
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Exercises 


Technique (1) 


1. Page 149, Exercise 1. 
2: Page 149, Exercise 2. 


Technique (11) 


3. Page 150, Exercise 6. 


Technique (111) 


4. Page 150, Exercise 8(a). 


Technique (tv) 


5. Page 150, Exercise 5. 


Technique (v) 


6. Calculate x,[f] where f(x, y, z) = z and x is the geographical patch in the 
sphere. 


Solutions 


1: Page 149, Exercise 1. 
The geographical patch is 
x(u, v) = (r cos v cos u, r cos ν Sin τι, r sin v). 


(a) If f(p) = p? + p3 then the coordinate expression is given by the composite 


2 2 


cos? v cos? u + r? cos? 


(u, v)+x<(u, v) ee v sin? u = r? cos’ v. 


(b) If f(p) = (pi - p2)* + p2 then the coordinate expression is 


2 2 


(u, v)-—»x(u, v) > r? cos? v(cos u- sin u)* + r?sin*v 


2 2 


= r? cos? v(1 — 2cos u sin u) + r?sin?v 
=r?(1- 2cos?v cos ἃ sin u) 


=r?(1- cos’v sin 2u). 


2. Page 149, Exercise 2. 
The parametrization of the torus is 
x(u, v) = ((R ἜΤ cos u)cos v, (R ἜΤ cos u)sin v, r sin u). 
(a) We are given the coordinate functions for the curve a. They are 
a, (1) =a, (t) Ξ τ. 
Hence | 
a(t) = x(a; (t), a2 (t)) = x(t, t) 


((R +rcos t) cos t, ( +r cos t) sin t, r sin 1). 
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(b) 
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If a(t) = a(t’) then sint=sint’. If as well sint=sin τ' #0 then 
R+rcos t=R+rcost' and hence cos t = cos t’. If on the contrary 
sint =sin t'=0 then cost, cost’=+1. Since (Β ἜΤ cost) cost = 
(R+rcos t’) cos τ' and r< R it follows that either cos t = 1 = cos t' 
or cos t=-1=cos t’. In any case both sin t = sin t’ and cos t = cos t’ 
and so t- t’ = 27m for some integer n. _ 


Conversely, if t- τ' Ξ 22m then a(t) = a(t’) since the trigonometric 
functions are periodic with period 27. 

Hence a(t) = a(t’) if and only if t- τ = 27m for some integer ἢ; that 
is, Αἱ is periodic with period 27. 


Page 150, Exercise 6. 
(a) 


x(u, v) = (u, v, (l-u?-v?) 2) 
and 
y(u, v) = (v, (l-u?-v?)? ju). 


The first patch covers the northern hemisphere of the sphere, that is 
the hemisphere of points with strictly positive z coordinate. Similarly 
the second patch covers the hemisphere of points with strictly 
positive y coordinate. The intersection of these hemispheres is the 
region on, the sphere for which both the z and y coordinates are 
strictly positive. These regions are shown in the following diagrams. 


Region 2 Region 3 


y ‘x is defined on points (u, v) belonging to D such that x(u, v) 
belongs to region 2 or equivalently region 3. For this x(u, v) must 
have positive y coordinate. 


This happens when v > 0. 
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On this domain io 


1 
γ χε (u, v) So(u, v, (-οἰ -ν2}2} 2 ((1-w?-v?)?, ὦ). 


(c) A similar argument to that in (b) shows that x"1y is defined on 
points in D for which y(u, v) has positive z coordinate. This happens 
ifu> 0. | 


i 
“EO, 
7 
/ GY 
/ | 
u 


On this domain 


1 
x fy : (u, vj(y, (1-u?-v?)?). 


4. Page 150, Exercise 8(a). 
By Result (vi), if « = x(a,, a, ) is a curve in a surface then 
α' = Xy (a1, a, )ay ie: Xy(a4, a2 )az Ἶ 


In this exercise a,(t)=./2t, a, (t) Ξ εἴ and hence 
a(t) =/2 Xu l/2t, εὮ Ὁ εἴ x (/2t, e°). 


5. Page 150, Exercise 5. 
(a) M can be defined implicitly as 
M : g(x, y, z) =z-— f(x, y) Ξ 0. 
Hence by Lemma IV.3.8 we know that 


Og 0g og of Of 
Vie ὁ τε πο eS Ue 
Ox yr ee ee δύ 6 Ὁ 


is a normal vector field on M. 


Hence a tangent vector v at p is a tangent vector to M at p if and only 
if 


0 =Vg(p):v 


_ | af af ) 
7 8x (Pi; P2),- ὃν (Pr P2), 1 ᾿ (v1, V2» V3) 


Ε οἵ οἵ 
=a Vy 5, (Pir P2) - V2 dy (Par P2) + v3, 


which is the required condition. 


(b) Since the vector x,,(Uo, Vo) X Xy(Uo, Vo) is nonzero and normal to M 
at p = x(Ug, Vo), the vector v at p is tangent to M if and only if 


V > (Xy(Uo, Vo) X xy(Uo, Vo )) = 0. 
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6. By Result (ix) we know that 


xy[f] τὸς (fx). 


Now 

(fx)(u, v) =rsinv 
and hence 

x,[f] =r cos v. 
That is, 


Xy(Ug, Vo )[f] =r cos vo. 


M334 IV.4 43 
IV.4 DIFFERENTIAL FORMS ON A SURFACE 


Introduction 


This section follows on from Section IV.3 and is closely related to Section 1.6. 


In Section 1.6 we described differential forms on Ε in terms of coordinates. In this 
section we shall describe differential forms on a surface in a coordinate independent 
way. The results that we shall obtain parallel those of Section 1.6. 


READ: Section IV.4 (pages 152-157) omitting the proof of Lemma 4.5. 


Comments 


(i) 


Differential Forms A 2-form 7 operates only on pairs of tangent vectors 
with the same point of application. If vp, Wp are vectors tangent to M at p 
then the real number 7(vp, wp) is penned 


Condition (1), of Definition 4.1, says that 7 restricted to any one tangent 
space Ty (M) is a bilinear form, and condition (2) says that it is anti- 
symmetric. If u, v, w are tangent vectors to M at p and a, b, are real numbers 
then condition (1) is equivalent to 

n(au + bv, w) = an(u, w) + bn(v, w) 
and 

n(u, av + bw) = an(u, v) + bn(u, w). 


As well as using the pointwise principle to define addition of forms we can 
use it to define the multiplication of a form by a real valued function f on M. 
If @ is a 1-form and ἢ a 2-form on M and v, w are tangent vectors to M at p 
then we can define forms f@ and fn as follows: 


(f9)(v) - f(p) (v) 


and 


(fn)(v, w)= ΚΡ) η(ν, w). 


We can also use the pointwise principle to define the effect of forms on 
tangent vector fields. If V, W are tangent vector fields on M and @ is a 1-form 
and ἢ a 2-form then the real valued functions, ¢(V) and n(V, W), on M are 
defined as follows: 


($(V))(p) = φ(ν φ)) 


and 


(n(V, W))(p) = n(V(p), W(p)), 
for each point p belonging to M. 


Since X,(U9, Vo) and x,(ug, Vg) are a basis for the tangent vectors at the 
point p= χίυρ, Vg), the 1-form ¢ and 2-form ἢ are determined at p by the 


values of $(xy(Uo, Vo)), $(xy(U9, Vo)) and 7(Xy(U9, Vo), Xy(Uo, Vo)) res- 
pectively. 


We use the notation x, and x, to stand for the vector fields, on the image of 
the patch x, that take the values of x,,(uo, Vo) and x,(ug, Vo) at the point p = 
X(Ug, Vo). Hence on the image of the patch x the forms @ and ἢ are deter- 
mined by the real valued functions $(x,,), (xy) and (xy, Xy). 
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We have defined 0-, 1-, and 2-forms on a surface but we do not yet know if 
they ever exist. In fact it is easy to construct examples. Since 0-forms are 
just differentiable functions on the surface they certainly exist. We can 
always at least choose constant functions. | 


Suppose we are dealing with a simple surface M =x(D). We can define a 
1-form ¢ as follows: 


@ : VE->V + Xy(Ug, Vo), 
where v is a vector tangent to M at p = x(ug, Vo). 
Similarly we can define a 2-form 7 as follows: 

nN: Vv, we—>(v X w) - (Xy(Ug; Vo) X Xy(Ug, Vo)); 


where v, w are vectors tangent to M at p = x(ug, vg). It is not difficult to see 
that ¢ and n, defined above, are non-trivial forms on M = x(D). 


(ii) The wedge product When we form the wedge product of two differenti- 
als we omit the wedge symbol. For instance we write du, du, rather than 
du, A du,. 


Supplementary Comments 


(i) Page 153: after Definition 4.3 We need to check that 6 A wW defined in 
this way really is a 2-form (an antisymmetric bilinear form on each tangent 
space). This is straightforward. For instance condition (2) is verified as 
follows. For any tangent vectors v, w at p, 


(PA ψ)ίν, w) = φ(ν) ψ(ν) - o(w) W(v), by Definition 4.3, 
Ξ - (9() ψ(ν) - Φίν) v(w)) 
=-((@A ψ)ίν, v)); by Definition 4.3. 
(ii) Page 154: line 2 For any pair of tangent vectors v, w at p, 
(DA Ψ) (v, w) = φ(ν) w(w) - O(w) ψ(ν), by Definition 4.3, 
=~ ΨΩ) o(w) - Viw) 6(¥)) 
=- ((WA φ)ίν, w))> by Definition 4.3, 
= CW 4 φ))ἔν, ν). 


‘Since this is true for all pairs v, w it follows that 


OAY=- YAO 
Summary 
Definitions 
(i) 0-form on M: fg... Page 152, line 14 of the section 
(ii) l-form onM:@,y... Page 152, line 15 of the section 
(iii) 2-formonM:n,&... Page 152, Definition 4.1 
(iv) Pointwise addition of forms on M Page 152, line -2 
(v) Pointwise multiplication of forms and functions on 
M Text, page 43 
(vi) Pointwise effect of forms on tangent vector fields 
on M | Text, page 43 
(vii) The wedge product of 1-forms on M Page 153, Definition 4.3 


(viii) The exterior derivative of a 0-form (function) on M Page 154, line 4 
(ix) The exterior derivative of a 1-form on M Page 154, Definition 4.4 
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Results 


For any 2-form 7 on M and any vector v tangent to 
M then ηίν, νὴ) = 0. 


If v, w are (linearly independent) vectors tangent 
to Mat p and ἢ is a 2-form on M then 


ab 
cd 
If φ, y are 1-forms on M then ¢ A p - - Yad. 


n(av + bw, cv + dw) = n(v, w). 


The definition of the exterior derivative of a 
l-form on M is independent of the choice of 
patches. 


The exterior derivative of a wedge product satisfies 
the linear and Leibnizian properties. 


If f is a differentiable function on M then 
d(df) = 


l-forms that agree on x, and x, are equal on the 
patch x(D). 
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Page 153, line 6 


Page 153, Lemma 4.2 
Page 154, line 2 

Page 154, Lemma 4.5 
Page 155, line 20 
Page 155, Lemma 4.6 


Page 156, line 10 


(viii) 2-forms that agree on the pair (xy, X,) are equal on 
the patch x(D). Page 156, line 12 
Technique 
(i) The evaluation of linear combinations, wedge 
products and exterior derivatives of forms on a 
surface, using the above definitions and results. 
Exercise 
1. Page 156, Example 4.7 

There are three ways we can extend the exterior calculus to deal with E?. 

(a) | Wecan treat it formally as in Section 1.6. 

(b) We can describe-1- and 2-forms as operating on tangent vectors and 
pairs of tangent vectors in Εὖ. The wedge product is defined by 
analogy with Definition IV.4.3 and the exterior derivative by analogy 
with Definition IV.4.4 (replacing x, and x, by the natural frame | 
field U,; and U2). 

(c) We can consider ΕΣ as a surface in E® given by the single patch 
x E> E 

(u, v) —>(u, v, 0). 
Check the results of Example IV.4.7 in each of these three cases. (In 
case (c) let u,, u, be the restrictions of the coordinate functions x, y 
to x(E”).) 
Solution 


1. (a) 
(1) 


A 1-form is an expression f,;du, + f,du,, where f, and f, are 
(differentiable) functions. 
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(2) A 2- form is an expression gdu, du. 
(3) The wedge product is defined using linearity and the alternation rule 
80 
@A WW = (f, du; + f,du,) A (ρι ἀὰ, + ργάυ2) 


f,2 du, du, + f, g,du,du, + ἔχω 24 du, du, τ f, go du, du, 


= (£182 - £281) duydug. 
(4) By analogy with Corollary 1.5.5 we define 


_9f du, + Of 
df = ou, 1 du, du,. 


(5) We define the exterior derivative of a 1- form by finding the exterior 
derivative of its coordinate functions. 
That is 
dd = df, A du, + df, A du, 
of, of; | of, of, 
={—— du, + —— du,| ad +{|—d ἘΞ :-:-- Λ 
ΕΞ Ἴ du, : ia du, ae du du; ase 
Of, df, | 
Σ- τ du, du,. 
Ou, du, 
(b) 
(1) A 1-form is a mapping on tangent vectors (and hence vector fields) 


that is linear on each tangent vector space. Hence two 1- forms ᾧ and 
Ψ are equal if they agree on the natural frame fields U, and U2. 


By analogy with Definition I.5.2 we define the differential in terms 
of the directional derivative and hence | 


du;(Uj) = Uj[uj] = δ fori,j¢ 11:2}: 
Let y = φ(ῦ, )du, + φ(, Δ) . Then 
W(U,) = (U, )du, (U,) + 6(U2 )duz (U; ) = (U; ) 


and 
W(U2) = @(U, )du, (U2) + G(U2 )du, (U2) = φ( 2) 
and so 
d= y= 9(U, )du, + O(U2 )du. 
(2) Two 2-forms are equal if they agree on the pair of vector fields 


(U,, U2), by analogy with Lemma IV.4.2. 
By analogy with Definition IV.4.3 we have 
du, du, (U,, U2) = du; (U; )duz (U2) - du (U2 )du, (U; ) = 1. 
Let & = n(U,, U2 )du, du,. Then 
E (Uy, Uz) = n(U;, U2 )du; du, (U;, Uz) = n(U1, U2) 
and so 


n=& =n(U;, U2) du; dug. 
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(3) 


(4) 


(5) 


(c) 


(1) 


(2) 


(3) 
(4) 
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Since the wedge product satisfies the alternation rule this follows as 
in part (a) (3). 


By analogy with Definition 1.5.2, 

df(U;) = U;[f]_ for i=1, 2. 
But the directional derivative Uj [f] is just 0f/du;. 
By result (b) (1), 

df= df(U, )du, + df(U, )du, 


af a, OF 
Ξο Ἢ + δ) du,. 


By analogy with Definition IV.4.4 we define 


d6(Us, Ur) = $= (Ua) - $= (U1) 


ἔ f 
Ὁ}. 61 ; by result(b) (1). 
du, du, 
Hence 
of, of 
= fen —+| du, dus, by result (b) (2). 
du, du, 


We consider E? as the surface in E? given by the single patch 

x : E? —>E? | 

(u, v)+—>(u, v, 0). 
Then xy = Uj, restricted to x(E?), and x, = U,, again restricted to 
x(E7). We can also consider the Euclidean coordinate functions x 
and y restricted to x(E”). We call these u, and uj. By analogy with 


Definition 1.5.2 and the definition of the directional derivative, 
Definition IV.3.10, we find from first principles that 

du;(Uj) = Uj[uj] = δῇ ἴοτ!,} {1,2}. 
Since two 1-forms on a surface are equal if they agree on x, and xy 
we find, on applying both sides of equation (1) to U, and U;, that 


φ = o(U, )du, πῇ φ(0, )du, ’ 
for any 1-form ᾧ on x(D). 


Using the definition of the wedge product, Definition IV.4.3, and the 
result that two 2-forms are equal if they agree on the pair (U,, U2) 
we find as in (b) (2) that 


n = η(ῦ,, U2)du, du, 
This follows by the alternation property. 


We can evaluate the differential df on each of the partial velocities 
U, (uo, Vo, 0) and Uz (ug, vo, 0) at (ug, vo, 0) = x(ug, Vo). We find 
that 


ἀξ, (Uo; Vo» 0)) = υ, (Uo » Vos 0)[f] 


f(g + t, Vo» 0)) t= . | 


= 
dt 0 
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We shall write this as a 
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(Ug, Vo> 0) -and df (U, (Ug, Vo» 0)) as δι; (Ug; Vo> 0). 


From (c) (1) 


df = df(U, )du, + df(U, )du, 


and hence | 
of | of 
df = du, du, + du, du, . 
Combining the arguments of parts (b) (5) and (c) (4) we find that for 
any 1-form ¢ on x(E”) 
dg =? - δὲ Of; 


-——] du,du,, 
au, uy “2 


where fi = 0(U,) and i = ¢(U, ). 
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IV.5 MAPPINGS OF SURFACES 


Introduction 


This section follows on from Section IV.4. 


Having defined surfaces and their differential calculus we next look at mappings 
between these structures. The mappings we choose are those that compose with the 
patches to give differentiable mappings. Given such a mapping F from M to N it is 
possible to take a tangent vector to M and map it to a tangent vector to N. By 
contrast a differential form on N can be mapped to a differential form on M. This 
allows us to relate the differential calculus on one surface with that on another in 
such a way that the various structures that we have defined are preserved. That is, 
the wedge product of two forms is mapped to the wedge product of the images of 
the forms, and the exterior derivative of a form is mapped to the exterior derivative 
of the image of the form. 


We introduce certain mappings that became of great interest during the 18th and 
19th centuries when mathematicians were interested in the problem of trying to 
make plane maps of our spherical globe. 


READ: Section IV.5 (pages 158 - 164). 


(i) The derivative map ΑΒ usual we need to check that F, is well defined. 
That is, given any tangent vector v to M and any curve a in M with initial 
velocity v we need to check that the initial velocity of the curve F(a) in N 
depends only on v and not on the choice of a. 


We prove this in the same way that we proved that the directional derivative 
(Definition IV.3.10) was well defined. Suppose we extend F to a Euclidean 
differentiable function G defined on some neighbourhood in E? of the point 
in question. If ἃ is a curve in M and β = F(a) = G(a) then, by Theorem 1.7.8, 
β' = G,(a’). So the initial velocity B'(0) = G,(a’(0)) = G,(v), where vis the 
initial velocity of a Now Ο,(ν) depends only on G and v and not on the 
choice of ἃ while B= F(a) depends only on F and @ and not on the extension 
G. Hence both sides of the equation are independent of the choice of curve a 
or extension G. Hence if we define F,.(v) = 6'(0) = (Fa)'(0) then it is well 
defined. 


Given any vector v tangent to M then by definition we can find a curve a οὗ. 
which it is the initial velocity and so we do have a mapping F, taking Tp(M) 
to TR(p)(N ). Since we have seen that ΕΒ, can be defined using the derivative 
map G, of some extension and we saw in Section I.7 that such derivatives 
were linear it follows that the restriction F, must also be a linear trans- 
formation. It also follows that if Εἰ is a mapping from M, to M, and F, isa 
mapping from M2 to Μ3 then (F,°F,), = F,,°F,,. 


(ii) Fy, and F 7 The positions of the stars on the symbols F, and ΕἾ are 
conventional. F is a map from M to N. Since tangent vectors are mapped in 
the same direction as F, from Tp(M) to TF(p)(N), we use a lower star, F,. 
Since differential forms are mapped in the opposite direction to F, that is 
forms on N are taken to forms on M, we use an upper star, ΕἾ. 


Since F, is a linear transformation it is compatible with the vector space 
structures on the corresponding tangent spaces. Theorem 5.7 tells us that F* 
is compatible with the operations of addition, wedge product and exterior 
derivative on the corresponding spaces of forms. 
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Supplementary Comments 


(i) Page 159: Example 5.2(1), line -8 The u- parameter measures the same 
angle for both the sphere and the cylinder. For the sphere the v- parameter 
measures the angle of elevation while for the cylinder it measures the height. 
Since F maps points radially onwards it preserves their height. A point on 
the sphere with v- parameter vo has height sin vo and so is mapped by F toa 

point on the cylinder with v- parameter sin vp. The formula follows. 


(ii) Page 160: line 8 


(Pi, P2 ) 


= : 1 1 
By similar triangles Ri Ὁ) = τῷ 1» P2)- 


Summary 

Notation 

F, Page 160, Definition 5.3 

Fe: Tp(M)—> TF(p)(N) Page 161, line 12 

F* | Page 163, Definition 5.6 
Definitions 

(i) Differentiable mapping between surfaces Page 159, Definition 5.1 
(ii) | Derivative map F,, Page 160, Definition 5.3 
(iii) Regular Page 161, line 11 

(iv)  Diffeomorphism ᾿ Page 161, line -8 . 

(v) Induced mapping of forms F Page 163, Definition 5.6 
Examples 
(i) Horizontal projection of the sphere, minus poles, 

into the cylinder Page 159, Example 5.2(1) 

(ii) Stereographic projection of the sphere, minus the 


north pole, onto the plane Page 160, Example 5.2(2) 
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Results 


(i) 


F,. restricts to a linear transformation from 


Tp(M) to TF(p)(N)- 
The derivative map of a composite is the com- 
posite of the derivative maps; (G ο F), ΞΟ, o Fy. 


If x is a parametrization and y=F(x) then 
F, (Xu) = Yu and F , (xy) = yy. 


If F is a one-to-one, onto and regular mapping 
then it is a diffeomorphism. 


For any mapping F the mapping ΕἾ, between 
forms, is compatible with the operations of 
addition, wedge product and exterior derivative. 


Techniques 


(i) 


(ii) 


Checking that a function is a mapping between sur- 
faces by examining coordinate expressions. 


Description of the derivative map in terms of 
partial velocities. 


Showing that F is a diffeomorphism by checking 
that it is one-to-one, onto and regular. 


Determination of the effect of ΕἾ on forms. 


Exercises 


Technique (1) 


1. 


I 


5] 


Page 160, line - 7 


Page 160, line -2 


Page 161, line 7 


Page 162, line 1 


Page 163, Theorem 5.7 


Page 159, Definition 5.1 
Page 161, line 7 
Page 162, line 1 


Page 163, Definition 5.6, and 
Page 163, Theorem 5.7 


Describe the mapping of Exercise 2(a), page 164, in terms of the geo- 
graphical parametrization and hence describe its effect on meridians and 
parallels. (Restrict the domain of the parametrization to the region 


T τ 
πὶ ον «σ5:) 


Technique (1) 


2: 


Describe the derivative of the mapping in Exercise 1 in terms of the partial 
velocities associated with the usual geographical parametrization. 


Technique (111) 


5. 


Check that the mapping of surfaces P : --- ΕΖ given in Example 5.5, page 
162, is a diffeomorphism. (Use a Monge patch to prove that P is regular at 


the south pole.) 


Technique (tv) 


4. 


Page 165, Exercise 5. Find Ay, where γ is given by 


(Vp; Wp) = p3(vi W2- V2 W1 ) 


Complete the proof of Theorem IV.5.7 
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Solutions 


1. Page 164, Exercise 2(a). 
F(p) =-p. 
The geographical parametrization is 
x(u, v) = r(cos v cos u, cos v sin u, sin v). 
Hence F(x(u, v)) = r(— cos v cos u, — cos v sin u, -- sin v). 


We want to describe the righthand side of this equation as x(u’ 


sin(-v) = -sin v, cos(—v) = cos v and cos(u + ΠῚ =-cos u, sin(u + 77) 
Hence F(x(u, v)) = x(u + 7, -- ν). 


, 
v). Now 
=~sin u. 


Hence the parallel given by the u-parameter curve v = vp is mapped to the 
parallel given by v =-Vo. A parallel in the northern hemisphere is mapped to 
the corresponding parallel in the southern hemisphere and vice versa. 


The meridian given by the v-parameter curve u=ug is mapped to the 
v- parameter curve u = ug + 7. That is, the meridians are rotated by 180°. 


as We must find the images of the two partial velocities at some point p and 
express these images in terms of the partial velocities at F(p)=-p. The 
geographical parametrization is 


x(u, v) = r(cos v cos u, Cos ν sin u, sin v). 
The composite mapping y = Fx = -x and hence 
y(u, v) =—r(cos v cos u, Cos v sin u, sin νὴ) = x(u + 7, - ν). 
Suppose p is the point x(ug, Vg), then according to the result on page 161, 
line 7, the derivative F, : Tp(2)—>TF(p)(2) is given by 
F,.(xy(uo, Vo )) = YulUo, Vo) 
and 
F ,(Xy(Uo; Vo)) = Yy(Uo Vo). 


We want to express y,(Up, Vo) and yy(up, vo) in terms of the partial velo- 
cities of the geographical parametrization at their point of action y(u9, Vo) = 
X(Ug + ,-vo). That is, we want yy(Uo,Vo), Yy(Uo,Vo) in terms of 
X (Up + 7, -νο) and χνίυρ + 7, Vo). | 


Now 
γαίαο; Vo) = (τ cos voSin Ug, - Γ᾿ COS VgCOS Ug, 0) 
= (-rcos(—vg)sin (ug + 7), r cos(—Vo9 )cos(ug + 7), 0) 
= Xy(Uo + π, -νο). 
Hence 


F,(Xy(Uo; Vo)) = X1(Uo ἐπ, -Vo) 


and a similar calculation shows that 
F,.(Xy(Uo, Vo)) Ξ - χνίαρ + π, - vo). 


Draw a picture for yourself: it may help you to understand the difference in 
sign of the two cases. 
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3. By Theorem IV.5.4 we néed to check that P, is one-to-one. For points other 
than the south pole this follows if we can show. that Yu yy, where y is given 
on page 162, are linearly independent. Now 

Yu =[- 2cosvsinu 2cosvcosu | 


(l-sinv) ᾿ (1-sinv) 


2cosv (- sin u, cos u), 


(1 - sin v) 
and 
Yy = 2cos u 2sinu_ | _ 2 (cos u, sin u). 
(1 - sinv)’ (1- sin v) (1 - sin v) 


Since v € (- ὅ, 5) it follows that cos ν # 0 and sin v # 1. Hence y,, and yy are 


well defined and nonzero. since the vectors (cos u, sin ἃ) and (-sin ἃ, cos u) 
are orthogonal y, and yy, are linearly independent. 


At the origin we use the following Monge patch: 


272) 


(u, v, 1- (1-u?-v 


x(u, v) = (α, ν, 1 - (l- ὖ - v’ γ2). 


By the formula on page 160, 

Px(u, v) = 2u ᾿ 2v = y(u, v). 
Differentiation yields | 

γαίθ, 0) = (1, 0) 


yy(0, 0) = (0, 1), 


which are linearly independent. P is regular at the south pole and hence 
P : Ly —E? is a diffeomorphism. 


4. Page 165, Exercise 5. 


and 


We have already proved, using the geographical patch, that 


Ax (Xy(Uo» Vo )) = Xy(7 + Up, —Vo) 
and 


Ax(Xy(Uo, Vo )) = - χνίπ + Ug, ~ Vo). 


If Vp = X1,(Uo, Vo) = (—1r Cos Vosin Ug, F COS Vo COS Ug, 0) then 


χαίπ + Ug, — Vo) = (r Cos Vgsin Ug, “Ὑ COS Vg COS Ug, 0) = (-v)-p- 
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Similarly if vp = xy(Uo, Vo) then ~xy(m + Ug, -Vo) = (-v)- p: Since Xy(Up, Vo) 
and x,(Ug, Vo) form a basis for the tangent vectors at p = x(ug, Vo) it follows 
that 


A,(Vp) 2 (-v)-p- 
This holds for each point p of the geographical patch. Since we can find 


similar patches to cover the remainder of Σ it holds for all points p in 2. 
Hence A, is one-to-one and A is a diffeomorphism. 


We can prove that A,(Vp) = (- με more simply by extending the mapping A 


to all of Εὖ. Since A(p;, p2,p3) = (-P1,-P2,-P3) it follows that A, has 
Jacobian matrix 


=1 0 0 
0 = 0 
0 0 =| 


Hence A,(Vp) = (-v)_p, for all tangent vectors to ES, and so restricting A to 
Σ we still have - 


A,(Vp) - (-v)-p- 
Now if a 2-form is defined on 2 by 
V(Vp> Wp) = p3(vi W2 - V2 Wi) 
then ΑἾΎ is given by 
A*y(vp, Wp) Ξ γία κ(νρ); A,(Wp)) 
γί(- ν)- »» (-w)-p) 
(- Ps )((-vi )(-w2) - (- ν2)(- νν1)}} 


πσρᾳείν, We - V2W1 ) 


It 


=-¥ (Vp, Wp): 
Hence A*y Ξ - ὙΛ. 


(1) The proofs are routine. For instance if ξ and ἢ are 1-forms then for 
any vector v tangent to M 


(F"(é +n))(v) = (&+n)(F,v), by the definition of ΕἾ, 
= £(F,v) τ n(F,v), by the definition of the 
addition of forms, 
(F"E)(v) + (F'n)(v) 
(F"E + F'n)(v), 
and hence ΕἾ(ξ Ἐη) = ΕἾξ τ ΕἾ. 
(2) This result also follows automatically. For instance if § and 7 are 


1-forms then for any pair of vectors v, w tangent to M at the same 
point 


(F°(E A n))(v,w) = (EA 7) (Fv, Fw) 

= &(F,v)n(F,w) - &(F,w) n(F xv) 
F*£(v) F*n(w) - F*&(w)F'n(v) | 
(F"E A F'n)(v, w) 
and hence ΕἾ(ξ A ἢ)Ξ ΕἾξ A Εἴη. 
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If f is a O-form and ¢ is a 1-form then for any tangent vector v at p 
(F"(fd))(v) = (f¢)(Fx(¥)) 
f(F(p)) o(F,(v)) 
(F"f)(p)(F"#)(v) 
= ((F'f)(F"9))(v) 
and hence F" (fo) = (F*f) (F"¢). 


(3) Since we have already proved this result for 1-forms we need to 
prove it only for a 0-form (differentiable function) g. We need to 
prove F*(dg) = d(F"(g)). 
For any vector v tangent to M we have 
(F *(dg))(v) = dg(F,v), by the definition of F ᾿ 
Ἐν[6]; by the definition of dg, 
< (a(6(t))| = gy 


where β is any curve in N with initial velocity F,v. By the definition 
of F,v we can choose β to be F(a) for some curve ἃ in M with 
initial velocity v. So 


(F"(dg))(v) 


d 
—(goFfo t 
—(geFea(t))| ον 


vigF], by the definition of the directional 
derivative, 


v[F"(g)] , by the definition of ΕἾ of a 0-form, 


d(F*(g))(v), by the definition of the differ- 
ential. 


Since this is true for all tangent vectors v it follows that 


ΕἾ (dg) = d(F"(g)). 
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IV.7 ORIENTABILITY 


Introduction 


For this section you need to recall the cross product from Section II.1, the gradient 
from Section IV.3 and differential forms from Section IV.4. 


This last section is rather different from those that have preceded it. We have given a 
description of surfaces and objects associated with them in terms of local patches. In 
this section we look at a global property of a surface that can be determined only by 
examining all of the surface and not just by looking at a single patch. The property 
of ortentability, one- or two-sidedness, is defined in terms of differential forms. This 
shows that these forms are not simply algebraic gadgets but do contain geometric 
information. 


READ: Section IV.7 from page 177 line -6 to the end of page 178. 


Comments 


(i) The normal vector field In Definition 7.4 and Theorem 7.5 we are 
assuming that the nonvanishing “2-form and the nonvanishing normal vector 
field are both differentiable. We need to check that the vector field 
Z(p) =v X w/u(v, w) is differentiable. Assuming that this is defined in- 
dependently of the choice of v and w we see that Z gives us a normal vector 
field 


Xy X Xy 

(xy, Xy) 

on the image of a patch x. Since the patch x is differentiable this is a 
differentiable nonzero normal vector field on x(D). Now any point p in the 
surface has some neighbourhood that is the image of a patch and hence Z is 
differentiable on a-neighbourhood of p. Hence Z is differentiable on all of 
the surface. 


(ii) Page 178: line -12, Lemma IV.3.8 Suppose the implicitly defined subset 
M : g=c is a surface: then, since the converse of Lemma IV.3.8 is not true, 
it is not necessarily true that Vg is a nonzero normal vector field and it may 
not be true that the surface is orientable. We always need to check that dg 15 
nonzero to ensure these results. 


Summary 
Definition 


(i) Orientable Page 177, Definition 7.4 


Example 


(i) Mobius band Page 180, Exercise 7 
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Results 
(i) A surface is orientable if and only if there exists a 

normal vector field that is nonzero at each point. Page 178, Theorem 7.5 


(ii) The implicitly defined surface M : g=c is orient- 


able if Vg is never zero on M. Page 178, line - 12 
(iii) | There exist nonorientable surfaces. Page 178, line -9 
Technique 
(i) Determining a nowhere zero 2-form on an 
implicitly defined surface. | Page 178, Theorem 7.5, and 


Page 178, line -12 


Exercises 


Technique (t) 


1. Find a nonvanishing 2-form on the sphere M : x? + y? + z?=c?. 


Theory Exercise 


2: Fill in the details of the proof of Theorem IV.7.5. 
Solutions 
1. The surface is given by M: x? + y? +z? =c? and by Lemma IV.3.8 a non- 


vanishing normal vector field is given by 
V(x? + y? +z?) = 2xU, + 2yU, + 22U3. 
That is, we can take Z(p) = 2p. 
Hence by Theorem IV.7.5 a nonvanishing 2-form is given by 
μίν, w) = Z(p)-v X w 
=2p-vX w 
where v, w are tangent vectors to M at p. 
Ζ, (a) Suppose μίν, w) = Z(p)-v X w: then to prove that p is a 2-form we 
need to check conditions (1) and (2) of Definition IV.4.1. These 


conditions follow from the analogous properties of the cross 
product. 


(b) If Z(p) is defined by Z(p) = v X w/u(v, w) we need to show that it is 
independent of the choice of tangent vectors v and w. Suppose V, W 
is another pair of linearly independent tangent vectors. Then since 
the tangent space is of dimension 2 there exist scalars a, b, c, d such 


that 
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Then 


= vXw _ (av + bw) X (cv + dw) 
w) μίαν Ἐν, ον ὁ dw) ὁ 


Now (av + bw) X (ον + dw) 
= acv X v+ adv X w+ bcw X v+bdwxX w, 


by the bilinearity of the cross 


product, 
=adv X wt+bcwX vy, since vX v=wX w=0, 
= (ad - bc)(v X w), since w X v=-vX w. 


Now by Lemma IV.4.2 
μ(αν + bw, cv + dw) = (ad -- bc) μίν, w). 
Hence 


τιν. (ad- bc) (v X w) 
Oye a= ΠΟ μα τυ" 


Since ¥V, W are linearly independent δα - bc ΞΕ 0 and so the above 
expression is well defined and 
VX we 


Z(p) = μίν, w) Z(p). 


The vector field is independent of the choice of v and w. 


To see that it is a normal vector field let u be any tangent vector to 
M at p. Then there exist scalars a, b such that u = av + bw, since the 
tangent space is 2-dimensional. So 


u-Z(p) = (avt+ bw) -vX w 
μίν, w) 
= a(v-v X w) + b(w-v X w) 
μίν, w) 
= 0. 


Hence Z(p) is perpendicular to each tangent vector to M at p and so 
Z is anormal vector field. 
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FURTHER EXERCISES AND SOLUTIONS 


Section IV.1 


Technique Exercises 


Pages 131 - 133, Exercises 3, 7, 8, 9, 12. 


Other Recommended Exercises 


Page 131, Exercise 2. This deals with descriptions of planes. 
Page 132, Exercise 10. These deal with the images of surfaces 
Page 133, Exercise 11. under simple mappings. 


Solutions 


3(a). Page 204, Fig. 5.18 inverted 

3(b). Page 204, Fig. 5.19. 

3(c). Page 205, Fig. 5.20 straightened out. 
3(d). The xy plane. | 

7. Straightforward. 


? ! . ἢ ͵ 
8. If (α2, uv, ν2) =(u?,u'v’, ν᾽ 2), with u, u, ν΄, v> 0, then ἃ Ξ α' and ν Ξ ν΄, so 
X 1s One-to-one. 


If (pi, P25 Ps) is in x(D) then x"'(p1, po, Ps) = (ΜΡι,»ν 05). Since the 
square root function, on the set of positive reals, is continuous it follows 
that x ! is continuous. 


Since the Jacobian matrix of x is 


2u 0 
ν u 
0 2v 


which has rank 2 when u,v>0 it follows that x is regular and hence a 
proper patch. 

9. If u + v =u’ +v and u-v=u'-v’' then u=w’ and v=v’. Hence x is 
one-to-one. 


The Jacobian matrix of x is 


1 1 
1 se | 
ν u 


which has rank 2 and hence x is regular. 
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12. 


10. 


11. 
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The inverse mapping of x is 


= Pi ΤΡ - 
wot Gv) se 


2 2 


which is continuous. Hence x is a proper patch. 


Since ((u + v)?- (ἃ - v)*)/4 = uv the image of x belongs to M. Conversely if 
(Pi, P2, p3) belongs to M then it also belongs to the image of x since 


(Pi, P2,P3) = (Ug + Vo, Ug - Vos UoVo); 


where ug = (ρει + p2)/2 and vo = (pi- p2)/2. Hence M is the image of x. 


When we revolve we preserve the x coordinate and the square of the distance 
from the x axis. Hence M is the surface M: f(x, y? +z?) = c = g(x, y, 2). 
Using the chain rule and the fact that C is a curve we can show that dg is 
never zero on M and hence M 1s a surface. 


d(a, b, c) 


M: (a,b,c) - (x, γ, 2) - Sat 


)= 0. 

If p is a point of F(M) then p = F(q) for some point q in M. Since M is a 
surface there is a proper patch x giving a neighbourhood of q in M. We must 
show that F(x) is a proper patch containing p in F(M). 

Since x is one-to-one and F, an isometry, is also one-to-one it follows that 
F(x) is one-to-one. Since x is regular, F is an isometry and (F(x)), = F,x, it 
follows that (F(x)), is one-to-one and hence F(x) is regular. Since x is a 
proper patch, F is an isometry and (F(x))”! = χ Ε΄ it follows that (F(x))” 
is continuous and hence F(x) is a proper patch. So F(M) is a surface. 


dg(F,v) = (Fv) [gl 
v[e(F)], by Exercise I.7.9, 
v[go Ε΄" oF] 


ν[6] 
dg(v) #0. 


Section IV.2 


Technique Exercises 


Pages 140-143, Exercises 3, 5, 8, 9, 10, 11. 


Page 143, Exercise 13. This deals with simplification of parametrizations of surfaces 
of revolution. 


Solutions 


5. 


A profile curve ἰ56 : (x -4)? +z? Ξ 4, in the xz plane. The axis of revolution 
is the z axis. 


KX X Xy =vd' X δ | 
This is nonzero, and hence x is regular, if and only if v and δ X δ΄ are 
nonzero. | 
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8(b). 
8(c). 
9(a). 


10(b). 


10(c). 


VU: U, U3 
XX Xy = | cosv 1 0 
-usinv 0 - COSV 


cos v U, - cos*v U, + usin v U3 


#Q0ifu> 0. 


M:y- (x? + y?z2)? = 0. 

x(u, v) = (0, 0, sin v) + u(cos v, 1, 0). 

The direction of L is B'(u) + U3. 

Hence x(u, v) = B(u) + v(B’(u) + U3). 

B(u) = (cos u,sinu,0). ὁ 

x(u, v) = (cos u- vsin u, sin u Ἐν cos u, v). 


The above points belong to Μ΄: x? + y? - z? =1.OnM' we have x? + y? = 
1 + z? and so we can write 


x= (1+v?)? cost 
y = (1 + v7)? sin t, where z =v. 
Let a be such that cos a= (1 + v? γΣ, sin a= ν(] + v? ae 
Let t=u+a: then 
x =cosu-vsinu 
y =sinu+vcos u. 
Hence M is the implicitly defined surface Μ΄. 
x(u, v) = (cos u- vsin u, sin u+v cos u,- v). M: x? +y? - z2 =1. 
See Fig. 5.38, page 232. | | 


a 


2x 22 . 
dg = τ dk + ody + > dz #0 on M. 


Χμ X Xy = (-be cos’ u cos v, - ac cos”u sin v, - ab sin u cos u). 
.. a 1 . : 
So if ὃ <u< 5 then cos u is never zero and X, X Xy 15 never zero. 


The image of x is the whole of M apart from the two points (0,0,+¢). 


2x 2y 22 
dg = -- dx + — dy - -- dz #0 onM. 

a b Cc 
Xy X xy = (-be cosh?u cos v, - ac cosh?u sin v, ab cosh u sinh u), which is 
never zero, as cosh u is never zero. 


The image of x is the whole of M. 


2x. 2y 22 
dg=-7 dx τ τς ἂν - > 

a b ς 
Χῃ X xX, = (-bc sinh?u cos v, -- ac sinh? u sin v, ab cosh u sinh ἃ), which is 
never zero, since sinh u is never zero (u # 0). 


dz # 0 on M. 


The image of x is the whole of M apart from the two points (0, 0,+c). 
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il bee 2x 2y 
(a). B37 dx τος ἂν - dz # 0. 
Xy X Xy = (-2bu*cos v, - 2au’sin v, abu), which is never zero, since u> 0. 
The parametrization omits only the point (0, 0, 0). 


11(b). The u-parameter curves v= vo are parabolas in vertical planes through the z 
axis. The v- parameter curves ἃ = ug are horizontal ellipses about the z axis. 


13(a). If σ΄ is never zero it has an inverse function k, defined on some suitable 
interval. The curve can be reparametrized as 


ut—>(g(k(u)), h(k(u)), 0) = (u, f(u), 0). 
This gives the required parametrization of M. 


13(b). As for (a). 


— Section IV.3 
Technique Exercises 


Pages 150 - 151, Exercises 7, 8(b), 9, 10. 


Solutions 
7. M:xy- z=0= Q(x, y, z). 
A normal vector field is Vg = yU,; + xU2 - U3. 
The surface is given by the patch x(u, v) = (u, v, uv). 
Linearly independent tangent vector fields are 
χῃ = (1, 0, v) = (1, 0, y) 
(0, 1, u) = (0, 1, x). 


Ι 


Xy 
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8(b). a =/2xytelx, 
α΄ - Xy/ χα] =/2||xull =4/ 2ffet(- sin,/2t, cos/2t, 0)|| 
=,/2et 
a! + xy/|Ixy|] = et fxyl|= εἴ || (cos/2t, sin/2t, 1) || 
=4/2et. 
9(a). The plane Tp (M) consists of all those points q such that 
(q- p) “2 Ξ 0. 
If v is a tangent to M at p then p + v belongs to Tp(M) since 
(ptv- p)+z=v-z=0. 


Conversely if q belongs to Tp (M) then since (q- p)-z = 0 the vector v= q- p 
is a tangent vector. Hence fe p +v for some tangent vector v. 


9(b). x,y X Xv is a never zero normal vector field. 
9(c)... Vg is anever zero normal vector field if dg is never zero. 
10(a). (r- p)-Vg(p) = 0 gives the ὩΣ ΖΞ 0. 
x Υ, Ζ _ 
10(b). ((x; ys 2) - (1,-2, 3))-(g,-4 3) = 57 415-- 250. 
1 


10(c). ((x, ν, 2) - 6/2,V72, 9)) *( ee 5° ° )X (-/2,+/2, 2) = 0 
((x, y, 2) - (/2, ν 2, >) . (ν2, -ν 2, 2)Ξ0 
J2x-/2y +2z=7 


Section IV.4 


Technique Exercises 


Pages 157 -- 158, Exercises 3, 5, 6, 9, 10. 


Solutions 
3. d(fg)(v%p) = νρ[[8] Ξ νρ[Π] g(p) + £(p) νρ[8] 
= df(vp)g(p) + f(p)dg(vp) 
= ΕΗ 
d(fb)(xp xy) Ξε; (fb(xy)) - ὃ. (φ(χ)) 


ἢ 


— (f(x) (xy) - $= (£(x)6(ey)) 


f(x) (ὅς (@(xy)) - & (6xy))) 
0(f(x x 
a) ofz,) τ ει) 4 (x4) 


+ 


f(x) d¢(x,, Xy) 
+ df(xy)@(xy) - df(xy)@(xy) 
(df A @ + fdd) (Χ» Xy)- 
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10(a). 


10(b). 
10(c). 
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By analogy with Lemma I.5.7 

vp[a(f)] = ρ΄ (£)(P)¥p[F] 
and hence 

d(g(£))(vp) = (g'(£)d£) (vp). 
d(fgh) = df gh+fdgh 
df gh + f ἀρ ἢ + fg dh. 
d(@f) = d(f~) = df A @ + fd = fdd - @ A df. 
(df A dg)(v, w) = df(v)dg(w) - df(w)dg(v) 

= v[f] w[g] - v[g] w[f]. 


If 7, : E7—>R is given by 


mW, (u,v) =u 
then ἃ = 7,x °. 
This is differentiable on x(D) if the coordinate expression 
uy =™x ly 


is differentiable for all patches y. It is, because m, and x '‘y are both 
differentiable. 


Also u(x(u, v)) =X 'x(u, v) = 7, (u, v) =u. 
di (xy) = xy fa] = 2 (Gx) = ὃ (m1) = 1, ete. 


$(Xy) = (O(xXy)du + $(x,)dv)(xy), etc, 
and 
N(Xys Xy) = (ηίχι» Xy)dudv)(xy, xy); 

since 

dudv (x, Xy) = du(xy)dv (xy) - du (x,)dv (x,,) = 1. 
The coordinate system gives the radius and the angle the radius makes with 
the x axis. 
The coordinate system is the natural coordinate system. 


The coordinate system gives the longitude and latitude. 


Section IV.5 


Technique Exercises 


Page 165, Exercises 6 and 7. 


Other Recommended Exercises 


Page 165, Exercise 4. Read Exercise 3 and use it to construct a mapping of the 
helicoid to the torus. 
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Page 166, Exercise 11. Read Exercise 10 and use it to construct mappings of the 
torus to itself. | 


Page 166, Exercise 14(c). This deals with the effect of composite mappings on 
forms. 


Page 166, Exercise 16. This deals with stereographic projection. 


Solutions 
6(a). Let U,, U2 be the natural frame field on ΕΖ. 
Then 
(x"())(U; ) = $(x,U; ) = ¢(xy) and 
(α΄ (φ)) (2) = (xy). β 
6(b).  (x*(v))(U,, Uz) = v(x, U1, κ, 2) = υ(χιν Xy) 
6(c).  (x*(dd))(Uy, Uz) = ἀφίχι xy) 


=(S— (gxy) - ὃ (oxy)}. 


7(α). x(u, v) = (r cos v cos ἃ, r cos vsin τ, r sin v) 


Xy = (-rcosvsin u, rcosvcosu, 0) 


Xy = (-rsinvcosu, -rsin v sin ἃ, rcos v). 


Hence 
$(Xy) = τ΄ cos’ v, φί(χυ) = 0 


and 


x*(6) = r?cos?v du 
x*(d@) = 2r?cosvsinv du dv. 


7(0). x*(v) =r? cos vsin?v du dv. 


4. (u cos v, usin ν, bv) 
t—+((R + rcos u)cos v, (R+r cos Since v,rsinu). 
ll(a). This maps the meridians three times round themselves. Not a diffeo- 
morphism. 
11(b). This rotates each meridian circle by 180°. A diffeomorphism. 
ll(c). This interchanges parallels and meridians. A diffeomorphism. 


11(d). This maps meridians and parallels to curves that wrap round the torus as in 
the renews diagram. Not a diffeomorphism. : 
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14(c). (GF) (ἢ = £(GF) = F"(£G) = F*G*(f). 
((GF)"$)(v) = ¢((GF),v) = ¢(G,(F,(v))) 
= (G"$)(F,(v)) = ((F"G")#)(v). 
((GF)"n)(v, w) = n((GF),v, (GF),w) = n(Gy(F(v)), Ge(Fx(w))) 
= (G"n)(F,v, F,w) = ((F"G")n)(v, w). 
16(a). Straightforward. 


16(b). P-* gives a patch covering all of the sphere apart from one point. Another 
similar patch completes the covering of the sphere. 


Section IV.7 


Technique Exerctses 
Pages 180 -- 181, Exercises 7, 8 (Is M* orientable?). 
Erratum: The last line on page 180 should read 
"x(u, v) = B(u) + νδ(υ), -ὦ <v <4," 
Other Recommended Exercises 


Pages 180 - 181, Exercises 3, 9(b) and 9(c). These relate orientability to mappings. 


Solutions 


7(a). E, F, G were defined on page 140. 
7(b). 
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The u- parameter curve v = vo # 0 is given by 
ut—B(u) + vo 5(u). 


Since β has period 27 and 6 has period 47 this curve has period 41. 


M” is the image, under x, of the region 0 < v. In this region two points (u, v) 
and (α΄, ν΄) give the same image under x if and only if Ξ ν' andu =u’ + 41, 
for some integer n. The same is true of the vectors x,(u, v) X x,(u, v) and 
χῃία', v’) X xy(u’, v’). 7 

Hence x,, X Xy defines a normal vector field on M". 


If w is a never zero 2-form on N we prove that F ὴ (μ) is anever zero 2-form 
on M since | 


F"(u)(xy, xy) = W(F,(Xu)> F4(xy)) #0 


since F is regular. 


Let F map the Mdébius band M (see Exercise 7) to the cylinder 
N : x? + y? = 1 as follows: 


F : x(u, v)+—>6(u) = (cos u, sin u, 0). 


We want a regular mapping F : M——>N where M is orientable and N is not. 
Choose any patch on the Mobius band. For instance take x : D—>M where 
x is as in Exercise 7 and D is the set of points in ΕΖ such that -m<u<7, 
and -4 <v <3. We know that ΕΖ can be considered as a surface in Ε. 
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O’Neill denotes the set book; 


Text denotes the correspondence text; 
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Kuller, D.R. Ostberg and F.W. Perkins; 
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V.1 INTRODUCTION AND THE SHAPE OPERATOR OF MCE? 


Introduction 


This section depends upon a knowledge of curves in a surface (Section IV.3) and 
covariant derivatives (Section II.5). We need no concept from Chapter IV from any 
sections later than Section IV.3 except that of orientability (Section IV.7) and that 
only so that we may use “orientable surface”’ as a shorthand for “‘surface which has 
a unit normal vector field defined on it”. We need the fact that all surfaces are 
locally orientable; that is, given any point p in a surface M there is some neighbour- 
hood N of p in M which is orientable. This is because there is some neighbourhood 
of p which lies in the image of a patch x, and this is oriented by the unit normal 
vector field U = (xy X xy)/|[xy X xy]. 


Throughout this chapter we confine our attention to surfaces M which are con- 
nected in the sense of O’Neill, Section IV.7; that is, given any points p, q in M there 
is a curve a: I~—>M, where [0, 1] CI, such that a(0) = p, a(1) =q. This definition 
of “connected” is in general different from that given in Unit M202 27, Connected- 
ness and Unit M332 2, Continuous Functions (in which M is connected if and only if 
it cannot be expressed as the disjoint union of two non-empty open subsets of M), 
but it may be shown that for surfaces in E® the two definitions are equivalent 
(where, for the M202 definition, the topology on M is that of a subspace of R? with 
the usual topology). Thus if you have done M202 or M332 you may use whichever 
definition of “‘connected’’ that you find easier. 


In Chapter IV we established techniques for describing and investigating surfaces in 
ΕΞ. Now we can use these techniques to look at some geometric properties of 
surfaces in Εὖ. One such property is the shape of a surface: we can describe the 
shape of a surface M near a point p in M by measuring the rate of change of a unit 
normal vector field to M along curves in M through p. We do this by using the 
covariant derivative. We shall need to modify somewhat our previous definition of 
covariant derivative so that we can apply it to vector fields defined on surfaces only. 
In Section II.5 VyZ was defined as 


(i) V,Z = Z(p + tv)'(0): 

in Exercise 11.5.6 and Lemma 11.5.2 it was shown that this definition is equivalent to. 
(ii) VyZ = (Ζ ο a)'(0) for any curve a with a'(0) = v 

and 

(ili) VyZ=2Zv[z;] Uj(p) where z; are the coordinate functions of Z. 


If we restrict Z to be a vector field defined on a surface M, definition (i) is no longer 
available to us, as the curve t-—>p ὁ tv may not lie within M. However, if we also 
restrict v to be a tangent vector to E® which is tangent to M then by definition there 
is some curve ἃ in M with a'(0) =v: now everything in definition (ii) is meaningful, 
and accordingly we take the following as our new definition. 


Definition If Z is a vector field on a surface M and v is a vector tangent to M, 
then the covariant derivative VyZ is the common value of (Ζ ο @)'(0) for all curves & 
in M with a’(0) =v. 
As before, this is equivalent to 
VyZ = Zv[zi] Uj(p) 
= Z (zj ο α)΄ (0) Uj(p) 


for all curves ἃ in M with α'(0) =v (by Definition IV.3.10), and the arguments in 
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Comment (v) to Section IV.3 (Text, page 35) which show that v[z:] is indepen- 
dent of the choice of a can be extended to show that V,Z is also independent of the 
choice of a. Moreover, if Z is the restriction to M of a vector field W on FE? 
(equivalently, if z; is the restriction to M of a differentiable function w; on Εὖ for 
i= 1, 2,3) then the covariant derivative V,Z obtained from the above definition 15 
the same as the covariant derivative VyW obtained as in Section II.5: thus we may 
evaluate the covariant derivative by any method from Section II.5 in such cases. 


We spend the first three sections of this chapter defining, and giving geometric 
meaning to, concepts such as shape, normal curvature, Gaussian curvature, and defer 
until Section V.4 explicit methods for calculating these for general surfaces. 


READ: Introduction to Chapter V and Section ν.1 (pages 189-193). 


Comments 


(i) Page 190: lines 14-16 We have not proved that there are exactly two 
unit normal vector fields on a connected orientable surface, as the proof 
requires more work on connectedness outside the main stream of this course. 
However, the idea of the proof is very simple: if Z is a unit normal vector 
field then at each point Z must be either U or -U, and on a connected 
surface Z cannot suddenly flip over from U to -U without losing its dif- 
ferentiability. 


(ii) Page 192: line 1 The vector field used here and in Example IV.3.9, 
X = © x:Uj, is an interesting one that will be used later in the chapter. It has 
the property that 


VyX = Zv[xj] Uj(p) = 2 vjUj(p) = v 
and similarly, 
VvyX= V. 


(iii) Page 193: the last paragraph The name “symmetric linear trans- 
formation” derives from the fact that the matrix of a symmetric linear 
transformation with respect to any orthonormal basis is a symmetric matrix. 
In the two-dimensional case this means that with respect to an orthonormal 
basis the matrix has the form 


ai, 412 
A = 


421 422 


where aj) = a;- The significance of such transformations is that they are 
always diagonalizable; that is, there is some orthonormal basis with respect 
to which the matrix is diagonal. Such a basis consists of eigenvectors of the 
linear transformation. For example, in the two-dimensional case the matrix 
with respect to an eigenvector basis has the form 


k, 0 


0 k 


where Κι and k, are eigenvalues of the transformation. The eigenvalues k, 
and k, may possibly be equal, and either of them may be zero. O’Neill uses 
the words characteristic vector, charactenstic value to refer to eigenvectors 


and eigenvalues. 


O’Neill also refers to the determinant and trace of a linear transformation. 
You have met determinants already in this course. The determinant of a 
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linear transformation T from ἃ finite-dimensional vector space V into itself is 
defined to be the determinant of any matrix which represents the trans- 
formation T; it can be shown that this is ndependent of the choice of basis. 
In the above examples 


det A = ἃ)1822 - 12421 
and 
detB = k,k,. 
The trace of a matrix is defined to be the sum of its diagonal terms. Thus 
trace A = δι1 + 822 
and 
trace B= k, + kp. 


The trace of a linear transformation T from a finite-dimensional vector space 
V into itself is defined to be the trace of the matrix of T with respect to any 
basis of V: again it can be shown that this is independent of the choice of 
basis. For example, the trace of the identity mapping from ΕἾ to E® is 
simply n. 


Additional Text 


We shall need the result of the following exercise throughout the remainder of 
Chapter V. 


1. Page 194, Exercise 1. (HINT: Use the result of Exercise II.5.6(a).) 

Summary 

Notation 

VyZ Page 189, line -6 

Sp Page 190, Definition 1.1 
S Page 191, line -8 

ee ἔν» fees fxy fyy Text: page 8, Exercise 4 
Definitions 

(i) The covariant derivative V yZ on a surface Text, page 5 

(11) The shape operator at p, Sp Page 190, Definition 1.1 
(iii) | The shape operator S Page 191, line -9 

(iv) The trace of a linear operator Text, page 7 

Examples 


(i) If M is a sphere of radius r, then 


S=- +L Pages 191-192, 
Example 1.3(1) 
(ii) If M is a circular cylinder of radius r, then S(v) = 0 
if v is tangent to a ruling of M and S(v) =-v/r if v 
is tangent to a cross-sectional circle of M. Page 192, Example 1.3(3) 
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Results 


(i) Sp is a symmetric linear transformation from 
ΤΡ(Μ) ἴο Tp(M). Page 191, Lemma 1.2 and 
Page 193, Lemma 1.4 
(ii) S(a’') = -U’, where U is restricted to a. Page 194, Exercise 1 
(iii) If X= 2x;U;, then VyX =v. Text, page 6 
Techniques 
(i) Calculating the covariant derivative of a vector 


field on a surface using 
(a) VyZ=(Zea)'(0) 
(b) — VyZ = EZ (zi 0 a)'(0)U;(p) 


Page 189, Method 1 


\ for a’(0) = Vp: 
Page 190, Method 2 


(ii) Where Z, z; are restrictions to M of a vector field 
on E® and differentiable functions on E?, cal- 
culating the covariant derivative using 


(a) VyZ = 2z;(p + tv)'(0) Uj(p) Page 78, Lemma II.5.2 
(b) ΝΖ = Xv[z;] Uj(p), where v[zj] is evalua- 


ted using U;(p)[xj] = δὴ and the linear and 
Leibnizian properties. Page 80, Corollary 11.5.4 


(iii) | Finding the matrix representing S, with respect to 
some basis for T,(M), and hence determining the 
rank of S,, (that is, the number of linearly indepen- 
dent rows) and its effect on the whole of Tp(M). Page 190, Definition 1.1 


Exercises 


Technique (t) 
2, If x : D—M is a patch, Ζ a vector field on M, and wis the tangent vector 


X1 (Uo, Vo) to M at x(ug; Vo), show that 


0z;(x) 


ou 


νυ = PZ(x))( U0, νὼ = Beto, vo) Ui (X(t νο)) 


Technique (11)(a) 


a Calculate VyZ for v=(0,1,0) at the point (r,0,0) on the cylinder 
x? + y? =r? when Z =-yU, + xU>. 


Technique (it)(b) 
4. Page 194, Exercise 2. What is the matrix of Sg with respect to {u,, U2}?. We 
shall use the result of this exercise in the next section, but it is not worth 


remembering for its own sake. The symbol ἔχ denotes Of/dx, ἵν = Of/dy, 
fy = 07£/0x?, fxy = 07£/Oxdy, fyy = 07£/dy?. 


Technique (111) 


5. Page 194, Exercise 3. Give the matrix of Sg with respect to {u;, uz} in each 


case. 
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Optional Section — The Gauss Mapping 


Historically the unit normal vector field U was studied by investigating the Gauss 
mapping. Although this is outside the scope of this course, the Gauss mapping does 
play an important role in differential geometry: for example, it is used in the second 
of the sections in O’Neill on Integration (VI.7), which are omitted from M334 but 
which you may like to read later. If you would like to study the Gauss mapping, 
read the definition given in Exercise 4 on page 194 and then do the following 


exercises. 

6. Page 194, Exercise 4. 
fe Page 195, Exercise 5. 
8. Page 195, Exercise 6. 
9. Page 195, Exercise 7. 
Solutions 

1. Page 194, Exercise 1. 


We need to show that 
S(a'(to)) = -(U(a))'(to) 
for all to in the domain of a. Putting v = a(t), 
S(a’(to)) = S(v) 
=-VU, by Definition V.1.1, 
=-(U o B)'(0), by definition of the covariant derivative, 
where β is any curve in M with 6'(0) = (tg). An obvious choice for β is 


B : t-—a(t + to). 


Now 
U(B(t)) = Ula(t + to)) 
(U(B))'(t) = (U(a))'(t + to) 
(Ὁ(β)) (0) = (U(a))'(to). 
Thus 


S(a'(to)) = -(U(B))'(0) = -(U(a))'(to). 


Since we are considering just the restriction of U to the curve a, so that we 
are thinking of U as a vector field on a curve, we may write U’ for (U(a))’. 
Thus the last equation becomes, on omitting to, 


S(a') = ~U'. 
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2. The vector w = X,(Uo, Vo) is the tangent vector to the curve u+—> x(u, Vo) at 
the point x(ug, Vo), so if we take α to be the curve 


Q:t—>x(Ug + t, Vo) 


lying in M, then x,,(uo, Vo) = @'(0). We use Method 1 on pages 189-190 to 
obtain 


VwZ = (Z(a))'(0) 


= £ (Z(a(t)))|, = 9 


= ΚΕ (Ζ(χ))( 0. Vo) δγ definition of partial differentiation. 


Similarly, (z;(«))'(0) = ΕΝ (Ζ:(Χ))( 0» Vo), and so Method 2 gives 
VwZ = Σ(Ζι(α)) (0) Uj (x(uo; Vo)) = a (z4(x))(Uo, Vo) Uj (x(Uo; Vo))- 


8.  Vy(-yU, + xU2) = (-y(p + tv))'(0) Ui(p) + (x(p + tv))'(0) Un(p). 


In this case 
p + tv = (r, 0, 0) + t(0, 1, 0) 
= (r, t, 0) 
50 
~y(p + tv) =-t 
SO 


(-y(p + tv))'(0) = -1, 


and 
x(p+tv) =r 
SO 
ἀρ + tv))'(0) = 0. 
Thus 
Vy(-yU; + xU2) = -U,(p) = τῦτ(; 0, 0). 
4. Page 194, Exercise 2. 


(a) Since M is given implicitly as M:g = 0, where 
g(x, γ, 2) Ξ 2 - f(x, y), 
we know from Lemma IV.3.8 that Vg is a normal vector field on M. 


og Og Og. 


ve> δὰ Wit ay Ὁ Ae U3. 
= -f,U, ra fyU2 a U3 
1 
This has norm (ἔχ Ὁ fy” + 1)2, and so a unit normal vector field to M 
is given by 
-f,U, ~ fyU, τὰ U3 
U= : 


1 
(fx? + fy? +1)? 
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Now U(0, 0, 0) Ξ (0, 0, 1) because f,(0, 0) = ἔν(0, 0) = 0. Tangent 
vectors at (0, 0,0) are tangent to M if and only if they are ortho- 
gonal to U(0, 0, 0) Ξ (0, 0, 1). The tangent vectors u, and uy are 
both orthogonal to (0, 0,1), and so they are tangent to M at the 
origin. 


By Method 2 on page 190, 


-ν : -fy 
Vy,U=u,|———— ] (0) + uJ} ———_] ,(0) 
(fy? + fy? + 1)? (fy? + fy? + 1)? 


1 
+ Uy 1 3(0). 
(ἔχ + fy” +1) 


We know that S, maps Tp)(M) to Tp)(M) and so the component of 
Vu, U in the U4(6) direction is zero. 


Now u,[h] = (d0h/dx)(0, 0, 0) for any function ἢ. Since we know 
that f,(0, 0) = ἐνίθ, 0) = 0 we can ignore any terms having fy or fy as 
a factor when we have differentiated, so 


“fy ὃ = 
“ll «| (0, 0, 0) 
(f,2 + fy? +1)? (f,2 + fy? + 1? 


¥ 
~fyx 
= τίθ, 0, 0) 
(ἔχ + fy” Ἐ1): 
= -ἔχχίθ, 0); 
Similarly 
=f. 
y 
ae “fxy(0; 0) 
(ἔχ + f° + 1)? 
Thus 


Vu,U = ~fxx(0, 0) U,(0) - fy (0, 0) U2(0). 
Now 
δία) =-Vy,U 
= fxx(0, 0) U,(0) + fy (0, 0) U,(0) 
= f,,(0, O)u, + fy (0, 0)up. 


In an exactly similar manner, since u,[h] = (dh/dy)(0, 0, 0), we can 
show that 


S(u2) τι fxy(0, O)u, + fyy(0, O)u,. 


The tangent vectors ἃ, and uy form a basis for Tg(M). The two 
equations 


δία) = £xx(0, O)u, + fy (0, 0)u, 
S(u2) = fy (0, O)u, + fyy(0, O)u, 


tell us that the matrix of S with respect to this basis is 


fxx(0,0) — fxy(0, 0) 


fxy(0,0) ἢ 


γγίθ, 0) 
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Page 194, Exercise 3. 
In each case we can put z = f(x, y) and show that 
£(0, 0) = £,(0, 0) = fy (0, 0) = 0. 
Then the result of the previous exercise tells us that, with respect to the basis 


{u,, uz}, the matrix of So is 


fyx(0,0)  f,,,(0, 0) 


xy 
fxy(0,0) — fyy(0, 0) 


Expressing every vector in To(M) in terms of the basis {u,, 2} we see that 
S(au, + bu.) = cu, + dug, where c and d are obtained from the equation: 


c\ {fx x(0, 0) fxy(0, 0) [ἃ 


d} |fxy(0,0) — fyy(0, 0) } |b 


The rank of Sg can be simply read off as the number of linearly independent 
rows of the matrix. 


(a) In this case f(x, y) = xy. 


fx (x, y) =y fxx(x, y) = 0 
ναῦν) τα —— fxy(% y)=1 
fyy(x; y)=0 
The matrix of Sg with respect to the basis {u,, uy} is 
0 1 
1 0 


and so 
S(au, + bu.) = bu, + ay 
and Sg has rank 2. 
(b) Now f(x, y) = 2x? + y’. 


f(x, y) = 4x ἔχχίχ, y) = 4 
fy(x, y) = 2y fxy(x, y) = 0 
fyy(x, y)=2 
The matrix of Sp with respect to the basis {u,, uy} is 
4 0 
0 2 
and so 


S(au, + bu.) = 4au, + 2bu, 
and Sg has rank 2. 
(c) Νον f(x, y) = (x +y)’. 
f(x, y) = 2(x + y) fxx(X, y) = 2 
fy(x, y) = 2(x + y) fxy(x, y) = 2 
23 


fyy(x; y) = 
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The matrix of So with respect to the basis {u,, u2} is 


a 82 


2 2 
and so 
S(au, + bu) = 2(a + b)(uy + up) 
and Sg has rank 1. 
(d) Now f(x, y) = xy’. 
ἔχίχ, y) = γ᾽ fxx(x, y) = 0 
fy(sy)=2xy fy y) = 2y 
fyy(x y) = 2x 
The matrix of Sg with respect to the basis {u,, uz} is 


0 60 


0 O 
and so 

S(au, + bu.) = 0 
and So has rank 0. 


6. Page 194, Exercise 4. 


(a) The “outwards” unit normal on the cylinder x*+y* =r? at the point 
(Pi, P2» P3) 15 (Pi, P2> 0)/r. 


Thus G(M) is the set of all points (p;,p2,0)/r with p,? + p2? =r; 
that is, G(M) is the unit circle in the xy plane. 
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(0) 


(c) 


(d) 
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1 
The cone M: g = (x*+y’)? - z=0 is a “single” cone with positive z 
coordinates. We must assume that the vertex 0 is omitted, or else M 
would not be a surface. As a normal vector field on M we can take 
Χ » 
"9 Ut eee 
(x? + γῆ) 


1 U2 7? U3 
(x? + y?)? 


Then 


because χ + y” = z”, and so a unit normal vector field on M is 


1 
of 2z 
Thus _G(M) it the set of all points (Pi, P2 ~P3)A/ 2p with 
p3 = (pi + p2*)2, which is the circle which is formed by the inter- 
section of the unit sphere 2 with the plane z = -1//2. 


(xU, + yU2 - zU3). 


(Of course, we could have chosen the opposite unit normal, in which 
case G(M) would have been the intersection of 2 with the plane 


z= 1//2.) 
As noted in Example V.1.3(2), the unit normal vector field to a 
plane is parallel; that is, its Euclidean coordinate functions are all 
constants. Hence if M is a plane then G(M) is a single point. In this 
case M: g = 0, where g= x+y +z: 

Vg=U,+U,+U; 
and so G(M) is the single point (1, 1, 1)A/3. 
Using the gradient, we find that 

(x - 1)U, + yU2 + (z + 2)U3 


is a unit normal vector field on M: (x - 1)?+y?+(z + 2)* = 1. 
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Thus 
G(M) = {(p1- 1, pa ps + 2): (pi- 1)" + po’ + (ps + 2) Ξ 1} 
= {(qis 42, 43): qa” + qo” + 43. = 15 
ἘΣ. 
In other words, in this case G(M) is the whole of the unit sphere. 
7. Page 195, Exercise 5. 
We use the parametrization 
x(u, v) = ((R +r cosu)cosv, (R +r cos u)sin v, r sin ἃ) 
of the torus T. We know that x, X xy is a normal vector field on T. Now 
X,,(u, v) = (-r sin u cos v, -rsinu sin ν, r cos u) 
x,(u, v) = (-(R +rcos u)sin v, (R +rcos u)cos v, 0) 
and so 
(x, X Xy)(u, v) =-r(R +r cos u)(cos u cos v, cos ἃ sinv, sin u). 


Thus the outward unit normal at x(u, v) is given by 


(cos u coSv, cosu sinv, sin u). 


The coordinates of this are identical to those of the geographical para-. 
metrization of the unit sphere, except that u and v are interchanged and may 
each take any real value. A typical meridian of T is the u-parameter curve 
Vv =Vo: G maps this to the vertical great circle on © which is the union of 
the meridian u=vog with the meridian u = vo + π and the North and South 
poles. | 
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A typical parallel of T is the v-parameter curve u = ug : G maps this to the 
parallel on Σ given by v= ug when upg is not of the form nm + 1/2. These 
particular values of ug correspond to the top circle on T, which is mapped to 
the North pole on 2, and the bottom circle on T, which is mapped to the 


South pole on 2. 


The meridian v=Vo on T has an “opposite” meridian v=vo+ πὶ (the 
meridian v = vg + 27 is of course the same as the meridian v = vo). G maps 
each of these meridians to the whole of the same vertical great circle on 2. 
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We have already seen that the North and South poles of 2 are each the image 
of a whole circle on T. Every other point of 2 lies on just one vertical great 
circle and so is the image of exactly two points of T, which lie on opposite 
meridians of T. 

8. Page 195, Exercise 6. 


The saddle surface is M: z = f(x, y), where f(x, y) = xy. The unit normal 
vector field U found in Exercise V.1.2 is 


-f,U, =, fy 


1 
(1+ f,,’ Ἢ Εν} 
-yU, - χῦχ + Us 


1 
(1 τ γ᾽ τ χἢΣ 


The line y = c on Μ is mapped by G to the set of points 


(-c, -p1, 1) 
> ? piGR}. 
(l+c+ pep 
The point 4 in 2 belongs to this set if and only if q3 is positive and q, = -cq3. 


Thus G maps the line y =c to the semicircle which is the intersection of 2, 
the plane x =-cz and the set {p Ε Εὖ: Ζ(ρ) > 0}. 
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Each point of M lies on one of the lines y = c for some real value of c. As c 
varies over R the images of these lines cover the whole of the northern 
hemisphere, {p € Σ: z(p) > 0}. 

Page 195, Exercise 7. 


Let v be a vector tangent to M. Then there is a curve ain M with a’ (0) =v. 
Then 


S(v) = S(a’(0)) 
= -(U(a))'(0), by Exercise V.1.1. 
Now 
G,(v) = G,(a(0)) 
= (((α)) (0), by Definition IV.5.3. 
Since G and U have the same Euclidean coordinate functions, U(a)'(0) and 


G(a)'(0) also have the same coordinates; that is, the vectors -S(v) and G,,(v) 
are parallel. 
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ν.2 NORMAL CURVATURE 


Introduction 


This section follows on directly from Section V.1. We also need to use the concepts 
of eigenvector and eigenvalue (see Unit M201 5, Determinants and Eigenvalues) and 
a theorem from Unit M201 24, Orthogonal and Symmetric Transformations. 


In the previous section we saw that S, is a linear transformation of Tp(M) to itself, 
and accepted (leaving the proof until Section V.4) that Sp is a symmetric linear 
transformation; that is, 


Sp(v)-w = v-Sp(w). 


You have met symmetric linear transformations before, in Unit M201 24, Ortho- 
gonal and Symmetnc Transformations, where the following important theorem was 
proved (page 37): if S is a symmetric linear transformation of a finite dimensional 
vector space V to itself then V has an orthonormal basis consisting of eigenvectors of 
S. Applying this theorem to Sp» we see that 


Tp(M) has a basis e;, €2 where lex] =|] ea] = 1, eq-e2 = 0, 
and 
Sp(e1) = k,e,, Sp(€2) = kye2, 


where Κι, k, are the eigenvalues of Sp corresponding to e;, 62. The tangent vectors 
€}, €2 are called principal vectors at p, and ky, k are called principal curvatures at p. 
That is, we make the following definitions. 


Definition. The principal curvatures at p are the eigenvalues of Sp: 
Definition. The principal vectors at p are the unit eigenvectors of Sp- 
Definition. A principal direction at p is the one-dimensional subspace of Tp(M) 


spanned by a principal vector at p. 


Thus, if v is tangent to M at p, S p(v) is a multiple of v if and only if v is an 
eigenvector of S,, which happens if anal only if v lies in a principal direction at p. 
Notice that, with this definition, a principal direction is not oriented; if v is an 
eigenvector of Sp then v and -v both belong to the same principal direction. 


With respect to the basis {e,, 62} the linear transformation Sp has matrix 


In the particular case when Κι =k, =k this becomes ΚΙ, and so Sp is simply multi- 
plication by the scalar k; that is, every vector of T p(M) i is an eigenvector of Sp with 
eigenvalue k. In this case we call p umbilic. 


Definition p is umbilic if Sp is scalar multiplication. 


If v is a nonzero eigenvector of Sp with eigenvalue k; then 


Sp(v)-v = (kjv)-v = kj(v-v) 


and so 
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In particular, since e, and 6) are unit vectors, the eigenvalues of Sp are given by 
ki = Sp(ej)-e;- 


In fact we have the following theorem. 


Theorem V.2.A The principal curvatures at p are the minimum and maximum 
values of Sp(u)-u for unit tangent vectors u in Tp(M). Moreover these minimum and 
maximum values occur only when u is a principal vector at p. In particular, Sp(u)-u 
is constant if and only if p is umbilic. 


Proof Let {e;, 62} be an orthonormal eigenvector basis of Tp(M). If u is any 
unit tangent vector in T,,(M), we can write 


u=cos0 e, + sin? e, 
for some angle 3. Since Sp(u) is a linear transformation 
Sp(u) = cos 3 Sp(e1) + sind Sp(e2) 
=k,cos ὃ εἰ τ k,sin de, 
and so 
Sp(u)-u = (k, cos de, + kysin 0 e2)-(cos ϑ εἰ + sin ϑ ε2) 
=k, cos? 3 + k, sin? 3 
=k, + (k, - k,)cos? ϑ. 


As cos? varies between 1 and 0, S p(u)-u varies between k, and k,, which are 
therefore the minimum and marr τὰ values (not necessarily in that order) of 
Sp(u)- u for unit vectors ἃ in T,(M). Moreover if k,; # k2, then these extreme values 
occur only when cos” # = 0 or I, that is when u = te, or te. 


In the case when p is umbilic, with Κι = Κὰ = k, Sp(u) = ku for all unit vectors u in 
Tp(™), and so: Sp(u)-u =k is constant. Conversely, if Sp(u)-u is constant then 
Κι = ky and so p is umbilic. 


O’Neill approaches in a more geometric way the concepts that we have just defined 
algebraically. The geometry also naturally leads us to consider the importance of the 
principal vectors and curvatures, and the normal curvature function 


ur—S)(u)-u u € T,(M), Jul] = 1. 
We have kept the notation Sp in this introduction to emphasize that Sp is a linear 
transformation of T,,(M). However, in general it is quite safe to abbreviate Sp to 5, 


as O’Neill has already started doing, for if v is a tangent vector tangent to M at p 
then S(v) must mean Sp(v). 


READ: Section V.2 (pages 195-202), omitting the proof of Theorem 2.5. 
SN Ue Nee σο 5 τ ὡς ------ς 


Comments 
(i) Page 196: normal curvature The normal curvature of M in the direction 
of a unit vector u tangent to M is defined to be 
k(u) = S(u)-u 


Note that, unlike the curvature of a curve, the normal curvature of a surface 
in a particular direction may be negative. 
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(ii) 


(iii) 


Page 201: T TM) ) Τ' p(M) was defined in Exercise IV.3.9 on page 150 to 
be the plane in E? eonsisane of all points of the form p + v for vin T p(M). It 
is the plane through p orthogonal to U(p), and gives a concrete pe alisarion of 
T,)(M). 

Pp 


Pages 197 .and 201: normal sections and quadratic approxt- 
mations O’Neill makes several assumptions in these sections which he 
does not justify. For the sake of completeness we here point out which 
results he is assuming and indicate how they may be proved. 


(a) Firstly, O’Neill assumes that the position of M in E? is of no impor- 
tance, in other words that a Euclidean isometry F (as defined in 
Chapter III) maps principal vectors of M to principal vectors of F(M) 
and makes no difference to the normal and principal curvatures. 
Since all of these concepts are defined in terms of the shape 
operator, it is enough to show that F preserves the shape operator; 
that is, 


S(F,.(v)) = F,(S(v)) 
for all vectors v tangent to M. This is in fact true: the proof is given 
in Section VI.8, and there is no need to read it until you reach that 
section. Because of this result, we can always simplify our investi- 
gation of a neighbourhood of a point p on a surface M by 


(i) applying a translation to move p to the origin; 


(ii) applying a rotation so that the tangent plane tp™) becomes 
the xy plane and any one unit vector in Tp(M) becomes 
(1, 0, 0). 


(b) Secondly, O’Neill assumes that, if M is transformed so that p be- 
comes the origin and T,(M) becomes the xy plane, then there is a 
neighbourhood of 0 in which M can be expressed as M:z = f(x, y) for 
some (differentiable) function f. We can in fact prove this by show- 
ing that the projection 7: Μ---- ΕΖ given by 


(Pi, Ρ2» P3) = (Pi, P2) 


is a diffeomorphism in a neighbourhood of 0 and so has an inverse of 
the form 


t ‘(p L> P2) = (pi P2> f(p 1» Ρ2))}. 


The details of this proof are a little tedious, and you do not need to 
know them, so we omit them. 


(c) Thirdly, O’Neill assumes that the normal section o, defined on page 
197, is genuinely a curve in M, and moreover has a unit-speed repara- 
metrization. Specifically, p is a point of M, u a unit tangent vector in 
T,(M), and P is the plane determined by u and U(p); that is, P is the 
plane through p consisting of all points p + v where v is any linear 
combination of u and U(p). The normal section o is defined to be 
MP, and we wish to show that σ᾽ is the route of a regular curve in 
M. 


Now, by result (a) we may assume that p is 0, T,(M) is the xy plane 
(and so U(p) = + (0,0,1)) and u is (1, 0, 0). a P becomes the 
plane y = 0. By result (b) there is a che eta of 0 on which M 
is given by M:z = f(x, y). Hence σ is (t, 0, f(t, 0)) on an interval I of 
the x-axis. 
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Me. sn 


(t, 0, f(t, 0)) 


The function 
tr—>(t, 0, f(t, 0)) 

is differentiable, so Ὁ is a curve in M. Moreover, its velocity is 
t-—>(1, 0, f(t, 0)), 


which is never zero: thus Ο is regular and so may be given a unit- 
speed reparametrization. 


(iv) Page 200: Proof of Theorem 2.5 With the definitions given in the Intro- 
duction in the Text, this theorem becomes trivial, and so it suffices to prove 
that the Text definitions of principal curvature, principal vector, principal 
direction and umbilic are equivalent to those given by O’Neill. This has been 
done in Theorem V.2.A, so you may omit the proof given here, which makes 
no appeal to linear algebra. 


The formula obtained in Corollary 2.6 is found during the proof of both 
Theorem 2.5 and Theorem V.2.A. 


(v) Page 202: quadratic approximation of f near (0, 0) For general f, this 
approximation 15 


f(x, y) ~ £(0, 0) + £,(0, 0)x + £,(0, O)y + 


2 (fxx(0, 0)x? + 2fxy(0, 0)xy + fyy(0, 0)y’). 


This is the two-dimensional version of Taylor’s approximation, and may be 
found in Unit M201 14, Bilinear and Quadratic Forms, page 25. We shall 
always use the quadratic approximation }(k,x? + k,y”), as obtained by shift- 
ing the origin and rotating the axes. 


Supplementary Comments 


(i) Page 197: lines - 10 to -ὃ These lines are illustrated by Fig. 5.11 on page 
198. The curve o lies in the plane P and so the tangent vectors σ (0) and 
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(ii) 


(iii) 


(iv) 


o"(0) both lie in P. However, o’(0) = T(0) and σ" (0) = K(0)N(0) and so the 
tangent vectors T(0) and N(0) both lie in P. Moreover, σ is a curve in M and 
so σ΄ (0) lies in Tp(M). The only unit tangent vectors at p which lie in both P 
and T,(M) are tu and so σ' (0) =+u. In fact we may choose Ο so that 
o'(0) =u. Now the tangent vector N(0) is a unit vector which lies in the 
plane P and which is orthogonal to the tangent vector T(0) = 0 (0) = u: the 
only such vectors are +U(p) and so N(0) = £U(p). 


Page 198: shape of o The Frenet approximation of a unit speed curve 
(page 61) tells us that, near 0, 


a(s) ~ 0(0) +s T(0) + «(0) 5-N(0) + «(0)r(0) © B(0) 
= o(0) +s T(0) + (0) S-N(0) 


because 7(0) = 0 as o is a plane curve (lying in the plane P). 


N(0) 


0(0) 


Κ(Ο) is non-negative by definition, and so o bends towards N(0) on either 
side of 0(0). 


Page 198: saddle surface Since this is given by z= xy, along the line 
y = x we have z=x? and so the normal section is a parabola bending up- 
wards; along the line y = -x we have z =-x? and so the normal section is a 
parabola bending downwards. 


Page 202: line 1 We are assuming (1) that p ΕΜ is the origin, and so 
0 = (0, 0); the Monge patch 
(u, v)-—>(u, v, f(u, v)) 


has partial velocities (1, 0, f,(0, 0)) and (0, 1, £,(0, 0)) at the origin, and by 
assumption (2) these are orthogonal to (0, 0,1) and so 


f,(0, 0) = fy(0, 0) = 0. 


Summary 

Notation 

k(u) Page 196, Definition 2.2 

k,, Κα Page 199, Definition 2.3 
and Text, page 19 

€1; €2 Text, page 19 

Tp(M) Page 201, line ~4 


Page 202, line 15 
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Definitions 
(i) Normal curvature (k(u)) in the u direction 
(ii) Normal section 0 


(iii) | Principal curvatures Κι, k, 

(iv) Principal directions 

(v) Principal vectors e,, e2 

(vi) | Umbilic point 

(vii) Tangent plane Τρ(Μ) 7 

(viii) Quadratic approximation (M) of M near p 


Results 
(i) For a curve @ in M, α΄ «ἢ = S(a’)-a’. 
(ii) For a unit-speed curve @ in M with a'(0) = Up: 


k(u) = K(0)N(0)-U(p). 
(iii) For a unit-speed normal section 9, with o'(0) = up: 


(iv) For a unit-speed normal section o with o'(0) = up: 
k(u) >0 implies o is bending towards U(p) at p, 
k(u) <0 implies σ is bending away from U(p) at p. 


(v) The principal curvatures at p are the minimum and 
maximum values of the normal curvature at p. 


(vi) | The normal curvature at p is constant if and only if 
p is umbilic. 


(vii) If p is umbilic, all directions at p are principal 
directions. 


(viii) If p is not umbilic, there are exactly two principal 
directions at p and these are orthogonal. 


(ix) If ε,, 62 are principal vectors at p with corres- 
ponding principal curvatures k, and k,, and 
u=cos Je, + sin ὃ eg, then 

k(u) = k, cos? ϑ + ky sin? ϑ. 


(x) If k,, k, are the principal curvatures at p, the shape 
of M near p is approximately the same as the shape 
of 


M:z = 3(k,x? + Κηγἢ 


near O. 
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Page 196, Definition 2.2 
Page 197, line -11 

Text, page 19 

Text, page 19 

Text, page 19 

Text, page 19 

Page 201, line -4 

Page 202, line 15 


Page 196, Lemma 2.1 


Page 197, line 8 


Page 197, line -7 
Page 198, first two 
paragraphs 


Text, page 20, 
Theorem V.2.A 


Text, page 20 
Theorem V.2.A 


Page 200, 
Theorem 2.5.(1) 


Page 200, 
Theorem 2.5.(2) 


Page 201, Corollary 2.6 


Page 202, line 15 
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Techniques 
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(i) Finding the principal curvatures and vectors in 
simple cases. Text, page 20 


(ii) Finding the quadratic approximation to a surface 
near a point. Page 202, line 15 


Exercises 


Technique (1) 


1. Page 202, Exercise 1. 


Technique (2) 


2. Page 203, Exercise 4. Describe the appearance of each surface near the 
origin, using a sketch if possible. 


Solutions 


1. Page 202, Exercise 1. 


(a) 


(b) 


At any point p of the cylinder let e, be a unit tangent vector along a 
ruling of the cylinder, ε a unit tangent vector tangent to the cross- 
sectional circle through p, as in Example V.1.3.(3) on page 192. It 
was shown on page 192 that 


S(e,) = 0 = Oe, 
I 
S(e2) = ΕΣ 


thus e, and ε2 are eigenvectors of S with eigenvalues 0 and -1/r. In 
other words, e, and e are principal vectors at p and 0 and -1/r are 
the principal curvatures at p. 


As on page 192, we let u,=U,(0), u,=U,(0). It was shown in the 
solution to Exercise V.1.3 that 


S(au, 7 bu,) = bu, + au. 


Thus au, + bu, is a principal vector at p if and only if bu, + au, is a 
multiple of au, + bu, which happens if and only if either a = b (in 
which case the corresponding principal curvature is 1) or a = -Ὁ (in 
which case the corresponding principal curvature is -1). 


2. Page 203, Exercise 4. 


In each case M is the surface M:z = f(x, y) for some function f. We can show 
that £(0, 0) = ἔχ(0, 0) = fy (0, 0) = fxy(0, 0) = 0, so that the working on page 
202 tells us that k, = ἔχχίο, 0), Καὶ = fy (0, 0) and the quadratic approxi- 
mation 1S 


M : z=4(fyy(0, 0)x? + fy (0, 0)y?). 
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In this case f(x, y) = exp(x? + γῆ) - 1. 
f(x, y) = 2x exp(x? ty?)  ἐχχίχ, y) = (2 + 4x")exp(x? + y?) 
fy(x, y) = 2y exp(x’+y’) ἔχγί(χ, y) = 4xy exp(x? + γῆ) 
fyy(x, y) = (2 + 4y*)exp(x? + y’) 
The quadratic approximation is the surface 
M : z= 3(2x? + 2γἢ = x? + y?, 
which is a paraboloid bending upwards with its “south pole’’ at the 


origin, so M is bowl-shaped near 0. For a sketch, invert Fig. 5.18 on 
page 204. 


Now _ f(x, y) =log cosx - log cosy. 


f, (x, y) =-tan x fxx(x, y) = -sec? x 


fy(x, y) = tany fxy(x, y) = 0 
fyy(x, y) = sec? y 


The quadratic approximation is the surface 


M : 2 =3(-x? + γ᾽ =3(y?- x), 

which is a saddle surface (it cuts the xz plane in the parabola 
z =~-3x?, which bends downwards, and the yz plane in the parabola 
z=3y’, which bends upwards) so Μ is saddle-shaped near 0. See 
Fig. 5.19 on page 204. 


Now | f(x, y) = (x + 3y)> 


f(x, y) = 3(x + 3y)? fxx(x, y) = 6(x + 3y) 
fy(x, y)=9(x+3y)? Ἁἔχγίχ, y) = 18(x + 3y) 
fyy(x, y) = 54(x + 87) 


The quadratic approximation is the surface 
M:z= 3(Ox? + Oy’), 


that is, the xy plane. In fact this tells us nothing about the shape of 
M near 0 without further information. 
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V.3. GAUSSIAN CURVATURE 
Introduction 


This section depends only on Section V.2 and the following two vector identities. 


Lemma V.3.A If a, b, c are vectors in E? then 
a X (b X c) = (a-c)b - (a-b)e. 


This occurs in Unit MST 282 1, Some Basic Tools, Section 2.3. We use it to prove 
the next lemma. 


Lemma V.3.B (The Lagrange Identity). If v, w, a, b are vectors in E® then 


(v X w)-(a Χ b) = 


w-a web 


Proof Writing a X b = c we have 
(v X w)-(a X b) = (v X w)ec 


= v-(w X c), by Exercise II.1.4(d), 
= v-(w X (a X b)) 
= v-((w-b)a - (w-a)b), by Lemma V.3.A, 


= (v-a)(w-b) -- (v-b)(w-a) 


Vea v-b 


wa w-b 


Having found the geometric significance of the eigenvectors and eigenvalues of S in 
the previous section, we now investigate that of the determinant and trace of S. 
Recall that the determinant of a transformation with matrix 


a b 
Cc d 


is ad -- bc, and that the trace of this transformation is a + d. 


Both of these quantities are dependent of the choice of basis. 


READ: Section V.3 (pages 203-207). 


Comments 


(i) Page 203: Gaussian and mean curvature If U is replaced by -U, the 
Gaussian curvature K is unchanged and so K can be defined unambiguously 
over the whole of a surface M, even if M is not orientable. The mean curva- 
ture H has the usual ambiguity of sign and so cannot be defined over the 
whole of a nononentable surface. 
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(ii) Pages 204-205: Remark 3.3 The monkey saddle exemplifies a fact which 
is implicit in this remark, that if a surface is not of types (1), (2) or (3(a)) 
(that is, bowl-shaped, saddle-shaped or trough-shaped) near p then p must be 
a planar point; that is, k,(p) = k,(p) = 0. 


The illustration, Fig. 5.20, for the case (3(a)) (k,(p) # 0, k,(p) = 0) is a little 
misleading, as we have no information about how M is curving in the e, 
direction. Each of the diagrams below shows a possibility. 


wrawrat στ ΑΝ 


The difficulty is akin to that of distinguishing between the types of 
stationary point t of a function g: R—>R when g(t) = ρ΄ (0) = 0. 


Supplementary Comments 


(i) Page 206: proof of second half of Lemma 3.4 
S(v) Χν Ἐν X S(w)= (av + bw) X wt+v X (cv + dw) 
=av X wtdvX w 


= 2H(p) v X w. 


(ii) Page 206: proof of formulas in centre of page Dotting each side of 
S(V) x S(W) =K V X W~ 
with V X W gives | 
(S(V) Χ S(W))-(V X W) = K(V X W)-(V X W), 
which, by the Lagrange identity, is 


“(νὲν 5(Ν}Ν νν νν 


“().ν 50}. Ν ΜΝ ΜΝ 


The other formula is obtained similarly. 


O’Neill is writing SV for S(V). He frequently drops the parentheses when the 
meaning is unambiguous—for example he writes Cv for C(v) in Chapter HI 
and fx for f(x) in Chapter IV. 
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(iti) Page 207: singular Since S has matrix 


with respect to a suitable basis, S is singular if and only if at least one of 
Κι, Κα is zero, that is if and only if det S=k,k, =K=0. 


Summary 
Notation 
K Page 203, Definition 3.1 
H Page 203, line 7 of the 
section 
Definitions 
(i) Gaussian curvature K Page 203, Definition 3.1 
(ii) Mean curvature H Page 203, line 7 of the 
section 
(iii) Planar point Page 205, line 4 
(iv) Flat surface Page 207, Definition 3.6 
(v) Minimal surface Page 207, Definition 3.6 
Results 
(i) a X (b X c) = (a-c)b - (a-b)c. Text, page 27 
νὰ νὉ 
(ii) (νΧ w)-(a X b) = Text, page 27 
wa web 
(ili) K=k,k,;H=(k, +k,)/2. Page 203, Lemma 3.2 


(iv) K(p) > 0 > M is bowl-shaped near p; 
K(p) < 0 > Mis saddle-shaped near p; 
K(p) = 0 = pisa planar point or M is trough-shaped 
near p. Page 204, Remark 3.3 
M has a complicated shape near p > p is a planar 
point. Text, page 28 
(v) If v and w span Tp(™), then 
S(v) X S(w) = K(p) v X w 
S(v) X w+v X S(w) = 2H(p) v X w. Page 205, Lemma 3.4 
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(vi) If V, W are tangent vector fields which are linearly 
independent at each point, then 
2 


SV-V SV-W 
SW-V SW-W 
Ἵνν VeW 
W-V W-W 
SV-V SV-W V-V V-W 
+ 
lll We. W-W ον SW-W 
V-V V-W 
2 
W-V W-W Page 206, line 15 
1 
(vii) Κ,, k, = H + (H? - K)?. Page 206, Corollary 3.5 
Techniques 
(i) Finding K and H in simple cases. Page 203, Definition 3.1 
and line 7 of the section 
(ii) Interpreting K and H geometrically. Page 204, Remark 3.3 
Exercises 
Technique (1) 
1. Find K(0) and H(0) for each of the surfaces in Exercise 4 on page 203. 
Technique (11) 
Zz. Page 207, Exercise 1. 
3. Describe the shape of M near p if exactly one of K(p), H(p) is zero. 
Theory Exercise 
4. Page 207, Exercise 3. (HINT: Use Corollary V.2.6.) 
Solutions 
1. Writing each of these surfaces as M:z = f(x, y) in turn, we found in the 


previous section that 


£(0, 0) = £x(0, 0) = fy(0, 0) = fxy(0, 0) = 0. 
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Thus the result of Exercise V.1.2 on page 194 shows that τὶ and uy, are 
principal vectors with corresponding principal curvatures f,,(0,0) and 
fy y(9, 0). Thus K(0) = f,,,(0, 0) fy (0, 0) and H(0) = 3f,,,(0, 0) + fyy(0, 0)). 
We have already calculated f,,(0, ”) and fy γίθ, 0) in these three cases. 


(a) f(x, y) = exp(x? + y?) -1 
f,(0, 0) = 2 
fyy(0, 0) =2 
K(0) = 4; H(0) = 

(b) f(x, y) = log cos x - log cosy 
ἔχχίο, 0) =-1 
fyy(0, 0) = 1 
K(0) = -1; H(0) = 

(c) f(x, y) = (x + 3y)? 
f,,(0, 0) =0 
fy (0, 0) = 0 
K(0) = 0; H(0) = 0. 


2: Page 207, Exercise 1. 


If K(p) <0, k,(p) and k(p) must have opposite signs and so cannot be equal: 
hence p is not umbilic. If K(p) < 0 and p is umbilic, then k,(p) = k,(p) and 
k,(p)k2(p) < 0, which forces 


k,(p) = ka(p) = 0; 
that is, p is planar. 


3. If K(p) = 0 then at least one of k,(p), k2(p) is zero. Were they both zero, 
H(p) would also be zero. This is not so, so exactly one of the principal 
curvatures is zero and M is trough-shaped near p. 


If H(p) = 0 then k,(p) and k,(p) have opposite signs so K(p) < 0. K(p) is 
nonzero, so K(p) < 0, so M is saddle-shaped near p. 
4. Page 207, Exercise 3. 
(a) If u is a unit vector in Tp(M) we can write 
u=cos de, +sin ὃ e, 


for some #, where ει,» e2 are orthogonal principal vectors at p- 


If v is a unit vector in Tp(M) orthogonal to u then 
v=cosye,+sinye, 

where y = 3 +5 or y= aa 

By Corollary V.2.6, 
k(u) = k, cos? } + k, sin? 3 
k(v) = k, cos*y + k, sin? yp. 
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(b) 
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Now 
cos ᾧ = cos(d + 5) or cos(d = 5) 
Ξ πριη δ or sind 
SO 
cos? yp = sin? 3; 
while 
sin y = sin(? + 5) or sin(d - 5) 
Ξροϑϑ. or -cos ϑ 
50 
sin?y = cos? ὕ. 
Thus 
k(v) = k, sin? 3 + k, cos? 3 
and so 


3(k(u) + k(v)) = (ky(cos? 8 + sin? 9) + k,(sin? 3 + cos? 8)) 
= 3(k, + k2) 
= H(p). 
If κ(ϑ) denotes k(cos ϑ εἰ + sin  εγ), 


20 27 
k(3)dd -| (k, cos? 3 + k, sin? 3)dd 
0 0 


= Tk, + 1k, 
= m(k, + Κἃ) 
= 27H(p). 
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V.4 COMPUTATIONAL TECHNIQUES 


Introduction 


This section follows Section V.3 and completes the block introducing the theory of 
shape. Applications are dealt with in Sections V.5 and V.6. 


READ: Section V.4 (pages 210-219). 
Comments 
(i) Partial differentiation In Section IV.2 we saw how partial differentiation 


came into the definition of the partial velocities xy and xy. Now we have 
encountered their partial derivatives x,y, Xyy and Xyy = Xyy and need to be 
quite clear how they arise. For instance, the u-parameter curve v = Vo is given 


by 
tt—>x(t, Vo). 


Its velocity vector field is given by 


OX, ι Ox, 0x3 
th—>X,,(t, Vo) = 15—(1, Vo), a—(t, Vo), =—(t, V . 
αἰ ; ο) au ’ ο)» σαί ’ 0), ou (t, ο) x(t, Vo) 
The derivative of this vector field, the acceleration of the u- parameter curve, 
15 

0°x, 07x, 0*x3 
t-— ot Vo)s ποτὶ Vo)s ποτα va = Kua t Vo): 
" " x(t, Vo) 
Hence the function xyy gives the acceleration of each u-parameter curve at 
each point. That 15, xy y(Uo, Vo) is the acceleration of the u-parameter curve 
V = Vo when u = ug — that is, at the point x(ug, Vo). 


Similar interpretations can be given for xyy and Xyy = Xyy- 


We have also used the partial derivative Uy. Now U is a function defined on 
the domain of the patch x whose value at (ug, vo) is a tangent vector normal 
to the surface at x(ug, Vo). Hence U is a function | 


U: (u, v)+—>(f(u, v); g(u, ν), h(u, v))x(u, ν) 


where f, g and h are real valued functions on the domain of x. We form the 
partial derivative Uy by taking the partial derivative of each coordinate; that 
1S, 


of Og oh 
Uy : (u,v) > ZY (Us ν), ὅντία, ν), νι» v) x(u, v) 
It is possible to define this partial derivative in a coordinate independent 
way. The composite function U o x7! gives us a tangent vector field on the 
image of the patch and hence we can define the directional derivative 


Vx,(U © χ᾽). But 
VaaglU ox ')= (xy[fo χ ἢ], xy[g 9 χ' ἢ], xy[ho x] )x 


= eis x lo x) oy ox lo x) a oxo x) 
Ov > Ov i5 : > Av ay 


by Exercise IV.3.4(b), 
ΒΕ dg τ 


ὃν Bv’ Ov. 


v° 
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Hence Uy = Vx, (U o Χ ἢ), which is defined in a coordinate independent 
way. 


When we partially differentiate the dot product of vector valued functions U 
and V we obtain the usual Leibnizian result 


ὃ 
3 (U-V) = Uy-V + U-Vy, 


Now, in Section V.1 we came across the result S(a’) =-U’, where @ was a 
curve in the surface and U was the restriction of a normal vector field to the 
curve. On page 212 we want to look at what happens along the v-parameter 
Curve U = Ug given by 


Q: th-—>x(Ug, 1). 

We know that the velocity vector field is given by 
αἱ : t-—+xy(ug, t) 

and the restriction of the normal vector field given on page 211 is 
U: tt >U(ug, 1). 

The derivative of this last vector field is hence 
t-—+Uy(up, 1) 

and we have that 
S(xy(Uo, t)) = -Uy(uo, 1), 

for all ug and t, and hence 
S(xy) = τῦν 

as required. 


Alternatively we could have obtained this result from first principles. A 
normal vector field on the image of the patch x is given by the composite 
function U o x7!. Hence by the defintion of 5 


S(xy(Uo; Vo)) = Ἐν Χο να, a ox’). 
But x,(Ug, Vo) is the initial velocity of the curve 
tr-—+x(Ug, Vo + 1) 
and hence 


d ᾿ 
S(xy(Uo, Vo)) = ~q (U ox 10 X(Ug, Vo + 9) 


d 
= -F(U (uo vo + 1) 


t=0 
= -Uy(uo, Vo); 
which is the required result. 
S is symmetric To prove that S is symmetric we need to prove that 


S(v)-w = S(w)-v for each pair v, w of tangent vectors to M at p = x(uo, Vo)- 
But v = ax, + bx, and w = cx, + dxy for some real numbers a, b, c, d, where 
as usual Χῃ and x, are evaluated at (Uo, Vo). It follows that 


S(v)-w = S(axy + bxy)+(cxy + dxy) 
(aS(x) + bS(xy))-(cxy + dxy) 
= ac 8(xy)-xy + (be + ad) S(xy)-xy + bd S(xy)-xy, 


since S(x,,)*Xy = S(Xy)*Xy- Similarly 


S(w)-v = ac S(xy)*Xy t+ (be + ad)S(xy)-xy + bd S(xy)xy = S(v)-w. 


i 
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(iii) 


Since there are enough patches to cover all of the surface we have proved 
that S is symmetric. 


Lemma 4.4 and Example 4.5 We need to use the triple scalar product. 
Given (tangent) vectors a, b and c the triple scalar product is a-b X c. From 
Section II.1 we know that the triple scalar product is zero if any two of the 
vectors a, Ὁ and c are scalar multiples of each other. This enables us to prove 
Lemma 4.4 directly. 


By Lemma V.3.4, 
S(V) X S(W) = KV X W= ΚΖ. 


Hence forming the dot product of both sides with Z we obtain 


-VyZ 1 -VwZ 1 
SS VIZ XI Wear 

IZ] [Z| IZ] [{2] 
Expanding the left hand side as a linear combination of scalar triple products 
we find only one term in which the three vectors are distinct and hence 


Z:(VyZ Χ VwZ) e 
Wk = K|Z|’, 


from which the result follows. The formula for H follows similarly. 


Ζ. Χ - ΚΙ|ΖΙ 2 


In Section [1.1 we saw further that the triple scalar product can be expressed 
as a determinant. We know that determinants are linear in each row, from 
which the equalities on page 218, line 3 follow. 


Summary 

Notation 

E, F,G Page 210, line 11 

U Page 211, line 3 

Uy Text, page 33 

Xuw Xuy> Χγν Text, page 33 

> m,n Page 211, lines -9 to -7 

W Page 214, line 6 

h Page 218, line -6 

Definitions 

(i) The speed (ΜΈ, ν Ο) of the parameter curves Page 210, line 11 

(ii) The unit normal function U Page 211, line 3 

(iti) The acceleration (xy, and xyy) of the parameter Page 211, lines 16 and 18, 
curves and Text, page 33 


(iv) 


The support function h Page 218, line -6 
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Results 


(i) K= a, «ΘΓ ἔα: Be Page 212, Corollary 4.1. 

(ii) S is symmetric. Page 212, line -2 to 
Page 213, line 2 

(iii) f= U-x,y, m =U-xyy, = U-xyy. Page 213, Lemma 4.2 

(iv) If Z is a nonvanishing normal vector field and 


V X W=Z then 


(Z-VyZ X VwZ) 
|Z |" 


(VyZ xX W+VX VywZ) 
212] 


Page 217, Lemma 4.4 


Techniques 


(i) Calculating E, F, G, W, U, ἤν m,n, K and H ona 


patch x. Pages 213-215, Example 4.3 
(ii) Calculating K and H using linearly independent 

tangent vector fields. Page 217, Lemma 4.4. 
Exercises 


Technique (t) 


1. Page 219, Exercise 2. 
2. Page 219, Exercise 3. 
3. Page 219, Exercise 4. 


Technique (1) 


4. Page 222, Exercise 20. 
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Solutions 
i. Page 219, Exercise 2. 
x(u, νὴ) = (u, v, f(u, v)) 
x, = (1, 0, fy) E=1+f,’ 
xy = (0, 1, fy) F = fyfy 
G=1+f,? 
. 1 1 ᾿ 
W = (EG - F?)? = (1 + fy? + f,)? 
U, U2, U3} 
U=xyXxy/W=a]1 0. fal = (Chu -fy ΠΝ 
0 1 ἕν 
Xuu = (0, 0, fun) f= U>Xuu = fuu/W 
Xv = (0, 0, fuy) m = U-Xxuy = fuy/W 
Xyy = (0,0, fyy) . 2 = Uexy Ξ ἔν ἡ 
K = n- m2 7 fuufyy = fuy’ 
EG - F? w4 
7 Gfl+En- 2Fm 
2(EG - F?) 
(1 + fy7)fuu + (1 + fy?) fyy - 2fufyfuyv 
oo WR 
2. Page 219, Exercise 3. 


The image is flat if and only if K = 0 and minimal if and only if H = 0. The 
conditions follow from Exercise 1. 


3. Page 219, Exercise 4. 


For this exercise f(u, v) = log cos v -- log cos u. 


ba cos u 
hese -sin v 
Similarly fy = Esny) =-tanv 


Then fyy = sec”u, fyy = 0, fyy = ~-sec? v. 
Since (1 + fy’)fyy + (1 + fy)fuu - 2fufyfuy 
= (1 + tan?u)(-sec? v) + (1 + tan? v)sec? u 
=~-sec*u sec?v + sec?v sec?u = 0, 
the surface is minimal. 
The Gaussian curvature is given by 
= fuufy - fuy’ 
aaa aes 
=~-sec*u sec? v/W4, where 


W?=1+f,?+ fy? = 1+ tan?u + tan? v. 
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Page 222, Exercise 20. 


The saddle surface is the image of the Monge patch x(u, v) = (u, v, uv). In 
Section IV.2 we defined a ruled surface as one that could be described by a 
parametrization of the form | 


x(u, v) =B,(u) + vd,(u) or B2(v) + ud,(v). 
It is easy to see that the saddle surface is a ruled surface as in this case 
x(u, v) = (u, 0, 0) + v(0, 1, u) 
= (0, v, 0) + u(1, 0, v) 
and so we can choose 
B,(u) = (u, 0,0), 5,(u) = (0, 1, u), 
βχ(ν) = (0, ν, 0), 52(v) = (1, 0, v). 


The rulings give us straight lines lying within the surface whose directions 
can be used as a tangent vector fields to M. Thus we obtain tangent vector 
fields, V and W, such that 


V(x(u, v)) = (0, 1, u) at x(u, v) = (u, v, uv) 
W(x(u, v)) = (1, 0, v) at x(u, v) = (u, v, uv). 


Since these are always linearly independent Z = V X W is a non-vanishing 
normal vector field. 


By definition 
σι. U2, Us; 


Z(x(u,v))=| 0 1 α =(v,u,-1). 
1 QO yv 


In order to use the formulas of Lemma V.4.4 we need to calculate VyZ and 
VwZ. Now by definition V(x(u, v)) and W(x(u, v)) are the initial velocities 
of the curves 


tr—>x(u, νὴ + t(0, 1, u) = (u, τ Ἐν, u(t + v)) 


and 
tr—>x(u, v) + t(1, 0, v) = (t + u, v, v(t + u)), 
1.6. 
tr-—>x(u, t + v) 
and 
tr—>x(t + u, v). 
So 


Vv(x(u, v))4 = £(Z(x(u, t+ v)) aa, 


=Htttvu ἢ ον = (1, 0, 0) 
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and similarly 


Vw(x(u, v))Z = (0, 1, 0). 
Hence by Lemma V.4.4 


K(x(u, vy) = 5.» 1}. 0, 0) Χ (0, 1,0 


I (v, u, -1}} 
τος ies = 
(1 + u? + v2)? 


and 


Η ; _ τίν, u, -1})- 1, 0, 0) X (1, 0, v) + (0, 1, u) X (0,1,0 
(x(u, v)) 2I(v, w, -1}}} 


uv 


3 
(1 τα: v’)2 


These are the results obtained in Example V.4.3(2) apart from the sign of H, 
which is different due to the fact that Z and U point in opposite directions. 
H does depend on such a choice while K does not. 
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V.5 SPECIAL CURVES IN A SURFACE 
Introduction 


This section follows Section V.4. 


We have introduced the shape operator, used it to define normal, Gaussian and mean 
curvature and obtained effective computational techniques for calculating these 
quantities. In this section we use this apparatus to describe some special types of 
curves on a surface. 


READ: Section V.5 (pages 223-229). 


Comments 
(i) The shape operator S and the unit normal U The fundamental relation- 
ship between the shape operator S and the unit normal U is 


S(a’) =-U'" 
where ἃ is a curve in the surface and we are considering the vector field U 
restricted to a. We also regularly use the relationship 


S(a’)-a' = a" -U. 


By the definition of a principal direction we have that αἱ is a principal curve 


if and only if 

S(a’) = ka’ 
for some real valued function k. Hence principal curves are characterized by 
the equations S(a’) = ka’ = -U’ and in this case k is the corresponding 


principal curvature. 


This leads immediately to Lemma 5.2(1), and Lemma 5.2(2) follows since 


S αἱ «αἱ αὖ 


k= oe ee ee 
Οἱ Οἱ Οἱ "Οἱ 


There are certain trivial cases where principal curves occur. If for some curve 
a we find that U' = 0 (that is, U is parallel) as in parts of Lemma 5.3 and 
Lemma 5.6, then it follows that 


0 =-U' = S(a’) = 0a’. 


Hence α is a principal curve and the corresponding principal curvature at 
each point is zero. Conversely if a is a principal curve with zero principal 
curvature then the restriction of U to α is parallel. 


By definition a curve @ is asymptotic if it lies in an asymptotic direction; 
that is, if T is the unit tangent vector field then k(T) = S(T)-T = 0. Since 
T Ξ α΄} and S is linear, an equivalent definition is that 


S(a’)-a' = 0. 
Using the identity S(a’)-a’ = α΄ -U we see that the curve ἃ is asymptotic if 
and only if 


0 = S(a’)-a’ = a"-U. 
Again there are trivial cases. If αὐ = 0 (that is, α is a straight line) then ἃ 15 an 
asymptotic curve. 
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(ii) 


We can use this characterization to throw some light on the remarks on page 
226 concerning asymptotic directions and the tangent plane. Suppose that 
the intersection of the tangent plane Tp(M) with M contains a curve α such 
that a(0) = p. Suppose u is the normal to the plane: then, since a lies in the 
plane, we find that u-a’ = u-a” = 0. But since the plane is tangent to M at p 
we have that u = U(p). Hence 


S(a'(0))-a'(0) = a"(0)-U(p) = a"(0)-u = 0 
and so initially ἃ lies in an asymptotic direction. 


Finally, suppose a curve @ is both principal and asymptotic: then S(a’) = ka’ 
and S(a’)-a’ = 0. Since for a (regular) curve α΄ «α΄ is never zero it follows that 
k, one of the principal curvatures, is zero. 


Surfaces of Revolution and Lemma 5.3 By Lemma 5.3 we know that if 
a curve in a surface is the intersection of a plane with the surface and the 
angle between the normal to the plane and the normal to the surface is 
constant along the curve then the curve is principal. We can use this result to 
show that the meridians and parallels on a surface of revolution are principal 
as in the following example. 


Suppose C is a suitable curve in the yz plane. 


~~ 


Revolving this about the z axis we obtain a surface M. The meridians are the 
intersection of M with vertical planes through the z axis and the parallels are 
the intersection of M with horizontal planes. 
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ΞΞΠΞ------- 


Ἄ 


Along each of the curves a and β there is a constant angle between the 
normal vector fields U and V. 


(iii)  Geodesics In the definition of principal and asymptotic curves we re- 
stricted attention to regular curves, while in the definition of geodesics we 
made no such restriction. The technical reasons for this are beyond the scope 
of this course. However, since geodesics are constant speed curves any 
geodesic that is not regular is a zero-speed curve; in other words, it is a 
constant curve. Conversely for any constant curve a we have a” = 0 and 
hence @ is a geodesic. Consequently we need to restrict attention to regular 
geodesics. In the examples on pages 228-229 we restrict attention to regular 
geodesics. 
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Supplementary Comment 
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(i) Page 225: first four lines If U and V are linearly independent at each 
point of @ then there exists a never zero vector field N on @ which is such 
that N(p) spans the tangent vector space orthogonal to both U(p) and V(p), 
for each point p on a. Since a’ and U’ are both orthogonal to U and V it 
follows that they are both collinear with N and hence with each other. 


Summary 
Definitions 
(i) Principal curve 


(ii) Asymptotic direction 
(iii) | Asymptotic curve 


(iv) | Geodesic 

(v) Great circle 

Examples 

(i) The geodesics on a plane are the straight lines. 

(ii) The geodesics on a sphere are the great circles. 

Results 

(i) A curve @ is principal if and only if 
S(a’) = ka’ =-U’. 

(ii) If α is principal then the principal curvature is 
at” «Ὁἱα' «α΄. 


(iii) 1 @ is a curve cut from M by a plane P making ἃ 
constant angle with the surface along a then α is a 
principal curve. 


(iv) | The meridians and parallels of a surface of revolu- 
tion are principal curves. 


(v) (1) If K(p)>0 there are no asymptotic direc- 
tions at p. 


(2) If K(p)<0 there are two asymptotic direc- 
tions at p bisected by the principal directions at an 
angle ὃ given by 


tan’ ὃ = -k,(p)/ka(p). 
(3) If K(p)=0 and p is a planar point every 
direction at p is asymptotic and principal; other- 
wise there is only one asymptotic direction at p, 
which is also principal. 
(vi) A curve @ is asymptotic if and only if 


S(a’)-a' = -U'-a! = U-n" = 0. 


Page 223, Definition 5.1 
Page 225, line 16 

Page 226, Definition 5.5 
Page 228, Definition 5.7 
Page 229, line 4 


Page 228, Example 5.8(1) 
Page 228, Example 5.8(2) 


Text, page 40 and Page 223, 
Lemma 5.2(1) 


Page 223, Lemma 5.2(2) 


Page 224, Lemma 5.3 


Page 225, line 9 


Page 225, Lemma 5.4. 


Page 226, line -3. 
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(vii) |The curves given by the intersection of a surface M 

with the tangent plane Tp(M) point in asymptotic 

directions at p. Text, page 41 
(viii) A surface is minimal if and only if there exist two 


orthogonal asymptotic directions at each of its 
points. Page 227, line 4 


(ix) A ruled surface has Gaussian curvature K <0. 
K = 0 if and only if the unit normal U 15 parallel 


along each of the rulings. Page 227, Lemma 5.6 
(x) A straight line in a surface is asymptotic. Page 227, line -4 
(xi) | A geodesic has constant speed. Page 228, line 18 
(xii) Α straight line in a surface is a geodesic. Page 228, line 21 
(xiii) For unit-speed geodesics, S(T) = KT - 7B. Page 228, line -11. 
Techniques 


(i) Using Results (i) — (iv) and (vi) to recognize or 
find principal curves or asymptotic curves. 


(ii) Using the definition to recognize a geodesic. 


Exercises 


Technique (1) 


1. Page 230, Exercise 2. Apply as many as possible of the techniques based on 
Results (i) — (iv) and (vi) to the three curves. 


Technique (1) 


2, Are the curves of Exercise 1 geodesics? 


Theory Exercise 


3. Page 230, Exercise 7. This exercise gives an approach to curves on a surface 
that encompasses principal curves, asymptotic curves and geodesics. 


Solutions 
1. Page 230, Exercise 2. 
(a) The top circle ἃ on the torus. 


The standard parametrization of the torus is 
x(u, v) = ((R + rcos u)cos v, (R ἜΤ cos u)sin v, r sin u). 


: ee 
The top circle is the v-parameter curve u = 9° This is given by 


Q: trox(5, t)=(Rcost, Rsint, τὴ. 
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By symmetry arguments the unit vector field normal to the surface along 
this curve points in the direction (0, 0, 1). Hence on the curve the normal 
vector field is U:t'—+(0, 0, 1)q(¢)- 


To apply the techniques we need to compute the following: 


a : t+—>(-R sint, Rceost, 0) 

a :t-—>(-Rcost, Rsint, 0) 
U': τεσ», 0, θ).(0) 
S(a’) = -U’ = (0, 0, 0). 

Now we can apply Results (i) — (iv), (vi). 


(i) Since U’ = 0 it follows that S(a’) = Oa’ and hence α is principal. 
(ii) The principal curvature of a is 0. 


(iii) | @ is the intersection of the plane z = r with the torus, and the normal to that 
plane is equal to the normal to the surface along a. Hence again ἃ is a 
principal curve. 


(iv) | @is a parallel and hence is a principal curve. 


(vi) Since S(a’) = 0 it follows that S(a’)-c’ = 0 and hence α is asymptotic. 
(b) The outer equator β of the torus. 
Using the same parametrization as in (a) the outer equator is given by 
B : t-—»x(0, t) = ((R+r)cos t, (R + r)sin t, 0). 


By symmetry arguments the unit vector field normal to the surface along 
this curve points radially outwards (or alternatively inwards) and hence is 
given by 


U : tr— (cost, sint, 0)p(t)- 
We calculate 
β' : t-—»(-(R + r)sin t, (R + r)cos τ, 0) 
B" : τη (ΚΒ + r)cos t, - (R +r) sin τ, 0) 
and U': t-—>(-sint, cos t, 0). 
Now we can apply Results (i) — (iv), (vi). 


the curve β is principal. 


(i) Since S(6’) = -U' = - ez, 


(ii) The principal curvature along β is the constant function -1/(R +r). 


(iii) β15 the intersection of the torus with part of the plane z = 0. The normal to 


this plane is vertical while the normal to the torus along β is always hori- 


zontal. Therefore they make a constant angle of a with each other and so β is 


a principal curve. 
(iv) | B is a parallel and hence a principal curve. 


(vi) Since B"-U = -( + r) #0 we see that 8 is not an asymptotic curve. 


(c) The x axis on M:z = xy. 
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The x axis is the curve 
y: τε», 0, 0). 


Since M is defined implicitly as M:g = 0, where g =z - xy, we can use Vg to 


obtain a unit vector field normal to M. This is 
ΤΥ, ΠΧ, ] 

ee ye 

(1 +x? + y)? 


Its restriction to Ύ is 
1: pe (OL) δε A : 
ατὦ} 
Next we find: 
γ᾽ : tr—>(1, 0, 0) 
y" : t--(0, 0, 0) 
U': prema (Use aes) a - . 
ΠΡ: 
Now we can apply Results (i) and (vi). 
(i) Since U’ and γ΄ are not collinear, y is not a principal curve. 


(vi) Since γ΄ = 0 it follows that U-Y = 0 and hence Ὑ is an asymptotic curve. 


2. Page 230, Exercise 2. 


(a) Since a” #0 while αὐ«Ὁ Ξ 0 the acceleration is not normal to the 
surface and hence α is not a geodesic. 


(b) — Since B” =-(R+r)U the curve β is a geodesic. 


(c) Since γ΄ = 0 = OU the curve ¥ is a geodesic. 


3. Page 230, Exercise 7. 
(a) Since T, V, U form a frame field orthonormal expansion gives 
T’ =(T'-T)T + (T'-V)V + (T'-U)U 
V' - (ν΄ Τὴ + (V'-V)V + (V’-U)U 
U' = (U'-T)T + (U'-V)V + (U'-U)U. 
Differentiating the equations 


TT=V-V=U-U=1 


and 
T-V=V-U=U-T =0 
we obtain 
T-T=V'-V=U-U=0 
and 


T -Vtv'-T=V'-U+U-V=U'-T+T'-U= 0. 
Setting g = T’-V,k =T’-U andt = V’-U the result follows. 
Since T = a’ it follows that 


k = T’-U =a"-U = S(a’)-a’ = S(T)-T. 
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Since t = V’-U it follows that 

t= V'-U =-U"V = S(a’)-V = S(T)-V. 
(b) ais geodesic >a’ is collinear to U 


<=> T’ is collinear to U 


—= g= 0. 

ais asymptotic <=> S(a’)-a' = 0 
<> §(T)-T = 0 
<= k=0. 


ais principal <a’ and S(a’) are collinear 
<=> T and -U' are collinear 


—t=0. 
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V.6 SURFACES OF REVOLUTION 
Introduction 


This section follows on from Sections IV.2 and V.4. 


In Example IV.2.5 we introduced a way of parametrizating surfaces of revolution 
and in Section V.4 we obtained formulas for the Gaussian and mean curvature of 
surfaces given by a parametrization. In this section we tie these two sections 
together and work out explicit formulas for curvature of surfaces of revolution. 


We then describe surfaces of revolution that are minimal or have constant Gaussian 


curvature. 


READ: Section V.6 (pages 234-242) omitting cases 1, 2 and 3 on pages 240-241. 


Comment 
(i) Page 235: first three lines Since S maps T,(M) linearly to itself and 
{Xy, Xy} is a basis for ΤρίΜ) we must have 
S(x,y) = aXy + bxy 
S(xy) =cxy + dxy 


for some functions a, b, c, d. Forming dot products with x, and xy we 
obtain the equations 


f=aE+bF m=aF +bG 
m=cE+dF n=cF+dG. 
Since F = m= 0 it follows that 
b=c=Oanda=(JE, d=n/G. 
Hence S(x,,) = (£/E)xy and S(x,y) = (n/G)xy. 


Supplementary Comment 


(i) Page 236: Theorem 6.2 


Case 1: If g=c (aconstant) then 

x(u, v) = (c, h(u) cosv, h(u) sin v) 
and M belongs to the plane x =c. This is a plane parallel to the yz plane and 
it passes through the point (c, 0, 0). 


Case 2: If g' is never zero then either g is strictly increasing or strictly 
decreasing. In either case the profile curve passes over each point of the x 
axis once only and so we can reparametrize it so that it is the graph of a 
function f. That is, we can replace g and h by the functions u and f. 


y y 


g(u) . 
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Then by the formulas on page 235 
-- 1 4, 

' : 3 
f(1+f'?)2 (1 +f’)? 

3 

Since M is minimal H = 0, and hence multiplying through by f(1 + [2)2 we 
obtain 


1+ f= ff". 


2H = ky + ky = 


To solve this equation we first differentiate it to obtain 
21 = ΕΠ + ff". 
Hence f’f” = ff’; 
f Ξ ἘΠῚ 
f f° 
Integrating we find 
log f = log f” - loge 
and hence f” = cf for some constant c. 


Since the graph of f does not intersect the axis, we can assume that f is 
positive and hence so is ἢ =(1 + f)/f. Hence c > 0 and we cay write 
c= 1/a’. Then we can solve 
1 
" 4 
ΕΞΕῚ 


a 
to obtain 


f(u) = dcosh ae 5) 


where d and b are constants. Substituting in the original equation we find 
that d = a and hence the solution is as given. 


Summary 
Definitions 
(i) Standard parametrization of a surface of revolu- 
tion: 
x(u, v) = (g(u), h(u) cos v, h(u) sin v) Page 234, line 12 
(ii) Spectal parametrization of a surface of revolution 
passing at most once over each point of the axis: 
x(u, v) = (u, h(u) cos v, h(u) sin v) Page 235, line -10 
(iii) | Canonical parametrization of a surface of revolu- 
tion: as for the standard parametrization but with 
a unit speed profile curve, i.e. g? +h’? = 1 Page 238, line 12 
Examples 
(i) Torus of revolution Page 235, Example 6.1(1) 
(ii) Catenoid Page 236, Example 6.1(2) 


(iti) Bugle surface Page 241, Example 6.6 


δ0 


Results 


(i) 


(ii) 


(vi) 


(vii) 


(viii) 


(ix) 


For the standard parametrization 


δ᾽ h’ 
Ε g” h” Ε “' 
Ky τ ; ; 3 Κη " ' 1 
(ε 2 + h’?)? h(g’? + h’)2 
δ᾽ h’ 
8 Η i 
α«κ-.-ἰ8 ἢ 
and K = h(e? +h)? 


For the special parametrization 


oe Sh _ 1 
ky = ———3> Ky fo eee Fast, 
(1 +h’)? h(1 + h’?)2 
an 
d Κ----ς-- 
ἐμ h(1 + h’?)? 


If a surface of revolution is minimal then it is con- 
tained in either a plane or a catenoid. 


For the canonical parametrization 
K =-h”" /h. 
A surface of revolution with curvature Κα 15 
obtained as follows. First find a function h such 
that h” + Kh = 0, with h(0) > 0 and|h'(0)|< 1 and 
then find a function g such that 
ἐς 1 
g(u) { (1 - h’'(t)?)? dt. 
0 
Then the profile curve for the surface is 
a(u) = (g(u), h(u), 0). 
For a torus of revolution 


____cosu 
ὰ r(R Ἔτσ cos υ)᾽ 


For ἃ catenoid 


7 = 
c? cosh? (u/c) 


A canonical parametrization of the catenoid is 
given by the unit speed profile curve 


B(s) = (sinh™ s, (1 + 522) 


and for this parametrization K(s) = -ἰ 


(1 +s)? 


The bugle surface has constant curvature -1/c’. 
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Page 235, lines 7 and 9 


Page 235, lines -6 to -4 


Page 236, Theorem 6.2 


Page 238, Lemma 6.3 


Page 239, lines -13 to -2 


Page 235, Example 6.1(1) 


Page 236, Example 6.1(2) 


Page 238, Example 6.4 
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Techniques 


(i) Calculating the principal and Gaussian curvature 
for surfaces of revolution using the formulas for 
standard, special and canonical parametrizations. Page 235, lines 7 and 9 and 
Page 235, lines -6 to -4 and 
Page 238, Lemma 6.3. 


(ii) Finding surfaces of revolution with prescribed 
Gaussian curvature. Page 239, lines -13 to -2. 
Exercises 


Technique (1) 
1. Let @ be the profile curve that is the top half of the ellipse x?/a? + y?/b? = 1. 
We can parametrize this as follows: 
a(u) = (a cos ἃ, Ὁ sin u) where 0<u <7. 


Find a special parametrization and use both this and the given para- 
metrization to calculate the Gaussian curvature of the surface of revolution 
obtained by revolving about the x axis. This surface is an ellipsoid. 


Technique (i) 


2. Find those surfaces of revolution with zero Gaussian curvature. Use the 
technique described in Result (v) and also consider the case when |h'(0)| = 1. 


Solutions 


1. The ellipse appears as follows. 


A special parametrization is given by the profile curve 
1 


B(t) = (t, b(1 - t?/a?)?), where a> t >~-a. 


b(1 - 2/2)? 
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We have been given a standard parametrization with g(u) =acosu and 
h(u) = b sin u and hence using the formula (2) on page 235 


σ΄ h’ 
ἴ 
8 Ἢ h” 
K = - ---- -- --- - 
h(g* +h)? 
-~asinu bcosu 
asin ἃ 
ee K(u) = -acosu —bsinu 
b sin u (a? sin? u + b* cos? u)? 


(ab sin? u + ab cos?) _ a’ 


εἰ a eee eee = eee 
b (a?sin?u+b*cos?u)? — (a? sin? u + b? cos? u)? 
For the special parametrization 
1 ob i 
h(t) = b(1 - t?/a?)? = 5 (2 = εὖ 
1 3 
h'(t) Ξ -bt/a(a? - 2, π΄ (Ὁ = -ba/(a? - t?)? 
! 44 b? = a? t?. 
L+h(t2 =o tb - 4) 
( ) a?(a? a t?) 


-h"(t) = a® 


Hence R(t) Fa shy? τ wey 


If we evaluate the second formula for K at the point t = a cos u we should 
obtain the first formula. 


α΄ 


a? 


᾿ (a2(1 - ςοβΖξυ) + b* οο52υ) 
ΑΖ 


ἜΣ, Lo eo. as we expected. 
(a? sin? u + b? cos? u)? ’ P 


Since K = 0 we need to solve 


h” + 0h =h" =0 
with h(0) > 0 and|h'(0)| <1. 


We obtain h(t) = at + Ὁ with |a|< 1. We next find the function 
" 1 1 
g(u) -| (1 - h'(t)?)2dt = (1 - αὔδα. 
0 


Hence the surface of revolution is obtained by revolving the curve 
1 
tr—>((1 - a”)t, at + b) 


about the x axis. Now, if 1 -- a? #0 (that is, [π΄(0)] « 1) we can repara- 
metrize the profile curve so that g(t) = t. Hence we see that the surface can 
be obtained by revolving the straight line 


tr-—>(t, ct + b). 
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The surfaces we obtain are parts of cylinders (when a= c = 0) and parts of 
cones. : 


On the other hand, if 1 - a? = 0 (that is, |h'(0)| = 1) then ρ΄ = 0 and so g is 
identically zero. Thus the surface is part of the yz plane. 
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FURTHER EXERCISES AND SOLUTIONS 


Section V.1 


Recommended Exercise 


Page 195, Exercise 9. This continues Exercise 11.5.7. You will have to assume that W 
is also a tangent vector field on M. 


Solution 
9. U-W =0 


> VvyU-W + Vyw-U = 0 
=> S(V)-W = Vyw-U. 
S(V)-W = S(W)-V 
— Vyw-U- νων ῦξο 
—= [V, W]-U=0. 


Section V.2 


Technique Exercise 


Page 202, Exercise 3. 


Solution 


Ρ = (0) = (r, 0, 0) 


a! (1) =(-rcost, -rsint, + n(n - 1)t” ᾿ *) 
(0) =(-1, 0,0) if n>2; a0) ΠΕ θυ) 
αῃί(0)-Ὁ(ρ) Ξ ττ 
Section V.3 


Technique Exercises 


Pages 207-8, Exercises 2, 5(a), (b). The final zero in 2(b) and 2(c) should be in bold 
type. (HINT for Exercise 2: Express each condition in terms of the matrix for Sp 
with respect to {u,, uy}.) 


Other Recommended Exercise 


Page 208, Exercise 4(a). This gives an alternative proof of Corollary V.3.5 by finding 
the equation whose roots are the principal curvatures. 
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Solutions 


2(a). wu, and uy are principal vectors. 

2(b). (u, + u,)A/2 are principal vectors and K(p) = 0. 

2(c). K(p)=90 

2(d). uy and u, are principal vectors or H(p) = 0. 

5(a). A-single point; two iiferecune straight lines; one straight line. 


5(b). An ellipse, the empty set; hyperbola, hyperbola; two parallel straight lines, 
the empty set. 


4(a). If T is any 2-dimensional linear operator, with matrix A, then 
det(A - kI) = Καὶ - (Trace A) k + det A, as may be verified by evaluating each 
side. 


Section V.4 


Technique Exercises 


Pages 219-221, Exercises 1, 17. 


Other Recommended Exercises 


Page 220, Exercises 5 and 6. These extend the exercises on curvature of a Monge 
patch. 


Page 220, Exercise 9. This deals with the matrix representation of S in simple cases. 


Pages 220-221, Exercises 10, 11. These deal with a coordinate description of 
principal vectors. 


Solutions 

ky f =-rcos?v W =r’ cosv 
m =0 K = 1/r’ 
n=-r 


Z=1Vg= 2U Feel ΤΕ 4U; 


b2 
v ΒΖ V2 V3 
νΖ- πω + p22 Ξ -2 3 
X y “-2 
ZLVyZX VwZ= abe νι V2 V3 
Wi W2 τ" 
-1 2 
pce X:-V X W= 5.2.3 X°Z 
ΒΝ; 
τν a*b?c? 
Ξ 1 
K=+ 
abc? 2] 
Χ.Ζ 1 
ἢ =X-U=757=11m 
IZ] “1Ζ] 


K = ¥ h*/a*b?c? 
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5. K = ~36r?/(1 + 9r*)? 
No 
Sots 2 ν2 2 
6. K = 4 [4 Ὁ τ" 


θ(4). S(xy) = axy + bxy. 
—S(xy) = cxy + dxy. 
Hence S(x,,)-xy = aXy°Xy, implying a = £/E, and so on. 
9(b). F=m= 0 implies 
S(x,y) = (P/E)xy and S(xy) = (n/G)xy. 


Xy°S(v) Χμ 
10. Xy X xy-(S(v) X v) = 


Xy°S(v) χων 


νεῖ + vam ViE + ΝΕ 


vym ἘΕ Van v,F + να 


= ΝΕ ({Ὲ - mE) + vyv2(fG - nE) + v3(mG - nF) 


vy τνιν; νί 
=-|E F G 
f Mm an 
i 1 
11. V = (1.4 u?*)2x,, τ (1 + v?)2xy 


1 
lt+v?  F((1+u2)(1+v?))? 14? 
1+v? uv 1+u?/=0 


0 1/W 0 


Section V.5 


Technique Exercises 


Pages 229-232, Exercises 1, 3, 4, 5, 10, 11, 12. 


Other Recommended Exercises 


Page 230, Exercise 6. This deals with a coordinate description of principal and 
asymptotic curves. 


Page 231, Exercise 8. This extends Exercise V.5.7. 
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Solutions 


1. a is a straight line > a” = 0 


= ais geodesic and asymptotic. 


a is geodesic and asymptotic > αὐ -U = 0 and a” and U are collinear > a” = 0 
= ais a straight line. 


3. 
4. Assume αὶ is unit-speed. 
(a) ais asymptotic > 0= a" -U = T’-U = KN-U. Hence T and N are tangents 
to the surface and B is normal. 
So S(T) Ξ -Β' =7N. 
(b) Since S is symmetric, 
S(N) = 7T + AN 
0 τ 
for some A. The matrix for S is 
τὰ 
K = det S Ξ-τῷΖ 
(c) Since n = 0 the v-parameter curves u = ug are asymptotic. A typical 
one of these is the helix 
Q : V-—>(Ug COS V, Ugsin Vv, bv). 
τ =b/(b? + uo’) 
K = -b?/(b? + ug’). 
5. α is principal in M > ka’ = -U’. 


But Ὁ = constant > U’-U + U-U' = 0. 
Hence 0 = -ka’-U + U-U' = U-U". 


Thus U’ and a’ are both orthogonal to U and to U: if these are linearly 
independent then a’ and U’ are collinear and so αὶ is principal in M. 


If U and U are linearly dependent then U = + Ὁ and so ais principal in M if 
and only if α is principal in M. 
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10. x yX x,=f' X δενδ' Χ ὃ 
n=(0 
m = Xyy°(xy X Xy)/W = δ΄ .β' X 6/W=8'-5 X δ᾽ 
ll(a). Cone: x =p+vé6. 
B=p;6 =0;K=0. 
Cylinder: x = β + vq. 
5 =q;6 =0;K=0. 


11(0). K=-(8'-T x T’)?/W4 
= 0, since B = T. 


ἃ 


12. = -(a’-U Χ U’')/W* 

=-(U-U' X a’)/w* 

K=0<U' xa’ =0 
<=> a’ and U are collinear 


<> a is principal. 
6(a). α΄ = a,'xy + ay'Xy. Use Exercise V.4.10. 
6(b). δ(αγ-α' = Pa,'? + 2ma,'a,' + nay”. 
8(a). ais principal and geodesic 
<— g= t=0 
<= V = constant 


<= a lies in a plane orthogonal to M along a. 


8(b). ais principal and asymptotic 
—=t=k=0 
<=> U = constant 


<=> α lies in a plane tangent to M along a. 


Section V.6 


Technique Exercises 


Pages 242-243, Exercises 1, 3, 4, 5, 6, 8. (Errata in Exercise 3: in line - “h(u)”’ 
should be “h(u)~!”’, and in line -1 “th’”’ should be “h7””. 
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Solutions y 


1 


K>0 vA 


[ 
K<0 } K<0 

\ ! “ 

\ Ι 7 \ 
wa i 

=—---------— —e(-1,0 πὸ aan ἰῷ 1, 0}5535:. ΞΞ-  ΞΞΞΞΞΕΞ."- χ 

Ι ΄ I 
| 4 | Ι 

/ 7 / 


g(u) =u, h(u) = ἐΥΡ ΟΥ̓ 2); 
K(u) = (1 - u?)/(1 τ ue" )?. 


a = (g, h, 0) 
a’ = (ε΄, h’, 0) 


a” = (2”, h”, 0) 


3 
K= [α’ Χ α"β Π1] αἱ | 3: ς- | gh” a h'g” | /(g'? + h’?)2 


K 
IK | τ Κρ! καὶ = “leoso| 
a(u) =(R+acosu, bsinu, 0) 
K(u) = b?a cos u/(R + acosu)(b? cos*u + a” sin? u)? 


x(r, v) = (rcosv, rsin v, f(r)) 
g(r) = f(r), h(r) Ξ τ, 
K(r) Ξε μα + £(r)?)’. 


K(r) = (1 - (γε τα + ery? 42 
Ι 
Ἶ 
Ι 
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8(a). g(u)=utsinu, h(u) =1+cosu, 
K(u) = 1/4(1 + cos u). 

8(b). s(t) = 4 sin(t/2) 
h(s) = 2 - 52,8 
K(s) = 1/4(2 - s?/8). 


8(c). 1/4(2- s?/8) = 1/4(1 + cost). 
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Set Book 


Barrett O’Neill: Elementary Differential Geometry (Academic Press, 1966). It is 
essential to have this book: the course is based on it and will not make sense without 
it. 


Bibliography 
The set books for M201, M231 and MST 282 are referred to occasionally; they are 
useful but not essential. They are: 


D.L. Kreider, R.G. Kuller, D.R. Ostberg and F.W. Perkins: An Introduction to 
Linear Analysts (Addison-Wesley, 1966). 


E.D. Nering: Linear Algebra and Matrix Theory (John Wiley, 1970). 
M. Spivak: Calculus, paperback edition, (W.A. Benjamin/Addison-Wesley, 1973). 
R.C. Smith and P. Smith: Mechanics, SI edition (John Wiley, 1972). 


Conventions 


Before starting work on this text, please read M334 Part Zero, Consult the Errata 
List and the Stop Press and make any necessary alterations for this chapter in the set 
book. | 
Unreferenced pages and sections denote the set book. Otherwise 

O’Neill denotes the set book; 

Text denotes the correspondence text; 


KKOP denotes An Introduction to Linear Analysts by D.L. Kreider, R.G. 
Kuller, D.R. Ostberg and F.W. Perkins; 


Nering denotes Linear Algebra and Matrix Theory by E.D. Nering; 
Spivak denotes Calculus by M. Spivak; 
Smith denotes Mechanics by R.C. Smith and P. Smith. 


References to Open University Courses in Mathematics take the form: 
Unit M100 22, Linear Algebra I 
Unit MST 281 10, Taylor Approximation 
Unit M201 16, Euclidean Spaces I: Inner Products 
Unit M231 2, Functions and Graphs 
Unit MST 282 1, Some Basic Tools. 
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VI.1 INTRODUCTION AND THE FUNDAMENTAL EQUATIONS 


Introduction 


In this chapter we draw together all the results that we have developed in this 
course. In this section we use frame fields, introduced in Section II.6, their structure 
equations from Section II.8, the calculus of forms on surfaces from Section IV.4, 
orientability from Section IV.7 and the theory of the shape operator from Chapter 
V. You should be familiar with these topics before tackling this section. 


In Chapters I and IV we developed two different approaches to differential forms. In 
Chapter I we introduced forms in E? in terms of simple forms such as dx and dx dy, 
while in Chapter IV we introduced differential forms on a surface in E?, ΜΕ ΕΝ ina 
coordinate independent manner. We showed that the two approaches gave structures 
with similar properties. In this chapter we want to be able to use both approaches 
interchangeably. We want to use the structural equations, that were obtained in 
terms of coordinates in Section II.8, by interpreting the forms as linear functionals 
and bilinear forms operating on tangent vector fields. For now, accept that the two 
approaches are equivalent. In the Optional Text we indicate why this is so and give a 
more abstract approach to some of the results of this section. The Optional Text is 
not examinable so do not waste any time on it if you find it difficult. 


READ: The Introduction to Chapter VI and Section VI.1 (pages 245-250). 


Optional Text 


It is possible to show that the approach to forms developed in Chapter I is equiva- 
lent to that developed in Chapter IV and consequently that we can interpret the 
forms in Theorem VI.1.7 as linear functionals and bilinear forms. It will be necessary 
to interpret them this way in subsequent sections. 


Rather than prove that the two approaches are equivalent we shall indicate how they 
both follow from a more abstract approach. The approach of Chapter I is in terms of 
_ coordinates and the approach of Chapter IV uses patches; a more abstract approach 
uses the Poisson bracket of vector fields. 


For our purposes the most useful definition is given in Exercise 7, page 81. For 
vector fields V, W the Poisson bracket is the vector field 


[V, W] = VyW- VwV. 
Part (a) of Exercise 7 tells us that 
[V,W] = VW- WV, 
from which we deduce that, given a vector field Z = (z,, z, z3), 


QZ 
σιν, Μ]2 = 2 (LV. ΜΠ 166) 


3 
Σ (VW ΜΝ) LeU; 


Σν([2]1})0,;-- ZW(V[z;] )U; 
Vy(2W[z;] Uj) - Vw(2V[z;] Uj) 
Vy(VwZ)- Vy(VyZ) 


= (VyVw- VwVy)(Z), 


il 
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where VyVy and V wV y represent the appropriate composite mappings. 


Hence 
Viv, Ww] = VyVw = νωνν- 


When we are dealing with a surface Μ in Ε we need to know that the Poisson 
bracket of two tangent vector fields is again a tangent vector field. This is proved in 
Exercise 9, page 195. 


Now we are in a position to give an abstract definition of the differential ἀφ of a 
1-form ¢ (on a surface). We evaluate the form on a pair of (tangent) vector fields as 
follows: 


ἀφ(ν, W) = V[e(W)] - WI9(V)] - Φ([Ν, W]), 
where here we are using directional derivatives. 


Now we can deal with the equations of Theorem VI.1.7 without using Theorem 
11.8.3. For instance the first equation of part (1) is proved by applying both sides of 
the equation to the vector fields E, and E,. For example, 


dO, (Ey, Ε2) = Ey [0 (Ez)] - Ex [61 (E:)] - 91 ({Es, Ἐ2]) 
= E, [0] - E, [1] - 1 ([{:, E,)) 

0-0,(Vp, Ey - Vp Εἰ) 

_ “Ei Vg, E, + E,* Vp, ἔτ: 


Since E, -E, = 0 and E, -E, = 1 it follows that 
E, [E, -E,] = 0=E,[E,-E,], 


and from the Leibnizian property of the covariant derivative (Corollary 11.5.4, page 
80) we can deduce that 


VE, E, -E, ἘΕ ΝΕ, E, Ξ: 0 


and 
VE, E,-E, + E, “VE, E, = 2E, “VEE = 0. 
Hence 
dé , (E;, Ε2) = E, “VE, E; 
= W12(E,), by Lemma 11.7.1. 
Also 


(912 AOz) (Ey, Ez) = G42 (Ey )O2 (Ex) - 12 (Eo )O2 (E1 ) 
= W12(E; ). 
Equations like part (3) are proved by applying both sides of the equation to the pair 
of tangent vector fields {E, , E, }. We find 
dw12 (Ey, Ε2) = Ey [42 (E2)] - Ex [12 (Ex )) - 12 ({E1, E2]) 
= E, [E,- VE, E, J - E, [E, ‘VE, E,] - ΕΔ “VIE, E, ] Ej 


VE, E2-VE, E, + Εν Ve, Εἰ 2 VE, E2-VE, E, 


- E, "Ve VE, ΤΙ δὶ E, ‘(VE VE, αι τ Ve, VE, E;) 
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Vp, E2-Vp, Ei- VE, ΕΣ ὕῈ, Εἰ 

(G21 (E; )Ey + 3 (Ey )E3) + (42 (Eo )E2 + 13 (Ez )Es) 
(21 (Eq Ey + 3 (Ez )E3) - (12 (Ei )E2 + 13 (E; )Es ) 
G23 (Ey )13 (Ez) - Wo3(E2 )W13 (Ey ) 


= (W134 W32 )(Ey, Ε2). 


Now you can see why O’Neill has avoided such proofs, although they can be simpli- 
fied by careful use of suffices, | 


It remains to show only that this new approach to the differential of a 1-form 
includes those of both Chapters I and IV. 


How does this give us the formulas of Chapter I? Firstly, in E* we notice that, since 
the standard frame fields are parallel, the Poisson brackets [U;j, Uj] are zero. Hence if 
@=a,dx, + a,dx, + a3dx;3 then 


dg(U;, Uz) = U; [6(U2 )] - U2 [¢(U; )] 
=U, [a2] - U2 [a | 


But, using a definition of the wedge product similar to that used in Chapter IV, 
dx, dx, (U,, U, ) = dx, (U, )dx, (U2 ) = dx, (U, )dx, (U, ) 


=1.1- 0.0=1. 
Using these and similar results we see that 
da, da, | ec aen's 
dg = |=— - ——}dx, dx, + two similar terms. 
Ox, OX, 


How do we obtain the formula of Definition IV.4.4? Firstly, if we are dealing with a 
patch x we note that the Poisson bracket [xy °x ', xyox ] of the partial velocity 
tangent vector fields is zero. This follows since at the point x(ug, Vo ) 


[xy ox 7, xyox"'] (x(uo, vo)) 


—— —1 - 
Vix © χ (x(tig vo)) AVX ) 7 Ὁ 


)) eu ox) 


Χυ 9 x! (x(ug, Vo 


=V (χυ οχ ἢ) - V 


~1 
ox 
Xy(Uo, Vo ) 


Xy(Uo; Vo ) Ou 
= χναί(αρ» Vo) - Xyy(Uo Vo)s as in Comment (i) on Section V.4, 
= 0, SINCE Xyy = Xyy- 
Hence 
do(xy ox, xyo x) =xyox?[O(xyox")] - xyox [O(xyox”)] 
and hence considered as functions on the domain of the patch x 


dg(xXy, Xy) = Xy[O(Xy 9 χ ἢ] - xy[O(xy°x)] 
=2 [o(xy oxteox)] - 2 [(xyoxtx)] 


=2 (g(xy)) - 2 (0(xy))- 


8 
Summary 


Notation 


W125 GI135 W923 
6,, 0, 


Definitions 


(i) Adapted frame field 
(ii) Connection forms (W 2, 13, W23) on a surface 
(iii) Dual 1-forms 6,, 0, - 


Results 


(i) There is an adapted frame field on a region of M if 
and only if the region is orientable and there exists 
a nonvanishing tangent vector field on it. This is 
always possible on the image of a patch. 


(ii) For a tangent vector v tangent to M at pand 5 the 
shape operator 


S(v) = 33(v)E; (p) + ὡ3 (ν) 2 (p). 


(iii) | The structural equations 
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Page 248, line 3 
Page 248, line -15 


Page 246, Definition 1.1 
Page 248, line 3 
Page 248, line -16 


Page 246, Lemma 1.2 


Page 248, Corollary 1.5 


dO, = Wy. A 8, 
(1) First structural 

dO, = W., 49, equations 
(2) W3; A 0; τω; 89, =0 Symmetry equation 
(3) dW. = W13 A W32 Gauss equation 


did13 = Wig A W3 
(4) 


dw 23 = ὧχι A W413 


Techniques 


(i) Describing the shape operator in terms of the 


connection forms. 


(ii) Using the structural equations. 


Exercises 


Technique (1) 


l. Page 250, Exercise 2. 


Codazzi equations 


Page 249, Theorem 1.7 


Page 248, Corollary 1.5 
Page 249, Theorem 1.7 


M334 VL1 ΣΝ | 9 
Technique (11) | 


2. (a) Let C be a circle of radius r in the xy plane and let the radius make 
an angle 3 with the x axis. Let E, be the unit vector field along C 
that is in the xy plane, is tangent to C at each point of C and points 

in an anti-clockwise direction. | 


Prove that E, [3] = 1/r. 


(b) Page 250, Exercise 3. (Use the result of part (a) and compare the 
attitude matrix with that of the frame field of Fig. 6.3 on page 247 
and Example 1.6 on page 248.) 


(c) Page 250, Exercise 4. 


Theory Exercise 


3. Page 250, Exercise 1. 


Solutions 


1. Page 250, Exercise 2. 
(a) We verify each of the structural equations in turn. 


(1) dé, =d(rcos yd) =-rsin ᾧ dy dd, since d(d#) = 0 and r is constant 
on the sphere. Also 


G12 AO, =sing dd A τάφῳ =r sing dy αὖ. 

dé, = d(r dy) = 0, since r is constant, and 

GW, AO, =-sinyg dd A rcosydd=0, since dd a dd =0. 
(2) O31 AO, + Wa AO, | 

= (cosy 48) A (τ cosy dd) + dy A (τ dy) = 0. 
(3) dw, = d(siny dd) = cosy dy dd; 

W13A (39 = (-cos y 439) A dy = cos φ dy dd. 
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2(a). 


| M334 VI.1 
(4) dw,3 = d(-cosydd) = siny dy dd; 
G12 A Wo3 = (sing dd) A (-dy) = siny dy ἀϑ. 
ἀω3 = ἀ(- ἀρ) = 0; 
G91 A W413 = (-sing dd) A (-cosp 49) - 0. 


Ὁ) Ε4{9] = dd[E,] =——8, [E, ] = 


r cos ᾧ r cos y’ 


1 | 
E, [8] = dO[ Es] = re55g81 [Ez] = 0: 


Εἰ [y] = dy[E,] ==62 [E,] = 0; 

Ε2[Φ] = ἀφ[Ε] - 29,8] =<. 
(Ὁ)  ByCorollary V1.5, | 

S(v) = @13(v)E, (p) + w23(v)E, (p) 


= -(cosy di(v)E; (p) + dy(v)E (p)). 
Now if 
v =v, E, (p) + v2 E, (p) then 
ἀϑ(ν) = v dO(E; (p)) + v2 dd(E (p)) 
=v, E; (p)[9] + v2 Ε2 (p) [3] 
= v,/rcosy(p), by part (b); 
similarly 
ἀφί(ν) = vi E, (p)[y] + v2 Ε2 (p)[¥] 


= ν /r. 


Hence 


ες VaCOs MAD) Lr 
55) "τ ἀξ τον Er (P) + 2Ea(P) 


=- . (νι Ey (p) + v2 Ep (p)) =~ τ 


Hence the shape operator is given by the matrix 
1 - 0 

g--i 

r 


0 1 
We can parametrize the circle C in such a way that the initial velocity is E, 


evaluated at the point corresponding to angle Jo; that is, 
E, =-sin Jo U,; + cos ϑὺ Up. 


We need 
a: th—>rcos(Po +2) U, +rsin(d> + +) U2. 


Hence 


ae 
ον πιο ΜΡ 


«ἃ t 


t=0 | 
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2(b). 


2(c). 


Page 250, Exercise 3. 
Replacing r by (R + r cosy) in the previous part of the exercise we find that 


E, [9] = 1/(R + rcosy). 


Since Ε lies in a plane ὃ = constant 


E, [9] = 0. 
Hence d3[E, ] =1/(R+ rcosy) 
dd[E, |= 0 


and consequently 6, =(R+rcosy) dv. 
Similarly 0, = rdy. 


Comparing Fig. 6.4 with Fig. 6.3 on page 247 we see that the attitude matrix. 
for the frame field on the torus is the same as that for the frame field on the 
sphere. Hence the connection forms are the same. Those for the sphere were 
obtained on page 249 and so 


Wi. =singdd, Ww 13 =-cosydd, wy 3 =-dy. 
The structural equations are verified as for the spherical frame field. 
Page 250, Exercise 4. 

S(V) = 1i3(V)E, + ὠ23(Ν) 2. 

S(V)= -cosydd(V)E, - dy(V)E, 

eee 04(V)Es τ ΘΕ 

S(E, ) =-(cosy/(R + rcosy)) Ej. 

S(Ez) =-(1/t)Es. 
Hence k,=-cosy/(R+rcosy) and k,=-1/r. 
Page 250, Exercise 1. 
(a) a” =T'= ΚΤ, since T Ξ α', 


= VyE;, since T= §,, 


12(T)E2 + 43(T)E3. 


Now a is a geodesic if and only if a” is normal to the surface, which 
happens if and only if w,.(T) = 0. 


(b) If we let T, V, U be the restrictions of E,, E,, Ε2 toa then 
T= ayy (T)V + w43(T)U, | 
and so by Exercise V.5.7 
g = W2(T) and k = w,3(T). 
Again from Exercise V.5.7 
t=S(T):V 
= (W13(T)T + w3(T)V) -V, by Corollary 1.5, 
= W3(T). 
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VI.2. FORM COMPUTATIONS 


Introduction 


This section follows on directly from the previous section. It uses the structural 
equations to obtain formulas for the mean and Gaussian curvature, introduced in 
Section V.3, and derives another form of the Codazzi equations when an adapted 
frame field can be chosen using principal directions. 


The equation involving the Gaussian curvature is of fundamental importance in 
establishing, in Section VI.5, that Gaussian curvature belongs to an ‘intrinsic’ 
geometry. | | 


READ: Section VI.2 (pages 251-255). 


Supplementary Comments 


(i) 


(ii) 


(iv) 


(v) 


Page 252: Lemma 2.2(2), the trace formula 

(W133 A 82 +6, ὠ3}(Ε,, Ε2) 

= )13(E, )02 (Ez )- G13(E2 )O2 (Ei) + 8; (Ey )w3 (Ez) - 8; (Ez )w3(E; ) 
τ W13(E, ) + G23 (E), since 0;(E;) = δ» 
= trace 5 = 2H, 

since the trace is found by adding the elements on the diagonal of any 
matrix representing the linear transformation. 


Page 253: Corollary 2.4, line -4 of the proof 

dio12 (Ex, Ε2) = (df A 6, + df, A θ + f,wi2A θχ + ἔγωγ A θ)(Ε,, Ε2) 

= df, (Ey )0,(E,) - df, (Ez )0,(E1) + df, (Ε,)θ2(Ε2) - df, (Ez )02(E;) 

+ £1 G42 (Ey )O2 (Ez) - £1 G42 (Ex) 02 (Ey) + £2 21 (E1) 0; (Ez) - £2021 (E2) 61 (E; ) 

= -df, (Ε2) + df, (E1) + δὶ 12 (E;) - £2 1 (Ez). 

Page 253: line -- 7 

W@W32(E,) = sinydd(E,) =smyE, [9] =siny/rcosy, by Exercise VI1.1.2, 
= tan y/r. | 

W12(E2) =sinyE,[8] = 0. 


Page 253: line -3 This uses the chain rule V[h(f)] = h'(£) V[f], where V 
is a tangent vector field on M, f is a function from M to R and h is a function 
from R to itself. 


Page 254: Lemma 2.6, line 7 of the proof If V, =aF, +bF, is an 
eigenvector corresponding to the eigenvalue k, then 


Sai - Κὶ 512 a 0 
512 522 ~ ky b 0 


50 


a(Si; = Κι + bS,. = Q. 
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Choosing a = 81} gives Ὁ = k, —S,, and so V, is as stated; and V, follows 


similarly. 


(vi) Page 254: Lemma 2.6, line -5 of the proof S(F,) + ΕΣ is zero if and 
only if S(F,) is perpendicular to F,, that is collinear to F,. Hence 
S(F,) - F, is zero if and only if F, is a principal vector, which possibility we 
have excluded by considering only a small neighbourhood about p. 


Summary 
Definitions 


(i) Tangent frame field 
(ii) Principal frame field 


Results 


(i) For 1-forms ¢ and wW and 2-forms yp and ν, ¢= Ψ if 


and only if ¢(E,) = y(E,) and ¢(E,) = Ψ(Ε2) and 


p =v if and only if u(E,, E,) = »(E,, E,). 
(ii) (Ej) = 63. 
(ii) P= P(E, )0, + Φ(Ε2)θ.. 

= (Ey, Ε2)θ. A 62. 
(iv) 43, A G93 = KO, A Oo. 

Wi3 AO, +6, A Wo3 = 2HO, A G,. 


(v) dw. Ξ -Κθ, Λ θ.. 


Page 251, Section VI.2, line 4 
Page 254, Definition 2.5 


Page 251, lines -13 and-11 
Page 251, line - 7 


Page 251, Lemma 2.1 


Page 252, Lemma 2.2 
Page 252, Corollary 2.3 


(vi) K = Ey (12 (E1)] - Ey [a2 (E2)] - ὧ12 (E, )?- wr. (Ε,)΄. 


(vii) If p is nonumbilic then there exists a principal 
frame field on some neighbourhood of p in M. 


(viii) If E,, E,, E3 is a principal frame field then 
W13 =k, 44, W3 =k, 8. 
(ix) If E,, E,, E; is a principal frame field then 
E, [ko] = (Κ,- kz) w12(E) 
E, [ki] = (Κι - ky) 12 (E;). 


Techniques 
(i) Expressing forms in terms of 0,,0, and 6, A θ,. 
(ii) Using the structural equations to evaluate exterior 


derivatives of forms described in terms of 
6, 3 θ;, W125 Ο13 and W23- 


(iii) | Using the second structural equation to find the 
Gaussian curvature: 


dw. = -Κθ, Λ θ.. 


Page 253, Corollary 2.4 


Page 254, Lemma 2.6 


Page 254, line —4 


Page 255, Lemma 2.7 


Page 251, Lemma 2.1 


Page 249, Theorem 1.7 


Page 252, Corollary 2.3 
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Exercises 


| Techniques (i ) and (i) 


1. | Page 256, Exercise 2. — 
2. Page 256, Exercise 3. 


Technique (111) 


3. Use the formulas of PRCTCINE S 3 on page 250 to calculate the Gaussian cur- 
vature of the torus. ἡ 


Solutions 


1. Page 256, Exercise 2. 
Since ἢ; = X° E., then for any vector field V on M 
dh;(V) = V(h;] = V[X-E,] 
= VyX* E; + X + VVEi, by Corollary I1.5.4(4), 
=V-E, +X-VyE;. 
Hence, by the definition of the dual 1-forms and the connection forms, 
dh; (V) = 6; (V) + X+ (G42 (V)E2 + W43(V)Es) 
= 6,(V) + wy. (V) hy + W33(V) hg. 
Since this is true for all tangent vector fields V it follows that 
dh, =8, + Wy,h, + wi3h3 
and similarly 
| τ (ἢ, = 03 + Waihy + 2383. 
2. Page 256, Exercise 3. 
(a) By definition WV) = X-VXE3. 
Now w= W(E,)01 + Ψ(Ε2)θ2 
= (X-(E, X E3))@, + (X-(E, x E3))62 
=- (X-E,)0; +(X- E1)82 
=-h,6, +h ιθς. 
Hence | 
| ἂψ - ἀμ; αιθι - φάθι Hab Oya. 
-(82 + W2,hy + ὠ2383) Δ 6, - γώ; A θ2 
+ (0; + 12} + Wi3h3) A.02 thy we, A 4), by Exercise 1, 
= 20, AO, +h3(wy3 A θη +8, A ὡδ23) 
=20, A 0, +2h3H0, A 6,, by Lemma VI.2.2(2), 
= 2(1+hH)@, A θ2. 


where h; Ξ ἢ is the support function. 
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(b) ἔ(ν) = ¥(S(V)) 
= y(w3(V)E, + w23(V)E2), by Corollary VI.I.5, 
= X+(W13(V)E, + W23(V)E2)XE3 
= — W13(V)(X-E, ) + w23(V)(X- Ey). 
Hence 
§ = —hy 43 + hy W3 
and 
ἀξ =- dha A ὡ,3- hy, dw 43 + dh; A 23 + hy, dw 3 
=~ (02 + Wa hy + 233) A 13 - ho (Wi2 A W223) 
+ (0, + Gyghy + wWy3h3) A Wo3 + hy (Wa, A W43), by Exercise 1, 
= 013402 +O, Λὼ3 + 2hz (W133) 
= 2(H + hK)@, A“ 42, by Lemma VI.2.2 (1) and (2), 
where ἢ = ἢ is the support function. 
3. dw. = d(sinyd®) = cosydy dv; 
0,A6,=1r(R+rcosy) dd dy 
=-r(R + rcos yp) dy dv: 
Since dw. =~K6,A6, it follows that 
cos ᾧ 
7 r(R+rcosy) 
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V1.3 SOME GLOBAL THEOREMS 


Introduction 


This section is of a rather different nature to those we have just studied. In this 
section we study how the shape operator determines the shape of the surface in 
some restricted cases: 


If the shape operator is identically zero the surface belongs to a plane; 
If the surface is all umbilic then it is part of a plane or a sphere. 


To go further you will need to be familiar with the concepts of compactness and 
connectedness. If you have not met compactness do not worry since the work 
depending on it is contained in the Optional Text. If you have met compactness and 
connectedness you should find these results interesting. 


Connectedness and Compactness were defined in M202 in Mendelson: Introduction 
To Topology, Definition IV.2.2 and Definition V.2.4 respectively. In M332 they are 
given by the Definitions on pages 77 and 89 of Unit 2, Continuous Functions. 


You will need to use the following two results: 
(1) If a compact surface M is contained in a connected surface N then M=N. 


(Sketch of proof: Since M is compact it is closed. Since M is a surface each point has 
a neighbourhood homeomorphic to an open disc and hence it is open in the sub- 
space topology. The result now follows from the definition of connectedness.) 


(2) If f is a continuous real valued function on a compact surface then f is 
bounded and attains its bounds. 


(This was proved in Unit M332 2, Continuous Functions, pages 90-92, Theorems 
10-12. It also appears as Mendelson Theorems V.2.9 and V.3.5.) 


With these results you can read the Optional Text, where we prove the following 
important theorem: 


If the Gaussian curvature is constant and the surface is compact then the 
surface is a sphere. 


READ: Section VI.3 (page 256 - page 259, line 7). 


Comment 


(i) Page 258: line 3 If α is any curve in M then 
dK(a’) = a’ [K] = (Ko a)’ =0, by Lemma 1.4.6. 


Hence K © a is constant; that is, K is constant along the curve a. Since the 
surface is connected any two points can be connected by a curve and hence 
the Gaussian curvature K is the same at any point of the surface. 


Supplementary Comments 


(i) Page 256 : line -2 For any curve a ,S(a‘)=-U', where the normal vector 
field U is restricted to a. In this case U = E3 and S(a’) = 0. Hence E3 = 0 
and so the vector field E3 is parallel along «. Since M is connected any two 
points can be connected by a curve and so E; is parallel on all of M. 


(ii) Page 256: line -1 The plane through p orthogonal to the direction 3 
consists of all those points r such that (r- p) - E3 = 0. 
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(iii) Page 257: line6 α' - E3 =0 since α΄ is a tangent vector and Ez is the unit 
normal. 


(iv) Page 257: line -2 Theorem VI.2.7 gives 
ΕἼ [k] = Ey [Κ2} = (ki- kp) 12 (E2) 
= (k-k)w 2 (E,) = 0, 
and similarly Ε2 [Κ] = 0. 
(v) Page 258: line 1 dk = dk(E, )0, + dk(E,)@, =0. 


(vi) Page 259: the end of the proof of Theorem 3.3 If we have chosen the 
outward normal for E3 it follows that k is the negative square root of K, 
while if we have chosen the inward normal for E3 it follows that k is the 
positive square root of K. | 


Optional Text 


READ: Section VI.3 (page 259, line 8 to page 263). 


Supplementary Comments 


(i) Page 262: first paragraph of the proof of Theorem 3.7 

κι =] 3: k? + 2k,k, +k} " 4Κ, k, 
| 4 

_ ki 2kikg +k} (ki - ke)? >0 


4 4 
H? - K=0=k, =k, and so Mis all-umbilic. 


H? -K= -k,k, 


(ii) Page 262: last four lines of the proof of Theorem 3.7 
(k, + k,)* = (k, ~ ky)? + 4K. 


Suppose k, >k, >0: then since K is constant Κὶ +k, and k, - k, attain 
local maxima together, at which points k, = }{(k, + Κα) + (Κι - Κ2}} does 
also. Since kz = K/k, the value of k, is a local minimum there. 


Summary 


Results 


(i) If the shape operator is identically zero then M is 


part of a plane. Page 256, Theorem 3.1 
(ii) If M is all-umbilic it has constant Gaussian 

curvature K 2 Q. Page 257, Lemma 3.2 
(ii) [ΕΜ is all-umbilic and K>0 then M is part of a 

sphere of radius 1A/K. Page 258, Theorem 3.3 
(iv) | A compact all-umbilic surface is an entire sphere. Page 259, Corollary 3.4 
(v) If M is a compact surface there is a point at which 

the Gaussian curvature K is strictly positive. Page 259, Theorem 3.5 
(vi) If M is compact with constant Gaussian curvature 


K, then M is a sphere of radius 1 A/K. Page 262, Theorem 3.7 
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Technique 


(i) Application of the above results. 


Exercise 
Technique (1) 


1. Page 263, Exercise 1. 


Solution 


1. Page 263, Exercise 1. 
Since M is flat and minimal 
K=k,k,=0 and H=3(k, +k,)=0 
and so k, = k, = 0. Hence S = 0 and M is part of a plane. 
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V1.4 ISOMETRIES AND LOCAL ISOMETRIES 


Introduction 


In Chapter HI we defined the isometries of Ε to be the distance-preserving 
mappings of E?, and said that the geometry of Εὖ consisted of those properties 
invariant under isometries of E*®. In order to make sense of the geometry of a 
surface we need the concept of “isometry of surfaces”’, and this section is devoted to 
adapting the ideas of Sections III.1 and III.2, that is the definition of isometries and 
the fact that their derivative maps preserve dot products of tangent vectors, to 
provide a definition of “‘isometry of surfaces’? and explore some of its consequences. 


Take care not to confuse “isometry of surfaces” with “isometry of E*”’. An isometry 
of Εὖ is a mapping from Εὖ to E? which preserves lengths; an isometry of sur- 
faces is a mapping F from a surface M to a surface N with certain nice properties : in 
general it is not possible to extend F so that it is defined on the whole of Εὖ, and 
so F cannot be the restriction of an isometry of Εὖ. The exact relationship between 
these two sorts of isometry will be explained in Section VI.8. 


Of course, since isometries of surfaces are firstly mappings of surfaces, we need the 
results of Section IV.5 and the comments thereon. All that is needed from subse- 
quent sections of O’Neill are the definitions of E, F and G on page 210 and the 
canonical parametrization of the catenoid from Section V.6. O’Neill also refers 
forward to Exercise 1 on page 269: this is a rewording of the following theorem of 
linear algebra, which is very similar to many results we used in Chapter III. 


Theorem VI.4.A If V and W are 2-dimensional real vector spaces with inner 
products, which are written with dots in the usual way, and T : V——~W is a linear 
transformation, then the following conditions on T are logically equivalent; that is, 
if any one of them is true then all the rest are also true. 


(a) T preserves dot products; that is, 
T(v1)*T(v2) = νι" V2 


for all v,, v2 in V. 


(b) T preserves lengths; that is, 


I Τ(}} - [ν] 
for all v in V. 
(c) T preserves orthonormal bases; that is, if εἰ, 62 is any orthonormal basis for 


V then T(e; ), T(e2 ) is an orthonormal basis for W. 


(5) Τ᾽ preserves a particular orthonormal basis; that is, there is some particular 
orthonormal basis €,,e, for V such that T(e,), T(e2) is an orthonormal 


basis for W. 
(d) There is some pair of linearly independent vectors v,, v. in V such that 
Ta) I= [νι] 
IT(v2) = [ve | 


T(v,)+T(v2) =vi- v2. 


Proof Conditions (a) and (b) were shown to be equivalent in Unit M201 24, 
Orthogonal and Symmetric Transformations, Theorem 1 (page 7) and the details of 
the proof of Theorem 2 on pages 10-11 of that unit show that conditions (a), (c) 


and (c’) are all equivalent. The remainder of the proof is contained in the following 
exercise. 
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1. Prove that (c') => (d) and (d) 55 (b), where (b), (ς΄) and (d) denote the 
corresponding conditions of Theorem VI.4.A. This is sufficient to prove that 
condition (d) is equivalent to each of conditions (a), (b), (c), (c’). 


We shall also need 


Theorem VI.4.B If T: V—-»W is an orthogonal transformation then T has an 
inverse T~? : W—>V, which is also orthogonal. 


Proof The proof is given in the Correspondence Text, Part III, page 6, Comment 


(iii). 


READ: Section VI.4 (pages 263-269). 


Comments 


(i) Page 264: Definition 4.1 A curve segment « from p to 4 is a portion of 
a curve defined on a closed interval [a, Ὁ] such that a(a) = p, a(b) = q. The 
length of such a curve segment is the arc length from a to b, that is 


b 
| J or(t)]] dt. 


a 


Because all such lengths are non-negative, the set of appropriate ““L{a)” 5 is 
bounded below (by zero) and so does have a greatest lower bound. 


(ii) Page 264: Definition 4.2 We require that 
ΕΟ) Εν) =v-w 


whenever these expressions are meaningful. F,(v) and F,(w) are defined 
only when v and w are tangent vectors which are tangent to M. If v and w are 
two such vectors, ν w is defined if and only if v,w belong to the same 
tangent space T,(M): in this case F,(v) and F,(w) both belong to the 
tangent space TF(p)(M) and so F,(v) - F,(w) is defined. Thus we are requir- 
ing that 


F,(v) + F,(w) =v-w 


whenever v, w belong to the same tangent space Tp(™) for some p in M. 


Supplementary Comments 
(i) Page 265: line 1 This is the implication (a) > (b) of Theorem VI.4.A. 


(ii) Page 265: proof of Theorem 4.3 Ε (α΄) = (F(a)) by the definition of 
F,. 


(iii) Page 266: Lemma 4.5, and subsequently O’Neill is using the letter F to 
denote both a mapping of surfaces and the function x, - x,. This looks 
confusing, especially where both usages appear in close proximity, but it 
should always be clear from the context which meaning is intended. - 
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2] 


(iv) Page 266: proof of Lemma 4.5 This proof uses the equivalence (d) + (a) 
of Theorem VI.4.A, the fact that x, and x, are linearly independent at each 


point, and the result that 
F,(xy) = (F(x))y> Ἐκί(χυ) = (F(X) y> 


which was proved on page 161. 


(v) Page 267: Example 4.6(1) This uses the equivalence (c) (a) of 
Theorem VI.4.A, as U, (p) and U,(p) form an orthonormal basis for T(E’ ). 


(vi) Page 267: Example 4.6(2) E, F, G (for the helicoid with b = 1) were 
computed in Example V.4.3(1) on page 213; E, F, G (for the catenoid with a 
canonical parametrization) were computed in Lemma V.6.3 on page 238. 


Summary 


Notation 


[(α] 
p(P, 4) 


Definitions 
(i) Length (L(a)) of a curve segment a 


(ii) Intrinsic distance p(p, q) 
(iii) | Isometry of surfaces 


(iv) Isometric surfaces 

(v) Local isometry 

(vi) | Conformal mapping of surfaces 

Examples 

(i) A plane is locally isometric to a circular cylinder. 
(ii) A helicoid is locally isometric to a catenoid. 
Results 

(i) Isometries of surfaces have inverse mappings; that 


is, they are diffeomorphisms. 
(ii) Isometries of surfaces preserve intrinsic distance. 
(iii) | Isometries preserve the speed and length of curves. 


(iv) A local isometry is an isometry on sufficiently 
small neighbourhoods. 

(v) A mapping F : M—N is a local isometry if and 
only if E= E, F = F, G=G for each patch x in M. 


(vi) Local isometries are conformal mappings with 


A(p) = 1. 


Page 264, Definition 4.1 
Page 264, Definition 4.1 


Text, page 20, Comment (i) 
Page 264, Definition 4.1 
Page 264, Definition 4.2 
Page 265, line -- ὃ 

Page 265, Definition 4.4 
Page 268, Definition 4.7 


Page 267, Example 4.6(1) 
Page 267, Example 4.6(2) 


Page 265, line 6 
Page 265, Theorem 4.3 
Page 265, line 14 


Page 266, line 7 
Page 266, Lemma 4.5 


Page 268, line -2 
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(vii) Each of the following conditions is equivalent to F 
being a local isometry: 


(a) F, preserves dot products; 


(b) F, preserves lengths; 


(c) Fx preserves tangent frames; 
(d) F,, preserves |v||, || w|| and v- w for some 
pair of linearly independent tangent vectors 
v and w in T,(M) for each p. Text, page 19, 
Theorem VI1.4.A and 
Page 269, Exercise 1 
Techniques 
(i) Recognizing isometries of surfaces and _ local 
isometries. Page 264, Definition 4.2 and 
Page 265, Definition 4.4 
(ii) Finding local isometries using Result (v). Page 266, Lemma 4.5 
Exercises 
Technique (1) 
2. Let C be the catenic cylinder, which is the image of the patch 
x : (u, v) —>(sinh™ u, (1 + u? 2, v) (u, v) €E?. 


That is, C is a cylinder whose cross-section is a catenary (see Fig. 5.41 on 
page 239). Show that C is isometric to E? by showing that x is an isometry 
of surfaces. (The derivative of u-—>sinh™! u is u-—9(1 + u?) 7.) 


Technique (1t) 


3. Page 270, Exercise 5(a). You may find it helpful to look at Exercise V.5.11 
on page 231, where the tangent surface of a curve was defined. 


Theory Exerctse 


4. Prove that, for any diffeomorphism (that is, mapping with an inverse 


mapping) F of surfaces, (ΕἾ), ΞΕ". Deduce that the relation “18 
isometric to”’ is an equivalence relation on the class of all surfaces in Εὖ. 


' Optional Section — Conformal Mappings 


O’Neill has barely introduced conformal mappings. They are not needed again in this 
course, but they are relevant to some other parts of Mathematics (M332 Complex 
Analysis, for example). If you would like to gain a deeper understanding of con- 
formal mappings, work through the following exercises. 
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5. Write down conditions, in terms of \(p), analogous to (a), (0), (c), (c’), (d) 
of Theorem VI.4.A which are logically equivalent and which F,,, must 
satisfy for all p if F is to be conformal. For example, (b) becothes the 
definition of conformal: 

(b) For all v in Tp(M) 
[Ε.(}}} = ACP) |v. 

6. Page 270, Exercise 8. (ϑ is defined to be an angle between v and w if 
cos} =v- w/ | vf |] wi.) 

7. Page 271, Exercise 14. Apply condition (d) of Exercise 5 to xy, xy for 
suitable patches x. You will need to use two patches. 

(a) All of Σο except one semicircle from the north pole to the south 
pole is covered by the modified geographical patch 
x(u, v) = (cosv cosu, cosv sinu, 1+sinv), πὲ (-π, 7), vE(-5, 5) 
This patch x, and the composite P(x) = y (where P is stereographic 
projection) are given on page 162. The partial velocities 
Xy> Xy» Yu» Yy Were computed in the solution to Exercise 3 on page 
53 of the Text, Part IV. A similar patch, changing the domain of u to 
(0, 27), covers all of the missing semicircle except the south pole: the 
details of the computation are obviously the same and may be 
omitted. 
(b) The south pole is covered by the Monge patch 
x(u, v) =(u, v, 1- (1-1? vf), uw? +v?<1. 
The values of the partial velocities of this patch x and the composite 
P(x) at the origin were computed in the solution to Exercise 3 on 
page 53 of the Text, Part IV. 
Solutions 
1. (c')=>(d) Let vy Ξ εἰ, vz = 2, where ej, 62 is the particular orthonormal 


basis for V specified in (ς᾽). Then v;, v2 are linearly independent, and 


IT(va)) = [Τ(61}} = 1 = Jer} = [νι] 
[Τ(ν2}} = [Τ(62}} = 1 = fer = [ve] 


T(v;)- T(v2) = T(e,)-T(e2) = 0 =e,- ε2 =v - v2 


" 


(using (c’)). 


(4) 55 (δ) Let vy, v2 be the particular vectors specified in (d). These are 
linearly independent and so span V, and thus any vector v in V can be 
written as a linear combination of v,, v2: 


v=av, τ bv, 
where a, b are real numbers. T is a linear transformation so 
T(v) = T(av, + bv, ) 
= al(v,) + bT(v, ). 
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Thus 


[T(v)] * = aT(v.) + bT (v2) 2 

(aT(v, ) + bT (v2 ))-(aT(v, ) + bT(v, )) 

a* T(v, )+ T(v, ) + 2abT(v, ) - T(v2) + b* T(v2) - T(v2) 
a’||T(v1)] * + 2abT(v,)-T(v2) + b?|T(v2 )}] ? 

a’||vi||* + 2abvy-v2 +b?l\v2]? (by (d)) 


(av, + bv2 )-(av, + bv, ) 
= lav, + bv, ||? 
= |v |*. 
2. The patch x : Ε-- is onto by definition of C. Moreover 
x: (u, v)+—»(sinh7!u, (1 + u? ἽΣ v) (u, v) GE? 
is one-to-one because the functions 
ur— sinh! u (α Ε R) 
νην (vER) 


are both one-to-one. Thus we have to show just that x, preserves dot 
products of tangent vectors. Following the method of Example VI.4.6(1), it 
suffices to show that ΕΞ G=1, F = 0. 


x = 9 1 > 
wu \aew)? itu??? 
xy= (0, 0, 1) 


1+u? 
0 ΕΞ χα ΧΩ Ξ ΤΣ =], F=xy-x,y=0, G=x,y-x,=1, 


and so x is an isometry. 


3. Page 270, Exercise 5(a). 

The tangent surface A to α is the image of the patch 
x: (u, v)+—>a(u) + vT(u) 

where T(u) is the vector such that 
a'(u) = Τ(υ)α(υ). 

The tangent surface B to β is parametrized by 
y : (u, vj +B (u) + vI{u) 

where 
B'(u) = Te) ὦ) 


An obvious mapping from A to B is F, where F is defined by F (x) =y. By 
Lemma VI.4.5,F is a local isometry if E= E, F = F, G=G. Now 


Xy = a'(u) + vT"(U)e(u) 


= (T(u) + vk(u)N(u)) a (u) 
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where N(u), (u) is the principal normal to « at a(u), and 


xy = T(u)g (u): 
thus E = χῃ Χα = T(u)-T(u) + 2v«(u)T(u)- N(u) + (vk(u))? N(u)-N(u) 
| =1+0+(vk(u))?; 
F = xy+xy = T(u)-T(u) + vk(u)T(u)+N(u) 
=1; 
G =xy-x, = T(u)- T(u) = 1. 
Since B has the same curvature function Κ, a similar argument shows that 


E=1 + (vK(u))? 
Hence E= E, F = F, G=G, and so F is an isometry. 


4. By the definition of inverse mapping, 
FF7! = FO Fs], 
Thus the chain rule gives 
Fy (Fy =(F7!)eFa = Le 


What is I,,? Well, I, is defined so that 
I, (a) = (I(a))' 


for any tangent vector a’ tangent to M. I is the identity map on M, and 
so (I(a))'= α΄ andthus I,(a') Ξ α΄: in other words I, is the identity 
map on the tangent spaces to M. Thus F,(F~' ), and (ΕΠ). F, are both the 


identity map on the tangent spaces to M, and so (ΕἾ). is the inverse of F,; 
that is, 


(Ε΄). = (Fy) ™- 


Now, to show that the relation “‘is isometric to’’ is an equivalence relation 
we must show that it is (a) reflexive, (b) symmetric, and (c) transitive. 


(a) If M is a surface in Εὖ, the identity map I : M——>M is clearly an 
jJsometry, so M is isometric to itself. Thus “is isometric to”’ is 
reflexive. 


(b) ΙΕ: M—N is an isometry of surfaces, we saw on page 265 that F 
has an inverse mapping ΕΓ : N——>M. Since F7! has F as an inverse 
mapping, F~' must itself be one-to-one and onto. To show that Ε΄ 
is an isometry we need to show that (F~'), preserves dot products. 
We have shown that (ΕἾ), = (F,)7!. Now F, preserves dot products; 

that is, each F,) is an orthogonal transformation. Consequently 

Theorem VI.4.B tells us that each F,,' is an orthogonal trans- 
formation; that is Ε, Ἶ .preserves dot products. Hence (Ε΄). pre- 
serves dot products and so ΕΓ is an isometry. 
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(c) Suppose F : M——N and G : N—>S are isometries of surfaces. Then 
F and G are both one-to-one and onto, so GF : M—>S is also one- 
to-one and onto. For tangent vectors v, w tangent to M at the same 


point, 


((GF),v) -((GF),w) = G,(F,v) -G,(F,w), 


ΞΕ F,w, 


by the chain rule, 


because G is an isometry, 


because F is an isometry. 


Thus GF :M—»S is an isometry and so “is isometric to” is 


transitive. 
(a) For all v,, ν) in Tp(M) 
F,(vi )> Fy (v2) = (A(p))? v1 τν2- 
(b) For all v in Tp(M) 
ΓΕ, (ν}} = A(p)lv}. 
(c) For all frames e,, e, in Tp(M) 


IFa(ex) | =[Fx(e2)| = X(p) 
F,(€1)+Fe(ez) = 0. 


(c’) There is a particular frame e;, e, in Tp(M) such that 


| Fae) =| Fe(e2}H = A(p) 
F,.(€1 ) -Fx(e2) = 0. 


(d) There is some pair of linearly independent vectors νι, ν in Tp(M) 
such that 
IFa(va)f = A(p)ilva | 
IF (v2) = A(p)lve | 


F, (vi) Fy(v2) = (A(p))? vi + v2 - 
Page 270, Exercise 8. 
If ϑ is an angle between v and w in Tp(M) then 


9 vow 
cosv =) π᾿ 
vi wl 


If F : M—N is conformal with scale factor A then 


| F.(v)| d(P)||v| 
JF.(w)] = (py, 
by definition of conformal, and 
F,.(v)- F,.(w) = (A(p))? v-w 
by condition (a) in Exercise 5. Hence 


F,(v)-Fa(w) _ __(A(p))* vw 


IFa(v)IIFe(w) ACP) Iv} ACP) >I 


~ it 


= cost, 


and so ϑ is an angle between F,(v) and F,(w). 
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7. Page 271, Exercise 14. 
(a) First we show that the mapping 


| 2 
Ρ: (pi, P2, P3 )——> 2-3 (Pi, P2 ) 


is conformal on the image of the patch 
Xx : (u, v)+—+(cos v cos τι, cos v sin τι, 1 + sin νυ), 
T π 
(u€ (-π, 7), vE (-9°5))- 


Let y = P(x). Then, since P,(Xy) = γι» Py (xy) = yy, by condition (d) 
of Exercise 5 we have to show that 


Yu°Yu = ? Χο Xy 
YurYy = 2 Ky ° Xy 
Yv°¥v = ? Xy° Xy 


for some A depending on the point p. Now, we saw on page 53 of 
Text, Part IV that 


Xy = (-cosv sinu, cosv cosu, 0) 


Xy = (-sinv cosu, -sinv sinu, cosv) 


2 COSV - 
= --- --- (-sinu, cosu. 
Ὦ 1-ςὴν ( ; ) 
= ---κτι:.- (cosu, 511 
γν 1-sinv ( : ) 


and so 
τὰ = cost yv ee sole vats 


4 cos’ v 4 


γα γα Ξ- το πος, yy-yy=0,  yyeyy = -------. 
δά (I - sinv)? pon ay (1 -sinv)? 


Thus we have the required result with 


ait se 
λίχί, ν}) = 1 - βίην 
If p = x(u, ν) then P(p) = a (cos u, sin u), so 


Lapis cos? v 
ze {isin τ 


Le? 
4 1 -- sin v) 


_ 1- 2sinv + sin? v + cos*v 
(1 - sin v)? 
_ 2(1- sin v) 
(1- sin v)? 
2 


1-sinv 


Xp), 


as required. 


Now we show that P is conformal at the south pole by using the 
Monge patch 


1 
x(u, v) = (u,v, 1-(1-u?- ν2)2, υ +v?#< 1. 
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Again we let y = P(x). We saw on page 53 of Text, Part IV that, at 


the south pole, 


X,(0, 0) = (1, 0, 0) 

x,(0, 0) = (0, 1, 0) 

γαίθ, 0) = (1, 0) 

yy(0, 0) = (0, 1) 
and so 


Xy*Xy=l, xy°xy =0, Χυ Χν = 1 
YurYu=1, Yur ¥v=9,  yy-yy=1 
Thus we can take \(0) = 1 to satisfy condition (d). Then 
P(0)|| 2 
1 + ἸΡ(0)} * =1]+0= A(0) 
4 
and so 


_, ,1P(p)] " 
A(p) = 1 aay woe 


for all pin Yo. 


Since we have found a positive value of ἃ for all pin Xo, P is conformal. 
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VI.5 INTRINSIC GEOMETRY OF SURFACES IN E? 


Introduction 


This section follows on directly from Section VI.4. It also uses the function Εὖ; 
which was defined in Section IV.5, and the connection form computations from 


Section VI.2. 


The purpose of this section is to prove Gauss’ theorema egregium, that the Gaussian 
curvature of a surface in E® is left invariant by isometries. This is a very important 
result, which immediately gives us a simple criterion for telling when two surfaces 
are not isometric. The proof of the theorem is a little technical: we do not expect 
you to be able to reproduce it from memory. 


READ: Section V1.5 (pages 271-275). | 


Comment 
(i) Page 272 : statement of Lemma 5.1 This is really saying that ὦ.) is the 
unique 1-form that satisfies 
dO, = W132 A 8, 
dO, =-W42A9, 
and that a, is given by 


G21 “τ ὧ2- 
Supplementary Comments 


(i) Page 272 : proof of Lemma 5.1 
dé; (E,, E, ) 


= W42(E, )02 (Ez) - 0242 (Ep )02(E; ), 


= W312 (E,)-1- wi2(E,)-0, 
= G12 (E; ) 
and 
dO. (E,, Ez) = (a2; A 0; )(Ey, E2) 
= 91 (E; 01 (Ez) - ὧι (Ε2)θ., (Ex) 
- G91 (E>) 
W412 (Ep ). 


It 


(W312 A 04 )(E;, Ε2), | by the first structural equation, 


by the definition 
of wedge product, 


by the definition of 0,, 


(ii) Page 272 : end of Remark 5.2 To show that ὠ,) defined by 


12 (Ej) = d0;(E1, Ep) 
satisfies the structural equations 


dé. =—-W192 A 0, 


it suffices to check these equations for the pair (E,, E,) (by Lemma 


VI.2.1). 
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Now 
(W12 0.82 )(E1, Ez) = 42(E; )62 (Ez) - 42 (Ez )62(E,), by definition of th 
wedge product, 
= Wi2(E,), since 0, (Ej) = δι: 
= d6,(E,, E,), by the new definition of Ww, 
50 
G19 A 0, = dé,.- 
Similarly 
(“G12 A 8; (Ey, Ep) = τω 2(Ε})θ.(Ε2} + ὠ 2(Ε2)θ. (Ey) 
= ὠί( ). 
= αθ,(Ε,, E,), by the new definition of ὦ,» 
SO 
“ὠὡἱιτχ “A θ᾽ = dé>. 
Summary 
Definitions 
(i) Tangent frame field Page 271, line - 4 
(ii) Isometric hava Page 271, line 3 of 
(iii) | Intrinsic geometry on 


Results 


(i) 


(ii) 
(iii) 


(iv) 
(v) 

(vi) 
(vii) 


G32 is the only 1-form that satisfies 

dO, = ὧν Δθ, 

dO, = -32 A9;. Page 272, Lemma 5.1 
42 (Ej) = -w; (E;) = d6;(E,, Ε2). Page 272, Remark 5.2 


If F is an isometry, E,, E, a tangent frame field, 
and F,(E;) = Ej, then 


— £*7Z. 
ας... 

W312 =F Wy. Page 273, Lemma 5.3 
Gaussian curvature is an isometric invariant. Page 273, Theorem 5.4 
Local isometries preserve Gaussian curvature. Page 274, line -8 
Geodesics are isometric invariants. Text, page 31, Exercise 1 


| Shape operators, principal directions, principal 
curvatures, mean curvature, principal curves, 
asymptotic curves, and the forms G43, W 3 are 
not isometric invariants. ᾿ Text, page 31, Exercise 2 
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Techniques 


(i) 


(ii) 


Deciding which properties of a surface are iso- 
metric invariants. Page 271, line 3 of 


. : ce ee ; the section 
Using a knowledge of isometric invariants to find 


properties of surfaces isometric to a known sur- 


face. Page 274, line -7 

(iii) | Using a knowledge of isometric invariants to show 
that two surfaces are not isometric. Page 275, line 2 

Exercises 

Technique (1) 

1. Page 275, Exercise 1. (HINT: Since we have seen, on page 228, that non- 
constant geodesics are all constant-speed reparametrizations of unit-speed 
geodesics, and since isometries preserve the speed of curves, it is sufficient to 
consider the case when a has unit speed and use Exercise VI. 1.1.) 

2, Use Example VI.4.6 (1) on page 267 to deduce that principal vectors, 
principal curvatures, mean curvatures, shape operators, principal curves, 
asymptotic curves and the 1-forms WwW ,3 and Ww 3 are not isometric invari- 
ants. 

3. . Page 275, Exercise 3. (If you have done M202 or M332 you will appreciate 

that the truth of the first sentence can be proved as follows: 
K : M—>R is a continuous function. Since M is a connected surface and the 
continuous image of a connected space is also connected, K(M) must be 
connected. However, K(M) C R, and the only connected subsets of R are the 
intervals. ) 

Technique (11) 

4. Page 275, Exercise 2. Omit the generalization. 

Technique (111) 

5. Page 275, Exercise 4. 

Solutions 

1. Page 275, Exercise 1. 


We wish to show that if F : M—N is a local isometry and a is a unit-speed 
geodesic in M then F(a) is a geodesic in N. Following the hint to use 
Exercise VI.1.1 we choose a tangent frame field E,, E, on a region of M 
containing α such that E, restricted to α is its unit tangent T; that is, the 
value of the vector field E, at the point a(t) is the unit tangent T(t), so that 


E, (a (t)) = T(t) = a(t) 


for all t in the domain of a. Because we have chosen E, in this way, part (a) 
of Exercise VI.1.1 tells us that w 2 (T) = 0 because α is a geodesic. 


M334 VI.5 


Let Ἕ, = F,(E,), E, = F,(E,), a= F(a), ΤΞἃ α΄. Then, as in Lemma VI.5.3, 
E,, E, is a tangent frame field on N and 


Wi2 = F *(@i2)- 

Moreover, for t in the domain of a, 
E, (a(t)) = Ey (F(@(t)) 

F,(E, (a(t) 
Ε,(α (ἢ) 
(F(a))'(t), by definition of F,, 
ax'(t) 
T(t) 


II 


so E, coincides with T along a. Now, ἃ is also a unit-speed curve, because 

isometries preserve the speeds of curves, and we have just shown that E, 
restricted to ἃ coincides with its unit tangent T. Thus the conditions in 
Exercise VI.1.1 are satisfied by a, E,, E, and so we see that ἃ is a geodesic 
in N if and only if W12 (T) = 0. Now 


@12 (T) = 42 (a’) 


= 42 ((F(a))’) 


= 12 (F,(o’)) 

= F"(@,.)(a’), δῃγ definition of Εὖ, 

= W147 (a’), by Lemma VI.5.3, 

= (1) 

= 0, because α is a geodesic. 


Hence ἃ is a geodesic in N. 


We wish to show that certain functions on E? and types of curve in ΕΖ are 
not “‘preserved” when mapped to the cylinder M: x? + y* =r’ by the local 
isometry 


x : (u, v)-—+(r cos(u/r), τ sin(u/r), v). 


Since each small enough open set in M is isometric to a region in ΕΖ, this will 
show that these functions and curves are not isometric invariants. 


A function f on ΕΖ is said to be “preserved by x” if the “‘corresponding 


function” f on M satisfies 


f = f (x). 


a ey 


wan 


Firstly take f to be each of the principal curvature functions, Κι and Κ,. The 
principal curvatures of ΕΖ are zero everywhere, so 


κι (p) = k2 (p) = 0 
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for all p in ΕΖ. The principal curvatures of Μ are 0, - 1/r everywhere so 
Κι (q) = 0, Κ, (q) =-1/r | 
for all q in M: in particular 
k,(x(p)) = ~1/r 
for all p in ΕΖ. Hence k,(x) is not equal to k, or Κῶ and so x does not 
preserve the pair of principal curvatures. It is true that in this case x 


preserves one of the principal curvatures, but this does not happen in 
general. 


A similar treatment works for the mean curvature function H. 


Now 
H(p) = 0 

for all p in E?, and 
H(q) =-1/2r 


for all q in M, so in particular 
Hi(x(p)) = -1/2r 


for all p in ΕΖ. Hence H(x) is not equal to H, and so x does not preserve 
mean curvatures. | 


Take E, = U,, E, = U, on ΕΖ, and Ej = x,(E;). Then 13 is preserved by x 
if 


ὧι3 = @3(x,). 


We can find the 1-forms w,3, @ 3 from Corollary VI.1.5 : 


S = W,3 E, + G93 E, 


S = ὧμ Εἰ + ὧ3 Ey. 
On E’, S is zero and so W 43 = W23 =0;onM, S(E,)=~E, /r and so 
@13(E,) = -1/r. Hence 
13 (E,) = 0 
whilst 
W13 (x, (Ex )) = ws (E, ) = -I/r. 


Thus x does not preserve w,3. It is true that in this case x preserves 3, 
but as the labelling of E,, E, is arbitrary it is clear that w3 is not preserved 
in general. Contrast this with Lemma V1.5.3(2), which shows that the 1-form 
G12 15 an Isometric invariant. | 
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We can use the fact that Κι and k, are not in general preserved by isometries 
to show that the shape operator S is also not preserved in general. The shape 
operator would be preserved by an isometry F if 


S(F,(v)) = Fx(S(v)) 
for all tangent vectors v tangent to the domain surface; that is, if the linear 
transformations 8 and F,~! S F, were equal at each point p of the domain 
surface. Now the eigenvalues of S are k, and k,; the eigenvalues of 
F,! SF, are equal to the eigenvalues of 5, which are k, and kz : in general 
these are not the same as k, and kj and so S and Ε, ' S F, cannot be 
equal. Thus the shape operator is not preserved. 


Tangent vectors v tangent to E? with some special property are said to be 
“preserved by χ᾽ if their images x,, (v) have the same property. We note that . 
x, is onto because x is regular (see the second paragraph on page 161). E? is 
all-umbilic and so every unit tangent vector v tangent to ΕΖ is a principal 
vector. Their images x,(v) are all the unit tangent vectors tangent to M 
(because x, is onto and x is a local isometry) and not all of these are 
principal vectors as there are only four principal vectors at each point of M. 
Thus x does not preserve principal vectors. 

Curves are treated similarly. Curves « in ΕΖ with a special property are 
“preserved by x” if their images x(a) have the same property. All curves ἃ 
in E? are principal curves : since x is onto, Lemma IV.3.1, shows that their 
images x(c) are all of the curves in M, not all of which are principal, as the 
principal curves in M are just the rulings and the cross-sectional circles, so x 
does not preserve principal curves. Similarly x does not preserve asymptotic 
curves because all curves in ΕΖ are asymptotic but only the rulings on M are. 


Page 275, Exercise 3. 
Let Iy, In be the curvature intervals of M, N respectively. We show equality 
by showing 

Im C In and In C Io. 
We have to show both inclusions, because a local isometry which is not 
actually an isometry does not have an inverse. Suppose x ΕἾΜ. Then there ts 


some point p in M with K(p) = x. Since local isometries preserve Gaussian 
curvature 


Κρ) = K(F(p)). 
Thus x = K(F(p)). Now F(p) ΕΝ so x € IN. Arguing thus for each x € Iy, 
we have ly C IN. 


Now suppose y Εἶν. Then y = K(q) for some point q inN. F is onto, so 
q = F(p) for some p in M. As above 


K(p) = K(F(p)) = K(q) = y 
and so y € Iy. Thus ἵν C [Μμ and so fy = IN. 


There are many examples which show that the converse is false. Here is 
one: the saddle surface Μ΄ : z= xy has curvature interval [-1, 0) (see page 
215) and the helicoid covered by 


x(u, v) = (u cosv, usinv, bv) 


has curvature interval [-1/b?, 0) (see page 214). If we take the helicoid with 
b = 1 then these two surfaces have the same curvature interval but there is no 
local isometry from one onto the other. The helicoid has Gaussian curvature 
-1 at all points with u = 0, but the saddle surface has Gaussian curvature - | 
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only at the origin. Thus if F were a local isometry from the helicoid to the 
saddle surface it would have to map the entire z axis to the origin. Suppose p 
is a point on the z axis. Then there would be a small neighbourhood of p in 
the helicoid on which F was an isometry. Such a neighbourhood would have 
to include other points q on the z axis. Since p and q would both be mapped 
to 0 by F the intrinsic distance between them would not be preserved, 
contradicting Theorem VI.4.3. 

4. Page 275, Exercise 2. 
Example VI.4.6(1) tells us that the patch x from E? to the circular cylinder 
M : x? + y* =r? given by 

x : (u, v)+—»(rcos(u/r), rsin(u/r), v) 


is a local isometry. Hence, by the result of Exercise 1, we know that if @ is a 
geodesic in ΕΖ then x(a) is a geodesic in M. Moreover, because the restric- 
tion of x to small enough regions is an isometry, all geodesics on M are of the 
form x(a) for some geodesic α on ΕΖ. The non-constant geodesics in E? are 
simply the straight lines (see Example V.5.8(1) on page 228) 


tr—>p + tq 
where p, q © E”, q ¥ 0. If « is the geodesic 
wr th—+(Py, P2) + [(4:, 42) 
then 


x(q) : t-—»>x(p, + tqi, p2 + tq2) 


= (r cos (etsa], rsin pitta p P2 + tar). 


Putting a = q,/r, Ὁ = py/r, c = 42, d = p2 shows that the non-constant 
geodesics on M are the curves of the form 


tr-—»>(r cos(at + b), r sin (at + Ὁ), ct + d), 
as found in Example V.5.8(3) on page 229. 
5. Page 275, Exercise 4. 
We have the following curvature intervals: 
sphere {1/r?} 


torus fi/r(R-r), 1/r(R + r)] (see page 236) 
helicoid [-1/b?, 0) (see page 214) 
circular cylinder {0} 

saddle surface [-1, 0) | (see page 215) 


There are no values of r, R, b for which any two of these intervals can be 
equal except those of the helicoid (b = 1) and the saddle surface, which we 
have already shown (Exercise 3) are not isometric. By the main result of 
Exercise 3, no two of these surfaces can be isometric. 
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VI.6 ORTHOGONAL COORDINATES 


Introduction 


This section follows on from Section VI.1 and VI.2 and develops a simple formula 
for the Gaussian curvature of a region described by an orthogonal patch. 


READ: Section VI.6 (pages 276-279). 


Supplementary Comment 


(i) Page 277: Equation (3) Since 0,, 0, form a “basis” for the 1-forms so 
do du and dv. Hence w,2 = a du + b dv. The first structural equations 
become 


dO, =W 1. A 4, 
=adu A 4, since 04, =./G dv, 
and 
dO, Ξωγι AO, =-Wy2 A 6, 
=-bdva 6). 
Comparison with the equations on lines -13 and -14 gives 


_WEW ΜΜθ)ὰ 


and the formula for ὧι, follows. 


a ’ 
AG JE 

Summary 
Definitions 
(i) Orthogonal patch Page 276, line -14 
(ii) Associated frame field Page 276, Definition 6.1 
Results 
(i) E, = x, /A/E and E, = x A/G. Page 277, Equation (1) 
(ii) 6, =/Eduand 6, =/G dv. Page 277, Equation (2) 


(ili) on - WE)y aa: (VG)y dv. | Page 277, Equation (3) 


VG VE 


ἡ Kanade YOM «[YEM 
es ~V(EG) |\ VE /, ἵνα, Page 278, Lemma 6.3 
Technique 
(i) Computing 6,, 62, W,2, K for an orthogonal patch 
by the technique that was used to obtain the above 
results. 
Exercise 


Technique (1) 


1. Page 279, Exercise 1(a). 
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Solution 


1. 


Page 279, Exercise 1(a). 


x, = (cos v, sin v, 0) E=1 
x, = (-usinv, ucos v, b) F=0 
G=u? +b? 


1 
6, =/Edu=du, 6, =/G dv= (u?+b’)? dv 


d0,=0, d@, -ς-. ἃ dudv= UN, ng, 
(u? + b?)? (u? + b?)? 

τ (JE), (/G), udv 

iis = du + dv = ——_; 
VG (u? + b?)? 
2 2 3 

ἀω 125 5 -—_° θι A 9, 

( 2 + b?)? (u? + b?)? 

~b? 

Hence K 
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VI.8 CONGRUENCE OF SURFACES 


Introduction 


This section draws on the results of all the previous sections of O’Neill in M334 
except Section VI.3. . 


At last we relate the concept of “isometry of E*” (Chapter III) with that of 
“isometry of surfaces” (Sections VI.4 and VI.5). We find that Euclidean isometries 
do induce isometries of surfaces, but that the converse is not true : isometries of 
surfaces need to preserve shape operators in order to be realizable as Euclidean 
isometries. In fact the shape operator (Chapter V) turns out to be the analogue for 
surfaces of the curvature and torsion functions (Section II.3) for curves, in that it 
determines the congruence of surfaces precisely. 


You should be familiar with Section III.5 before reading this section, as the ideas 
and results developed here are similar to those (but a little harder!). In particular 
some details from the proof of Theorem III.5.7 are needed in the proof of Theorem 
VI.8.3 : you should read this latter proof, but we do not expect you to be able to 
reproduce it. 


READ: Section VI.8 (pages 297-301). — 


Supplementary Comments 


(i) Page 297: line -7 The fact that the restriction F : M—~>Mis a mapping 
is a consequence of Comment (i) on page 33 of Text, Part IV. 


(ii) Page 298 : last four lines of proof 


F,(S(v)) = F,(-V,U), because S(v) is defined to be - VU, 


= F,(-U'(0)), (where U is restricted to a) by the result of 
Exercise V.1.1, 


= -F,(U'(0)), because F, is linear, 


= -(F,(U))'(0), because F,, preserves derivatives of vector fields 
(Corollary Π].4.1), 


= -Ὁ (0), because U = F,(U). 
Restricting U to α automatically restricts U to F(a), which is a curve inM 


with initial velocity F,(v) : hence the result of Exercise V.1.1 can be used 
again to give 


S(F,,(v)) =-0'(0) 
and so 
S(F,(v)) = F,(S(v)). 


(iii) Page 299: proof of Lemma 8.2 The precise form of Corollary VI.1.5 
that is used is 


S(v)-Ei(p) = j3(¥) 


and the similar expression for M. 
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(iv) Page 299: lines -7 τὸ --2 Let E, (p), E, (Ρ) be a tangent frame to M αἵ p. 
Then E,(p), E,(p), E3(p) is a frame at p. Moreover Fal (p)), Ε. (Ε;2 (p)) is a 
tangent frame to M at F(p), and so F,(E,(p)), Ε. (2 (Ρ))», E;(F(p)) is a 
frame at F(p). By Theorem IIL2.3, there is a Euclidean isometry F such that 


F(p) = F(p) 
F,(E, (p)) = Εν (Εἰ (P)) 
F,(E2(p)) = F(E2 (p)) 
F,,(E3(p)) = E3(F(p)). 
Now if v & Tp(M), v= aE, (p) + bE, (p) for some real numbers a and b, so 
F,(v) = F,(aE, (p) + bE. (p)) 
aF ,(E: (p)) + DF (Ea (p)) 
aF,(E, (p)) + bF,(E; (p)) 
F,,(aE, (p) + bE? (p)) 
F,(v). 
(v) Page 300: lines 1, 2 We have F and F agreeing at p, and want to show 


that F(q) = F(q) for all q in M. For a particular q we choose a curve @ in M 
from p to q. Then F(a) is a curve in N and F(a) is a curve in Εὖ. 


It suffices to show that F(a) = F(a), for then F(q) = F(q) because q = a(t) for | 


some t. 


(vi) Page 301: last four lines of proof We compare the equations (C1) and — 
(C2): | | 


(F, Ej)’ FE; 


— 


a 


| 
Jl 


F(a)'-F,E; - 


| 
ἔς 


where {F,E;}, {E;} are frame fields on F(a), α respectively, with the con- 
ditions for Theorem III.5.7: 


E;’- Ej = F;'-F; 


a’-E; = BF; 
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where {E;}, {Fj} are frame fields on α, β respectively. We see that F(a), a, 
{F,E;}, {Ej} satisfy all the conditions for Theorem III.5.7, and so we can draw 
the conclusion of that theorem, namely that F(@) and ἃ are congruent. We may 
assume that a(0)=p. Then the details at the beginning of the proof of 
Theorem III.5.7 show that the Euclidean isometry G carrying F(a) to α is 
the unique Euclidean isometry which takes FE; at F(a(0)) to Ej at α (0) for 
i= 1, 2,3. Now a(0) =p, so 
F(a (0)) = F(p) 


and 
a (0) = F(a(0)) = F(p). 
Moreover, for i= 1, 2, 3, (F,(Ej))(F(p)) = F,(E;(p)); 
fori=1, 2, F,(E;(p)) = F,(E;(p)), by the choice of F on page 299, 
= E;(F(p)), by the choice of E; on page 300, 


and F,(E3(p)) = E3(F(p)), by the choice of F on page 299. 
Thus G leaves invariant the point F(p), and the frame F,(Ej(p)) at that 
point, and so G, which is unique, must be the identity. Hence _ 


F(a) = α = G(F(a)) = F(a). 


Summary 

Definition 

(i) Congruent surfaces Page 297, line 1 of 
the section 

Example 

(i) The saddle surfaces M:z= xy and M: 2 = (x?- y”)/2 

are congruent. Page 297, line 5 of the 

section 

Results 

(i) The restriction of a Euclidean isometry to an 


oriented surface in Ε is an isometry of surfaces 
which preserves shape operators, up to the usual 
ambiguity in sign (congruent surfaces are 150- 
metric). | Page 297, Theorem 8.1 


(ii) If F is an isometry of oriented surfaces which 
preserves the shape operators defined in terms of 
the orienting unit normals Ε3 and E3 and which 
takes the tangent frame E,,E, to the tangent 
frame E,, E,, then 


F* (jj) = wij, (1 <i, j <3). Page 299, Lemma 8.2 


(iii) If F is an isometry of oriented surfaces that 
preserves shape operators then F is the restriction 
to the surface concerned of a Euclidean isometry. Page 299, Theorem 8.3 


(iv) Euclidean isometries preserve mean, Gaussian and 
principal curvatures, principal vectors, umbilics, 
asymptotic and principal curves and geodesics. Text, Page 41, Exercise 1 
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Techniques 


(i) Finding properties of surfaces invariant under 

Euclidean isometries. Page 297, Theorem 8.1 

and Page 299, Lemma 8.2 
(ii) Finding Euclidean isometries between surfaces. Page 299, proof of 
| Theorem 8.3 

(iii) | Using Result (ii). _ Page 299, Theorem 8.3 
(iv) Using results about congruence of curves to obtain 

results about congruence of connected surfaces. 
Exercises 
Technique (1) 
1. Page 301, Exercise 3. (HINT : Choose a unit normal (and hence shape 


operator) on each of M, N and use Theorem VI.8.1.) 


Technique (2) 


2. Page 303, Exercise 9. (HINT : First show that F(0) = 0 in each case, using 
Theorem VI.8.1 and the theorema egregium. Then use Result (iv) and 
Exercise V.2.1(b)). A Euclidean symmetry is defined in Exercise 7. 


Technique (1) 


3. Page 302, Exercise 4. 


Technique (tv) 


4. Page 301, Exercise 2. The tangent surface is defined in Exercise V.5.11(b). 
(HINT : Use Theorem III.5.3 to show that there is a Euclidean isometry F 
with F(a) = 8; write F = T,C in the usual way and show that 


F(a(u) + vI(u)) = βία) + vT(u), 


where T, T are the unit tangent vector fields on α,, B respectively.) 


Solutions 


1. Page 301, Exercise 3. 


Since F|M is, by Theorem VI.8.1, an isometry of surfaces, F |M preserves 
Gaussian curvature and geodesics as these are preserved by all isometrics of 
surfaces. 


Writing F for F|M, we know that F preserves shape operators, that is 
F,(S(v)) = S(F,(v)) 

for all v tangent to M. If S(v) = kv then 
S(F,(v)) = F,(S(v)) = F, (kv) = kF,(v) 


and so F takes eigenvectors and eigenvalues of S into eigenvectors and 


eigenvalues of 5; that is, F preserves principal vectors (and hence principal 
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directions) and principal curvatures. The mean curvature is the arithmetic 
mean of the principal curvatures, and so this is also preserved. Moreover, if p 
is umbilic then all tangent vectors in T,,(M) are eigenvectors so all tangent 
vectors in TF(p)(N ) are eigenvectors, so ἐ (p) is also umbilic. 


Now let α be a curve in M. If α is asymptotic then S(«') = 0 so 
S(F(@)’) = S(F,(a’)) = F,(S(@’)) = F,(0) = 0 


and so F(a) is asymptotic also. If « is principal then a’ is always an eigen- 
vector of S so F(a)’=F,(a') is always an eigenvector of S, so F(a) is 
principal also. 


We saw in Section VI.5 that only Gaussian curvature and geodesics are 
preserved by arbitrary isometries. 


Page 303, Exercise 9. 


Suppose F is a Euclidean symmetry of M; that is, F is a Euclidean isometry 
and F(M) = M. Then by Theorem VI.8.1 F|M is an isometry of surfaces, and 
so F|M preserves Gaussian curvature by the theorema egregium. 


M : z= xy, and so every point p on M has the form (p;, p2, pip2). We have 
seen before (page 215) that the Gaussian curvature at the point 
(Pi, P2» Pi: P2) of Mis-(1 + p? + p3), which is —1 only at 0, and so F must 
leave the point 0 invariant. Now by Lemma III.1.6 F is an orthogonal trans- 
formation. 


Clearly F cannot be just any orthogonal transformation. Result (iv) shows 
that F must preserve the principal vectors at 0. We saw in Exercise V.2.1 that 
these are 


+(uy tu, )A/2 
where u, = U,(0), uz = U,(0). The vectors ἃ, and u, make angles of 
+274 with the principal vectors. The derivative map F, preserves dot 
products (and hence angles) so F,(u,) and F,(u,) are orthogonal unit 
vectors making angles of + π᾿ + 4" with the principal vectors. This gives the 
eight possibilities: 

F,(u,) = + uj, F,(u2) = + uj; ({i, j} = (1, 2}). 
Since F is an orthogonal transformation, F and F, have the same matrix C 


representing them (Theorem III.2.1). We have shown that the first two 
columns of C must be one of: 


1 0 -1 0 1 0 -1 0 
0 1}. 0 1, 0 -,.,. |o -Ι| 
0 0 0 0 0 0 0 0 
0 1 0 - 0 1 0 - 
1 0], l 0], -1 0], |-1 0 
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and since C is orthogonal this means that the third column must be 


0 
0 where € = + Il. 
€ 


We test the 16 possibilities we now have by using the fact that F(M) =M 


only if 
Cj] x u 
is of the form 
y ν 
ΧΥ uv 
Since 
1 0 0 X Χ 
0 1 0 y f= ey 
0 0 Ee] \ xy EXy 


we can have € = 1 but not ε =~ 1 in this case; 
Since | 


0 0 ΕΠ xy exy 


we can have € =- 1 but not ε = I in this case : working similarly we find that 
the eight Euclidean symmetries of M are the orthogonal transformations 
with matrices 3 | 


1 0 0 1 0 0 1 0 0 -1 0 0 
0 1 O|f,f0 1 Of, fo -1 o|f,| 0 -1 0 
0 0 1 0 0 -1 0 0 -1 0 oO 1 
0 1 0 0 -1 0 0 1 0 0 -1 O 
1 0 of, /1 09 of, f-1 o of,{-1 0. 0 
0 0 1 0 0 -1 0 0 -1 0 o 1 


F carries M onto M in each case because the point (x, y, xy) is the image of 
one of the eight points (+x, ty, (+x)(ty)), (ty, +x, (+y)(+x)). 
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Page 302, Exercise 4. 
Suppose Σ has radius r, Σ΄ has radius R. If p€Z,K(p)=1/r? and 


K(F(p)) = 1/R?. Since F is an isometry of surfaces F preserves Gaussian 
curvature and so r= R. | 


Orient Σ and Σ΄ by their outward normals. Then (see page 192) S(v) =~v/r 
for tangent vectors v tangent to 2 and S(w) =-w/r for tangent vectors w 
tangent to Σ΄. In particular if we take w = F,(v) we obtain 


F,.(S(v)) = Fy (-v/r) = -F,(v)/r = S(F,(v)). 
Thus F is an isometry of surfaces preserving shape operators, and so by 
Theorem VI.8.3 there is a Euclidean isometry F such that F = F|M. 


Page 301, Exercise 2. 


We have the surfaces Μὰ and My parametrized by 
x : (u, v)-—>a(u) + vT(u) 
y : (u,v)+—+B(u) + vI(u) 
respectively, where 
a'(u) = Τ(υ)(υ) 
B(u) = Τ(υ)ρ(ω) 


Since Ky =K,>0 and Ty =T,, Theorem III.5.3 shows that there is a 
Euclidean isometry F such that F(a) = β. We aim to show that F(M, ) =M 

: . β 
to demonstrate that My is congruent to My and we can do this by showing 


F(a (u) + vI(u)) = B(u) + vI(u). 


Write F = T,C, where T, is translation by a and C is an orthogonal trans- 
formation, as in Chapter III. Applying Theorem III.2.1 to a’ (u) gives 


F ,(@(u)) = Fy (T(u)a(u)) = CT(u) F(a(u)). 
However, F(a) = β and F,(a’) = (F(a))' = β΄, so 
CT(u)9(u) = B’(u) = Tu) gu) 
and so 


CT(u) = T(u). 


Now 


F(a(u) + vT(u)) C(a(u) + vI(u)) +a 

Ca(u) + vCT(u) +a, because C is linear, 
(Ca(u) + a) + vCT(u) 

F(a (u)) + vCT(u) 


B(u) + vT(u). 


M334 VI 45 
SUMMARY AND LOOK-AHEAD 


You have now completed all those sections of O’Neill that are a part of M334. 
O’Neill gives a short summary on page 303, which you may like to read, although 
the best summary of this course is probably. given by the structure diagrams of Part 
0, which should now make more sense to you. 


There are, however, still one Chapter and several isolated sections of O’Neill which 
you have so far not had to read but may someday want to. 


To begin with there are Sections IV.6 and VI.7, which deal with integration of forms 
on a surface: this ties in with the work on Green’s theorem in M321. 


In Section IV.8 O’Neill tries to give a more general approach to the theory of 
surfaces which underlies the material of Chapter VII on Riemannian geometry. The 
approach of Chapter VII is typical of generalizations — theorems of previous 
sections now become definitions. 


In Section VII.1 Riemannian surfaces are introduced as surfaces that are equipped 
with an arbitrary dot product on their tangent spaces, though in all the examples 
dealt with the. tangent spaces and dot products are derived directly from the usual 
ones. O’Neill assumes that vector fields, 1-forms, 2-forms all exist on such surfaces 
and that all the results of the exterior calculus still hold. For instance, he assumes 
the existence of frame fields and dual forms and then uses the analogue of the 
structure equations d@, = Ww ,2 A 0, and dw, = W, “A 9, to define the connection 
form >. 


In Section VII.2 the Gaussian curvature is defined using the second structural 
equation 


dw =-K6, A 0. 


and it is calculated for several important examples such as the stereographic plane 
and the hyperbolic plane. 


Working backwards in Section VII.3 he shows that it is possible to construct a 
unique covariant derivative satisfying the connection equations 


ννεΕι - G19 (V)E,, ννΕ, = ὧγι (V)E,, 


though when we are dealing with a surface in E® this turns out to be the restriction 
of the usual covariant derivative to the tangent planes in question. 


This covariant derivative is then used to work backwards to a definition of derivative 
of a vector field along a curve, and in Section VII.4 this is used to investigate 
geodesics on a Riemannian surface. 


In Sections VII.5 and VII.6 the geodesics are shown to minimize, at least locally, the 
distance between points, and it is shown how measurement of geodesic distance can 
be used by “‘inhabitants” in a surface to determine its Gaussian curvature. 


In the final sections of Chapter VII a relationship is found between the Gaussian 
curvature of a surface, a local property, and the Euler-Poincaré characteristic, a 
global property, which provides a link between differential geometry and the further 
disciplines of differential and algebraic topology. 
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FURTHER EXERCISES AND SOLUTIONS 
Section VI.1 


Technique Exercise 


Page 251, Exercise 5. 


Solution 


Ὁ: 


E, =-sin 8U, + cosdU2, E, = U3, E; =cos0U, + sindU, 
6, Ξ ταῦ, 6, Ξ-ΞὰζΖ by page 96, Exercise 4. 


0 Ὁ - “| 
w= |0 O 0 by page 90, line 2 and a suitable 
| permutation. 
di} 0 0 
1 
S(v) = -dd(v)E, = “ry (v)E, 
oR 4, 
r 
S = 
0 0 


Section VI.2 


Technique Exercise 


Page 255, Exercise 1. 
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Solution 
1. E, [ko] = (ki-k2) @12(E.) = 0 
os Rsiny 
E, [k = (k,-k,) wi.(E,) = ——- 
afi] = (kinks) na(B) = FO2 —, 


Section V1.3 


No further exercises are recommended. 


Section VI.4 


Technique Exerctse 


Page 269, Exercise 2. 


Other Recommended Exercises 

Page 269, Exercise 4. This generalizes Theorem VI.4.3. 

Page 270, Exercise 7 (second part). This generalizes Lemma VI.4.5. 
Page 270, Exercise 10. This also generalizes Lemma VI.4.5. 


Solutions 
2(a). {Ε(α} Ξ| α΄ ἔοτ all curves a in M 

+ |/F,v|| ={|v| for all vectors v tangent to M. 
2(b). | F(a’) =| αἹ 


> L(F(a)) =f] F(@) | =f? Jo’ = τκο). 


F preserves the lengths of all sub-curves of a 


d ’ dios 
οἰ! Ε(ΑἹ] = [{|«Ἱ  forallc,d 
ΠΕ(ΑΎ Ξ αἹ - 
If F : M——>M is a local isometry and p, q € M then 


p(p, 4) + p(F(p), F(q)). 
Proof: p(p, q) 


5.1.0. {L(a): α is a curve segment from p to q in M} 


5.1.0. {L(F(a)): α is a curve segment from p to q in M} 

> g.l.b. {L(8): β is a curve segment from F(p) to F(q) in M} 
because while every F(a) is a curve segment from F(p) to F(q) in M, there 
may be curve segments β from F(p) to F(q) in M which are not of the form 
F(a). : 
E = (A(u, v))? =G 
F = (A(u, v))?-0=0 
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10(a). They are mapped to (some of) the parameter curves of x. 


Bae Ge of _ of _ 
10(b). xy-xy = E; Xy°Xy = rn Xu (f, g))- (- Xu(f, g)) 


10(c). Multiply all the right-hand sides by λξ, where A is a function of ἃ, v. 


Section VI.5 


Technique Exercise 


Page 276, Exercise 6. (Ignore the comment in brackets.) Assume the helicoid has 
b=1. 


Solution 


6. Parametrize H by 
x(u, v) = (ucosv, usinv, v) 
and C by 
y(s, 0) = (sinh™'s, (1 + s? Ἱ3 cos#, (1 +s? F sin 0). 
On H, K(x(u, v)) =-(1 + u?)-?=-1 on and only on the axis u = 0; 
on C, K(y(s, #)) =-(1 + Ἦ 272 =-1 on and only on the minimal circle s = 0. 


The ruling v=vo on H is a unit-speed curve a with Gaussian curvature at 
a(u) given by K(a(u)) =- (1t+u?)*. Put F(a) = y(s(u), & (u)). Then 
K(F(a(u)) =- (1+u?)? = s(u) = + u and so | F(a)'|| = 1 59 d'(u) = 0 5 ϑ() 
is constant > F(a ) is a meridan of Ὁ. 


Section VI.6 


Technique Exercises 


Pages 279-280, Exercises 1(b), 1(c), 3,4. 


Solutions 

I(b). θ,Ξᾳ τοῦ du 6, = udv 
ὧι = dv/(1 + ur 
K = 1/(1 τυ); 

1(.). Ey =x,/(1 + a? Ἢ E, = Xy/u 
θ,. Ξ (1 +a2)Fdu 6, = udv 
Wi, = dv/(1 + a2jt K=0 


3. E, = Xy E, = (x, - cos 0x,,)/sin ὃ 
θ. =du+cosddv θ. =sinddv 
ω1τ), - ΞΟ du 


K =-9,,,/sin 8 
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4(a). 


S(v) = 243 (v)E, + 093 (v)E2 


Ry 
να 


f Xy = S(Xy) = 43 (Xy) ας (23 (Xy) 


E VE 


X*u 


VE + G93 (FG 


ar 
at S(xy) = W313 (Xy) 


@)43(Xy) = 13 (Xy) = 0 W13 = — du 


(23 (xy) = 0 G23 (Xy) = KG W223 = — ἂν 


4(b). 


Use the Codazzi equation 
ddd13 = Wiz A W23- 


f Ey dudv 


d eae i= _f 
~n(,/E) mE, dudv 
wie ag = G dud = 9 Ε 


1 
Hence ἢ y= τᾷ + ἐ ) E, = HE,, by Exercise V.4.9. 


Using didn3 = W21 A Wy13 we find similarly that ny = HG,. 


Section VI.8 


Technique Exerctses 


Pages 302-3, Exercises 5, 10. 


Other Recommended Exercises 


Page 302, Exercises 7, 8. These relate Euclidean isometries of a surface to group 


theory. 


Solutions 


5(a). 
5(b). 


10. 


7(a). 


C(p1, Pa» PiP2) = ("Pas Pa» ~ P12). 
M, as the image of F, must be oriented by - VU. 


K is maximal at (+a@,0,0) and minimal at (0,0,+c). The Euclidean 
symmetries are the eight orthogonal transformations 


+1 QO 0 
O +1 O 
0 0 #1 


Closure and the inclusion of inverses and the identity are trivial to prove. 
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7(b). If F : M——N is a Euclidean isometry then 
G+—>F'GF 
is an isomorphism of S(M) onto S(N). 


8. By Exercise 7(b) we may assume ™ has centre the origin. Let F = TC. 
F(Z) = 2 @ F(0) =0 
*T=I 


@- F=C. 
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Euclidean Geometry 
Calculus on a Surface 

Shape Operators 


Geometry of Surfaces in E* 
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